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Preface 
 

This issue contains the contributed papers of the 4-rd International Conference “Current 
Problems in Nuclear Physics and Atomic Energy” (NPAE-Kyiv2012), which was held on 
September 3 - 7, 2012 in Kyiv, Ukraine. The Conference was organized by the National Academy 
of Sciences of Ukraine, the Institute for Nuclear Research of the National Academy of Sciences of 
Ukraine, Kyiv in collaboration with Taras Shevchenko National University of Kyiv. This is the 
continuation of the Conferences held in Kyiv on May 29 - June 3, 2006, June 9 - 15, 2008, and 
June 7 - 12, 2010. 

 
NPAE-Kyiv2012 Conference covered the following topics: 
• Collective processes in atomic nuclei;  
• Nuclear reactions;  
• Nuclear structure and decay processes;  
• Rare nuclear processes; 
• Neutron and reactor physics, nuclear data; 
• Problems of atomic energy;  
• Applied nuclear physics, experimental facilities and detection techniques; 
• High-energy physics. 
 
Such wide area of topics, discussed during the Conference, is closely connected with the 

interests of our country to develop the fundamental research in the field of nuclear physics, which is 
the base of nuclear energy. 

The purpose of these Conferences was to bring together scientists to share their knowledge 
in the current problems in nuclear physics and atomic energy. 175 scientists participated at the 
Conference. I would like to note that NPAE-Kyiv2012 Conference attracted the attention of the 
scientists and the number of experts from all over the world. We were glad to meet scientists from 
Algeria, Austria, Brazil, Byelorussia, Canada, France, Germany, India, Italy, Japan, Libya, Norway, 
Poland, Romania, Russia, Slovakia, Slovenia, USA, Uzbekistan and from various scientific 
institutions of Ukraine.  

The program consisted of 5 plenary sessions, where 19 scientific reports were presented, 117 
oral and 44 poster presentations. In total 180 scientific reports were presented during the 
Conference. 

Scientific program of the Conference was supplemented by the cultural events. Participants 
had possibility to learn more on the history and customs of Ukrainian people and enjoyed the beauty 
of Kyiv. Very broad range of the participants and their informal contacts helped to create new 
possibilities for the future collaboration concerning different fields of scientific researches.  

As suggested by the participants and organizers, the next Conference will be held again in 
Ukraine, in the year 2014. 
 

Finally, we are thankful to all authors for providing their manuscripts.  
 
 
Ivan M. Vyshnevskyi 
 
Chairman of the NPAE-Kyiv2012 Conference, 
Academician of the National Academy of Sciences 
Director of the Institute for Nuclear Research 
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DOUBLE  BETA  DECAY  EXPERIMENTS:  BEGINNING  OF  A  NEW  ERA 
 

A. S. Barabash 
 

Institute of Theoretical and Experimental Physics, Moscow, Russia 
 

The review of current experiments on search and studying of double beta decay processes is done. Results of the 
most sensitive experiments are discussed and values of modern limits on effective Majorana neutrino mass (<mν>) are 
given. New results on two neutrino double beta decay are presented. The special attention is given to new current 
experiments with mass of studied isotopes more than 100 kg, EXO-200 and KamLAND-Zen. These experiments open a 
new era in research of double beta decay. In the second part of the review prospects of search for neutrinoless double 
beta decay in new experiments with sensitivity to <mν> at the level of ~ 0.01-0.1 eV are discussed. Parameters and 
characteristics of the most perspective projects (CUORE, GERDA, MAJORANA, SuperNEMO, EXO, KamLAND-
Zen, SNO +) are given. 

 
1. Introduction 

 
Interest in 0νββ decay has seen a significant renewal in recent 10 years after evidence for neutrino oscillations was 

obtained from the results of atmospheric, solar, reactor, and accelerator neutrino experiments. These results are 
impressive proof that neutrinos have a nonzero mass. The detection and study of 0νββ decay may clarify the following 
problems of neutrino physics: (i) lepton number non-conservation, (ii) neutrino nature: whether the neutrino is a Dirac 
or a Majorana particle, (iii) absolute neutrino mass scale (a measurement or a limit on m1), (iv) the type of neutrino 
mass hierarchy (normal, inverted, or quasidegenerate), (v) CP violation in the lepton sector (measurement of the 
Majorana CP-violating phases). 

Progress in the double beta decay is connected with increase in mass of a studied isotope and sharp decrease in a 
background. During a long time (1948 - 1980) samples with mass of isotope ~ 1 - 25 g were used. So the first 
observation of  a two neutrino double beta decay in direct (counting) experiment was done in 1987 when studying 14 g 
of enriched 82Se [1]. And only in the 80th - beginning of the 90th the mass of studied isotope increased to hundred 
grams and even to 1 kg. In the 90th Heidelberg-Moscow [2] and IGEX [3] experiments, containing 11 kg and 6.5 kg of 
76Ge, respectively, were started. In zero years the NEMO-3 [4] and CUORICINO [5] installations, containing 
approximately 10 kg of isotopes (7 kg of 100Mo, 1 kg of 82Se, etc. in NEMO-3 and 40 kg of crystals from a natural oxide 
of Te, containing 10 kg of 130Te, in CUORICINO) set the fashion. 

In 2011 the EXO-200 [6] and KamLAND-Zen [7] installations in which hundreds kilograms of 136Xe are used 
already were started. Soon it is planned to carry out start of several more installations with mass of studied isotopes 
~ 100 kg (SNO + [8] and CUORE [9]). And it means the beginning of a new era in 2β decay experiments when 
sensitivity to effective Majorana mass of neutrino will reach for the first time values < 0.1 eV. 

Structure of the review is the following: in Section 2 current large-scale experiments on ββ decay are considered, in 
Section 3 the most perspective planned experiments are discussed, the best modern limits on neutrino mass and the 
forecast for possible progress in the future are given in Section 4 (Conclusion). 

 
2. Current large-scale experiments     

 
In this Section the current large-scale experiments are discussed. NEMO-3 experiment was stopped in January, 

2011, but data analysis in this experiment proceeds and consequently it should be carried to the current experiments. 
 

2.1. NEMO-3  
 

This tracking experiment, in contrast to experiments with 76Ge, detects not only the total energy deposition, but 
other parameters of the process, including the energy of the individual electrons, angle between them, and the 
coordinates of the event in the source plane. Since June of 2002 and to January of 2011, the NEMO-3 detector has been 
operated in the Frejus Underground Laboratory (France) located at a depth of 4800 m w.e. The detector has a 
cylindrical structure and consists of 20 identical sectors (Fig. 1). A thin (30 - 60 mg/cm2) source containing double beta 
decaying nuclei and natural material foils have a total area of 20 m2 and a weight of up to 10 kg was placed in the 
detector.  The energy of the electrons is measured by plastic scintillators (1940 individual counters), while the tracks are 
reconstructed on the basis of information obtained in the planes of Geiger cells (6180 cells) surrounding the source on 
both sides. The main characteristics of the detector are the following. The energy resolution of the scintillation counters 
lies in the interval 14 - 17 % FWHM for electrons of energy 1 MeV. The time resolution is 250 ps for electron energy of 
1 MeV and the accuracy in reconstructing the vertex of 2e– events is 1 cm.  

Measurements with the NEMO-3 detector revealed that tracking information, combined with time and energy 
measurements, makes it possible to suppress the background efficiently. Using the NEMO-3 installation 7 isotopes – 
100Мo (6.9 kg), 82Se (0.93 kg), 116Cd (405 g), 150Nd (36.6 g), 96Zr (9.4 g), 130Te (454 g) and 48Ca (7 g) are investigated. A 
full description of the detector and its characteristics can be found in [4]. 
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Fig. 2 displays the spectrum of 2νββ events for 100Mo 
that were collected over 3.49 years (low radon Phase II). 
The angular distribution and single electron spectrum are 
also shown. The total number of events exceeds 700000 
which is much greater than the total statistics of all of the 
preceding experiments with 100Mo (and even greater than 
the total statistics of all previous 2νββ decay 
experiments!). It should also be noted that the 
background is as low as 1.3 % of the total number of 
2νββ events. Measurements of the 2νββ decay half-lives 
have been performed for seven isotopes available in 
NEMO-3. The NEMO-3 results of 2νββ half-life 
measurements are given in Table 1. For all the isotopes 
the energy sum spectrum, single electron energy 
spectrum and angular distribution were measured. The 
100Mo double-beta decay to the 0+

1 excited state of 100Ru 
has also been measured by NEMO-3 [13]. For 100Mo, 
82Se, 96Zr, 150Nd and 130Te these results are published. For 
the other isotopes their status is preliminary. 
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Fig. 2. Total energy, individual energy and angular distributions of the 100Mo 2ν events 
in the NEMO-3 experiment for the low radon data phase (3.49 years). 

 
Table 1. Present results from NEMO-3 (only part of full statistic has been analysed) 

 

Isotope T1/2 (2ν), yr T1/2 (0ν), yr; 
90 % C.L. 

T1/2 (0νχ0), yr; 
90  % C.L. 

100Mo  (7.11 ± 0.02 ± 0.54)⋅1018 [10] > 1.1⋅1024 [11] > 2.7⋅1022 [12] 
100Mo - 100Ru (0+

1) [13] (5.7+1.3
-0.9 ± 0.8)⋅1020 > 8.9⋅1022           - 

82Se  (9.6 ±0.3 ±1.0)⋅1019 [10] > 3.6⋅1023 [11] > 1.5⋅1022 [12] 
130Te [14] (7.0 ±0.9 ±1.1)⋅1020 > 1.3⋅1023 > 1.6⋅1022 
116Cd (2.88 ±0.04 ±0.16)⋅1019 > 1.3⋅1023            - 
150Nd [15] (9.2+0.25

-0.22 ± 0.62)⋅1018 > 1.8⋅1022 > 1.52⋅1021 
96Zr [16] (2.35 ±0.14 ±0.19)⋅1019 > 9.2⋅1021 > 1.9⋅1021 
48Ca (4.4+0.5

-0.4 ± 0.4)⋅1019 > 1.3⋅1022             - 
 
No evidence for 0νββ decay was found for all seven isotopes. The associated limits are presented in Table 1. Best 

limits have been obtained for 100Mo (T1/2 > 1.1 ⋅ 1024 yr). Corresponding limits on the neutrino mass is <mν>  
< 0.29 - 0.7 eV (using NME values from [17 - 21]). No evidence for 0νχ0ββ decay was found for all seven isotopes too. 
The limits for 100Mo, 82Se, 150Nd, 96Zr and 130Te are presented in Table 1. In particular, strong limits on “ordinary” 
Majoron (spectral index 1) decay of 100Mo (T1/2 > 2.7⋅ 1022 yr) and 82Se (T1/2 > 1.5⋅1022 yr) have been obtained. 
Corresponding bounds on the Majoron–neutrino coupling constant have been established, <gee> < (0.25 - 0.67) ⋅ 10−4 
and <(0.6 - 1.9) ⋅ 10−4, respectively (using nuclear matrix elements from [17 - 23]). 

Data analysis proceeds and Collaboration hope for receiving final results for all 7 isotopes in the nearest future 
(2012 - 2013). 

Fig. 1. Scheme of the NEMO-3 detector 
without shielding [4]. 
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2.2. EXO-200 [6, 24]  
 

EXO-200 (Enriched Xenon Observatory) is operating 
at the Waste Isolation Pilot Plant (WIPP, 1585 m w.e.) 
since May 2011. The experiment consists of 175 kg of Xe 
enriched to 80.6 % in 136Xe housed in a liquid time 
projection chamber (TPC). The TPC is surrounded by 
passive and active shields. This detector measures energy 
through both ionization and scintillation and is capable of 
effectively rejecting rays through topological cuts. EXO-
200 has recently claimed the first observation of 2ν in 
136Xe (Qββ = 2458.7 keV) [6]. Initial results on 0ν decay 
together with new result for 2ν mode are published in 
[24].The fiducial volume used in this analysis contains 
79.4 kg of 136Xe (3.52 · 1026 atoms), corresponding to 98.5 
kg of active enrLXe. Energy resolution is 10.5 % (FWHM) 
using ionization signal only and 4 % (FWHM) at 2.615 
MeV using both ionization and scintillation signals. 
Background index (BI) in the 0ν region is 1.4 ⋅ 10-3 
counts/keV⋅kg⋅yr (Fig. 3). Results obtained after 2896.6 h 
of measurements are the following: 
 

T1/2 (2ν, 136Xe) = [2.23 ± 0.017 (stat) ± 0.22 (syst)]⋅1021 yr  
(1) 

T1/2 (0ν, 136Xe) > 1.6⋅1025 yr                    (2) 
 

Last result provides upper limit <mν> < 0.14 - 0.38 eV using NME values from [17 - 19, 21, 23]. Taking  
into account present background one can predict that EXO-200 sensitivity after 5 years of data taking will be  
T1/2 ~ (4 - 5) ⋅ 1025 yr (<mν> ~ 0.08 - 0.24 eV).  

The project is also a prototype for a planned 1 tone sized experiment that may include the ability to identify the 
daughter of 136Ba in real time, effectively eliminating all classes of background except that due to 2ν decay (see  
Section 3.5). 

 
2.3. KamLAND-Zen [7, 25]  

 
The detector KamLAND-Zen (Fig. 4) is a 
modification of the existing KamLAND detector 
carried out in the summer of 2011. The ββ 
source/detector is 13 tons of Xe-loaded liquid 
scintillator (Xe-LS) contained in a 3.08-m-diameter 
spherical inner balloon (IB). The IB is constructed 
from 25-μm-thick transparent nylon film and is 
suspended at the center of the KamLAND detector by 
12 film straps of the same material. The IB is 
surrounded by 1 kton of liquid scintillator (LS) 
contained in a 13-m-diameter spherical outer balloon 
(OB) made of 135-μm-thick composite film. The 
outer LS acts as an active shield for external γ’s and 
as a detector for internal radiation from the Xe-LS or 
IB. The Xe-LS contains (2.52 ± 0.07) % by weight of 
enriched xenon gas (full weight of xenon is 
~ 330 kg). The isotopic abundances in the enriched 
xenon were measured by residual gas analyzer to be 

(90.93 ± 0.05)  % 136Xe and (8.89 ± 0.01)  % 134Xe. Scintillation light is recorded by 1,325 17-inch and 554 20-inch 
photomultiplier tubes (PMTs). Details of the KamLAND detector are given in Ref. [26]. The energy resolution at 2.614 
MeV is σ = (6.6 ± 0.3) %/ E  (MeV). The vertex resolution is σ = 15 cm/√E (MeV). The energy spectrum of ββ decay 
candidates is shown in Fig. 5. Unexpectedly detected background (BI ≈ 10-4 counts/keV⋅kg⋅yr) is ~ two order of 
magnitude higher than estimated background using previous data of KamLAND detector. Nevertheless quite good 
results for ββ decay of 136Xe were obtained. The measured 2νββ decay half-life of 136Xe [25] is: 
 

T ½ (2ν, 136Xe) = [2.38 ± 0.02(stat) ± 0.14(syst)]⋅1021 yr                                                (3) 
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This is consistent with the result obtained by EXO-
200 [6, 24]. For 0νββ decay, the data give a lower limit 
of T1/2(0ν, 136Xe) > 6.2⋅1024 yr (90 % C.L.) [25], which 
corresponds to limit, <mν> < 0.22 - 0.6 eV using NME 
values from [17-19, 21, 23]. Strong limits on neutrinoless 
double beta decay with emission of Majoron were 
obtained too. In particular, a lower limit on the ordinary 
Majoron (spectral index n = 1) emitting decay half-life of 
136Xe was obtained as T1/2 (0νχ0, 136Xe) > 2.6 ⋅ 1024 yr at 
90 % C.L. The corresponding upper limit on the effective 
Majoron-neutrino coupling, using a range of available 
nuclear matrix calculations, is <gee> < (0.8 - 1.6) ⋅ 10−5. 
This is most strong limit on <gee> from ββ decay 
experiments. 

Now the Collaboration undertakes efforts to decrease 
the background. In principle, the background can be 
lowered approximately in 100 times. If it will be done, 
sensitivity of experiment will essentially increase and for 
3 years of measurements will be T ½ ~ 2 ⋅ 1026 yr that 
corresponds to sensitivity to neutrino mass, <mν> ~ 0.04 
- 0.11 eV. After end of the first phase of the experiment  

                                                                                                 the phase 2 is planned (see the Section 3.6). 
 

2.4. GERDA-I [27]  
 

GERDA is a low-background experiment which searches for the neutrinoless double beta decay of 76Ge, using an 
array of high-purity germanium (HPGe) detectors isotopically enriched in 76Ge [28]. The detectors are operated naked 
in ultra radio-pure liquid argon, which acts as the cooling medium and as a passive shielding against the external 
radiation. This innovative design, complemented by a strict material selection for radio-purity, allows to achieve low 
background level in the region of the Q-value of 76Ge at 2039 keV. The experiment is located in the underground 
Laboratori Nazionali del Gran Sasso of the INFN (Italy). The Phase I of GERDA recently started using eight enriched 
coaxial detectors (totaling approximately 18 kg of 76Ge). The Phase I comes after a one-year-long commissioning, in 
which natural and enriched HPGe detectors were successfully operated in the GERDA set-up. GERDA-I measurements 
have been started in November 2011. Results of first measurement are presented in Fig. 6.  
 

 
 

Fig. 6. First results from GERDA-I. 
 

As can be seen the 2ν decay contribution is already clearly visible (T ½ (2ν, 76Ge) ≅ 1.88 ⋅ 1021 yr, preliminary 
result). Background index in 0ν region is ~ 0.02 c/keV⋅kg⋅yr. Blind analysis will be applied to the 0ν region (which is 
closed now). First result will be reported in the end of 2012. Sensitivity of GERDA-I with present background is  
~ 2 ⋅ 1025 yr for one year of measurement. In 2013 new ~ 20 kg of HPGe crystals will be added and experiment will be 
transformed to Phase II (GERDA-II). Description of full scale GERDA experiment is done in Section 3.2. 

 
3. Future large-scale experiments 

 
Here seven of the most developed and promising experiments which can be realized within the next few years are 

discussed (Table 2). The estimation of the sensitivity in the experiments is made using NME from [17 - 23]. 
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Fig. 5. Energy spectrum of selected ββ decay candidates 
(data points) together with the best-fit backgrounds (gray 
dashed lines) and 2νββ decay (purple solid line), and the 
90 % C.L. upper limit for 0νββ decay and Majoron-
emitting 0νββ decays for each spectral index. The red line 
depicts the sum of the 2νββ decay and background spectra. 
Figure is taken from [25].  
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3.1. CUORE [8, 29]  
 

This experiment will be run at the Gran Sasso Underground Laboratory (Italy, 3500 m w.e.). The plan is to 
investigate 760 kg of natTeO2, with a total of ~ 200 kg of 130Te. One thousand low temperature (~8 mK) detectors, each 
having a weight of 750 g, will be manufactured and arranged in 19 towers. One tower is approximately equivalent to the 
CUORICINO detector [5]. Planed energy resolution is 5 kev (FWHM). One of the problems here is to reduce the 
background level by a factor of about 15 in relation to the background level achieved in the detector CUORICINO. 
Upon reaching a background level of 0.01 keV–1 kg–1 y–1, the sensitivity of the experiment to the 0ν decay of 130Te for 
5 y of measurements and at 90 % C.L. will become approximately 1026 yr (<mν> ~ 0.05 - 0.13 eV) – see discussion in 
[35]. The experiment has been approved and funded. A general test of the CUORE detector, comprising a single tower 
and named CUORE-0, will start to take data in 2012. The full-scale CUORE will start in 2014. 
 
Table 2. The seven most developed and promising projects. Sensitivity at 90 % CL for three (first step of GERDA 

and MAJORANA, SNO+, and KamLAND-Zen), five (EXO, SuperNEMO and CUORE) 
and ten (full-scale GERDA and MAJORANA) years of measurements is presented. M - mass of isotopes 

 

Experiment Isotope M, kg Sensitivity 
T1/2 (yr) 

Sensitivity 
<mν> (meV) Status 

CUORE [8, 29] 130Te 200 1026 50 - 130 In progress 

GERDA [27, 28] 76Ge 40 
1000 

2 ⋅ 1026 
6 ⋅ 1027 

60 - 200 
10 - 40 

In progress 
R&D 

MAJORANA [30, 31] 76Ge 20 - 30 
1000 

1026 
6 ⋅ 1027 

90 - 300 
10 - 40 

In progress 
R&D 

SuperNEMO [32,33] 82Se 100 - 200 (1 - 2) ⋅ 1026 40 - 110 R&D; construction 
of first module 

EXO [6, 34] 136Xe ~ 175 
1000 

(4 - 5) ⋅ 1025 
8 ⋅ 1026 

80 - 240 
20 - 55 

Started in 2011 
R&D 

KamLAND-Zen [7, 25] 136Xe ~ 330 
1000 

~ 2 ⋅ 1026 
~ 6 ⋅ 1026 

40 - 110 
23 - 58 

Started in 2011 
R&D 

SNO+ [8] 150Nd 50 
500 

~ 6 ⋅ 1024 
~ 3 ⋅ 1025 

120 - 410 
55 - 180 

In progress 
R&D 

 
3.2. GERDA [27, 28]  

 
This is one of two planned experiments with 76Ge (along with the MAJORANA experiment). The experiment is to 

be located in the Gran Sasso Underground Laboratory (Italy, 3500 m w.e.). The proposal is based on ideas and 
approaches which were proposed for GENIUS [36] and the GEM [37] experiments. The idea is to place “naked” HPGe 
detectors in highly purified liquid argon (as passive and active shield). It minimizes the weight of construction material 
near the detectors and decreases the level of background. The liquid argon dewar is placed into a vessel of very pure 
water. The water plays a role of passive and active (Cherenkov radiation) shield. The proposal involves three phases. In 
the first phase, the existing HPGe detectors (~ 18 kg), which previously were used in the Heidelberg-Moscow [2] and 
IGEX [3] experiments, are utilized (see Section 2.4). In the second phase ~ 40 kg of enriched Ge will be investigated. In 
the third phase the plan is to use ~ 500 - 1000 kg of 76Ge. The sensitivity of the second phase (for three years of 
measurement) will be T ½ ~ 2⋅1026 yr. This corresponds to sensitivity for <mν> at the level of ~ 0.06 - 0.2 eV. The first 
two phases have been approved and funded. First phase will be finished in the end of 2012. The second phase setup is in 
an advanced construction stage and data taking is foreseen for 2013. The results of these steps will play an important 
role in the decision to support the full scale experiment. 

 
3.3. MAJORANA [30, 31]  

 
The MAJORANA facility will consist of ~ 1000 HPGe detectors manufactured from enriched germanium (the 

enrichment is > 86 %). The total mass of enriched germanium will be 1000 kg. The facility is designed in such a way 
that it will consist of many individual supercryostats manufactured from low radioactive copper, each containing HPGe 
detectors. The entire facility will be surrounded by a passive shield and will be located at an underground laboratory in 
the United States. Only the total energy deposition will be utilized in measuring the 0νββ decay of 76Ge to the ground 
state of the daughter nucleus. The use of HPGe detectors, pulse shape analysis, anticoincidence, and low radioactivity 
structural materials will make it possible to reduce the background to a value below 2.5 ⋅ 10–4 keV–1 kg–1 yr–1 and to 
reach a sensitivity of about 6 ⋅ 1027 y within ten years of measurements. The corresponding sensitivity to the effective 
mass of the Majorana neutrino is about 0.01 to 0.04 eV. The measurement of the 0νββ decay of 76Ge to the 0+ excited 
state of the daughter nucleus will be performed by recording two cascade photons and two beta electrons. The planned 
sensitivity for this process is about 1027 y. In the first step ~ 20 - 30 kg of 76Ge will be investigated. It is anticipated that 
the sensitivity to 0νββ decay to the ground state of the daughter nuclei for 3 years of measurement will be T1/2 ~ 1026 yr. 
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It will reject or to confirm the “positive” result from [38 - 40]. Sensitivity to <mν> will be ~ 0.09 - 0.3 eV. During this 
time different methods and technical questions will be checked and possible background problems will be investigated. 
The first module of MAJORANA (DEMONSTRATOR) is under constriction now and measurements is planned to 
begin in 2013. 

 
3.4. SuperNEMO [32, 33]  

 
The NEMO Collaboration has studied and is pursuing an experiment that will observe 100–200 kg of 82Se with the 

aim of reaching a sensitivity for the 0ν decay mode at the level of T1/2 ~ (1 - 2) ⋅ 1026 y. The corresponding sensitivity to 
the neutrino mass is 0.04 to 0.11 eV. In order to accomplish this goal, it is proposed to use the experimental procedures 
nearly identical to that in the NEMO-3 experiment (see Section 2.1). The new detector will have planar geometry and 
will consist of 20 identical modules (5 - 7 kg of 82Se in each sector). A 82Se source having a thickness of about 
40 mg/cm2 and a very low content of radioactive admixtures is placed at the center of the modules. The detector will 
again record all features of double beta decay: the electron energy will be recorded by counters based on plastic 
scintillators (ΔE/E ~ 8 - 10 % (FWHM) at E = 1 MeV), while tracks will be reconstructed with the aid of Geiger 
counters. The same device can be used to investigate 150Nd, 100Mo, 116Cd, and 130Te with a sensitivity to 0νββ decay at a 
level of about (0.5 - 1) ⋅ 1026 y [32]. The use of an already tested experimental technique is an appealing feature of this 
experiment. The plan is to arrange the equipment at the new Frejus Underground Laboratory (France; 4800 m w.e.). 
The construction and commissioning of the Demonstrator (first module) will be completed in 2013 - 2014. 

 
3.5. EXO [6, 34]  

 
In this experiment the plan is to implement Moe’s proposal of 1991 [41]. Specifically it is to record both ionization 

electrons and the Ba+ ion originating from the double beta decay process 136Xe → 136Ba++ + 2e–. In [34], it is proposed 
to operate with 1t of 136Xe. The actual technical implementation of the experiment has not yet been developed. One of 
the possible schemes is to fill a TPC with liquid enriched xenon. To avoid the background from the 2ν decay of 136Xe, 
the energy resolution of the detector must not be poorer than 3.8 % (FWHM) at an energy of 2.5 MeV (ionization and 
scintillation signals will be detected). In the 0ν decay of 136Xe, the TPC will measure the energy of two electrons and 
the coordinates of the event to within a few millimeters. After that, using a special stick Ba ions will be removed from 
the liquid and then will be registered in a special cell by resonance excitation. For Ba++ to undergo a transition to a state 
of Ba+, a special gas is added to xenon. The authors of the project assume that the background will be reduced to one 
event within five years of measurements. Given a 70 % detection efficiency it will be possible to reach a sensitivity of 
about 8⋅1026 yr for the 136Xe half-life and a sensitivity of about 0.02 to 0.06 eV to the neutrino mass. One should note 
that the principle difficulty in this experiment is associated with detecting the Ba+ ion with a reasonably high efficiency. 
This issue calls for thorough experimental tests, and positive results have yet to be obtained. As the first stage of the 
experiment EXO-200 use 175 kg of 136Xe without Ba ion identification (see Section 2.2).  

 
3.6. KamLAND-Zen-1000  

 
KamLAND-Zen is an upgrade of the KamLAND setup [26]. The idea is to convert it to neutrinoless double beta 

decay search by dissolving Xe gas in the liquid scintillator. This approach was proposed by R. Raghavan in 1994 [42]. 
At the first step this mixture (330 kg of Xe in 13 tons of liquid scintillator) will be contained in a small balloon 
suspended in the centre of the KamLAND sphere. It will guarantee low background level and high sensitivity of the 
experiment. This experiment (KamLAND-Zen) is in a stage of a data taking and some more years will proceed (see 
Section 2.3). Experiment KamLAND-Zen-1000 with 1000 kg of the enriched xenon will be the next step. It is planned 
to upgrade the existing detector. It is supposed that in the new inner balloon more bright liquid scintillator will be used 
and the number of PMTs will be increased. All this will allow to improve essentially energy resolution of the detector 
and, thereby, to increase sensitivity of experiment to double beta decay (see Table 2). KamLAND-Zen-1000 will start in 
~ 2015. 

 
3.7. SNO+ [8]  

 
SNO+ is an upgrade of the solar neutrino experiment SNO (Canada), aiming at filling the SNO detector with Nd 

loaded liquid scintillator to investigate the isotope 150Nd. With 0.1 % loading SNO+ will use 0.78 tonnes of neodymium 
and contain 43.7 kg of 150Nd with no enrichment. SNO+ is in construction phase with natural neodymium. Data taking 
is foreseen in 2013 - 2014. After 3 yr of data tacking sensitivity will be ~ 6 ⋅ 1024 yr (or 0.12 - 0.41 eV for <mν>). 
Finally 500 kg of enriched 150Nd will be used (if enrichment of such quantity of Nd will be possible). Planned 
sensitivity is ~ 3 ⋅ 1025 yr (or 0.055 - 0.18 eV for <mν>). 
 

4. Conclusions 
 

Best present limits on 0νββ decay and on <mν> are presented in Table 3.  It is visible that the most strong limits are 
received in experiments with 136Xe, 76Ge, 130Te and 100Mo. Considering existing uncertainty in values of NME it is  
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Table 3. Best current results concerning the search for 0νββ decay. All bounds are given with 90 % C.L. 
The bounds on the effective mass of the Majorana neutrino <mν> were obtained 

using the calculated nuclear matrix elements from [17 - 23] 
 

Isotope Eββ, keV Т1/2, yr <mν>, eV 
48Са 4272 > 5.8 ⋅ 1022                                        [43] < 14 
76Ge 2039.0 > 1.9 ⋅ 1025                                        [2] < 0.20 - 0.69 
82Se   2996   > 3.6 ⋅ 1023                        [11] < 0.77 - 2.4 
96Zr   3350   > 9.2 ⋅ 1021                         [16] < 3.9 - 13.7 

100Mo   3034.4   > 1.1 ⋅ 1024                                     [11] < 0.29 - 0.70 
116Сd   2805   > 1.7 ⋅ 1023                                     [44] < 1.16 - 2.16 
128Те   867   > 1.5 ⋅ 1024 (geochem)      (see [46]) < 1.8 - 4.2 
130Те   2527.5   > 2.8 ⋅ 1024                                     [5] < 0.28 – 0.81 
136Хе   2458.7   > 1.6 ⋅ 1025                                    [24] < 0.14 - 0.38 
150Nd   3367   >1.8 ⋅ 1022                                     [15]   < 2.2 - 7.5 

 
possible to obtain conservative limit <mν> < 0.4 eV. It is possible to expect that in the next few years sensitivity to 
<mν> will be improved by efforts of experiments of EXO-200, KamLAND-Zen, GERDA-I, MAJORANA-
Demonstrator, CUORE-0 several times and will reach values ~ 0.1 - 0.3 eV. Start of full-scale experiments will allow to 
reach in 2015 - 2020 sensitivity to <mν> at the level 0.01-0.1 eV that will allow to begin testing of inverted hierarchy 
region (~ 50 meV). Using modern experimental approaches it will be extremely difficult to reach sensitivity to <mν> on 
the level of ~ 3 - 5 meV (normal hierarchy region). For this purpose it is required to increase mass of a studied isotope 
to 10 tons and to provide almost zero level of a background in studied area. Nevertheless it was shown, what even using 
known today methods such possibility, in principle, exists (see [45]).   
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The DAMA/LIBRA experiment is mainly dedicated to the investigation on DM particles in the Galactic halo by 
exploiting the model independent Dark Matter (DM) annual modulation signature. The present DAMA/LIBRA and the 
former DAMA/NaI (exposed masses: about 250 kg and about 100 kg of highly radiopure NaI(Tl), respectively) 
experiments have released so far a total exposure of 1.17 ton × yr collected over 13 annual cycles; they provide a model 
independent evidence of the presence of DM particles in the galactic halo at 8.9 σ C.L.. The data of another annual 
cycle in the same DAMA/LIBRA running conditions are at hand. After the substitution (at fall 2010) of all the 
photomultipliers (PMTs) with new ones, having higher quantum efficiency, DAMA/LIBRA has entered the phase 2; 
that substitution has allowed to lower the software energy threshold of the experiment in the present data taking. Future 
perspectives are mentioned. 

 
1. Introduction 

 
The DAMA project is an observatory for rare processes located deep underground at the Gran Sasso National 

Laboratory of the I.N.F.N. It is based on the development and use of low background scintillators. Profiting of the low 
background features of the realized set-ups, many rare processes are studied [1 - 21]. 

The main apparatus, DAMA/LIBRA, is investigating the presence of DM particles in the galactic halo by exploiting 
the model independent DM annual modulation signature. 

In fact, as a consequence of its annual revolution around the Sun, which is moving in the Galaxy traveling with 
respect to the Local Standard of Rest towards the star Vega near the constellation of Hercules, the Earth should be 
crossed by a larger flux of Dark Matter particles around 2 June (when the Earth orbital velocity is summed to the one of 
the solar system with respect to the Galaxy) and by a smaller one around 2 December (when the two velocities are 
subtracted). Thus, this signature has a different origin and peculiarities than the seasons on the Earth and than effects 
correlated with seasons (consider the expected value of the phase as well as the other requirements listed below). This 
DM annual modulation signature is very distinctive since the effect induced by DM particles must simultaneously 
satisfy all the following requirements: 

(1) the rate must contain a component modulated according to a cosine function;  
(2) with one year period;  
(3) with a phase that peaks roughly around 2nd June; 
(4) this modulation must be present only in a well-defined low energy range, where DM particles can induce 

signals;  
(5) it must be present only in those events where just a single detector, among all the available ones in the used 

set-up, actually “fires” (single-hit events), since the probability that DM particles experience multiple interactions is 
negligible;  

(6) the modulation amplitude in the region of maximal sensitivity has to be ≤ 7 % in case of usually adopted halo 
distributions, but it may be significantly larger in case of some particular scenarios such as e.g. those in Refs. [22, 23]. 

At present status of technology it is the only model independent signature available in direct Dark Matter 
investigation that can be effectively exploited. 

The exploitation of the DM annual modulation signature with highly radiopure widely sensitive NaI(Tl) as target 
material can permit to answer – by direct detection and in a way largely independent on the nature of the candidate and 
on the astrophysical, nuclear and particle Physics assumptions – the main question: “Are there Dark Matter (DM) 
particles in the galactic halo?” The corollary question: “Which are exactly the nature of the DM particle(s) detected by 
the annual modulation signature and the related astrophysical, nuclear and particle Physics scenarios?” requires 
subsequent model dependent corollary analyses as those available in literature. One should stress that no approach 
exists able to investigate the nature of the candidate either in the direct and indirect DM searches which can offer these 
latter information independently on assumed astrophysical, nuclear and particle Physics scenarios. 

In particular, it is worth noting that many possibilities exist about the nature and the interaction types of the DM 
particles as e.g.: SUSY particles (as neutralino or sneutrino in various scenarios), inelastic Dark Matter in various 
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scenarios, electron interacting dark matter (including WIMP scenarios), a heavy neutrino of  the 4-th family, sterile 
neutrino,  Kaluza-Klein particles, self-interacting dark matter, axion-like (light pseudoscalar and scalar candidate), 
mirror dark matter in various scenarios, Resonant Dark Matter, DM from exotic 4th generation quarks, Elementary 
Black holes, Planckian objects, Daemons, Composite DM, Light scalar WIMP through Higgs portal, Complex Scalar 
Dark Matter, specific two higgs doublet models, exothermic DM, Secluded WIMPs, Asymmetric DM, Isospin-
Violating Dark Matter, Singlet DM, Specific GU, SuperWIMPs , WIMPzilla, etc. (see in the literature). Moreover, even 
a suitable particle not yet foreseen by theories could be the solution or one of the solutions. It is worth noting that often 
WIMP is adopted as a synonymous of Dark Matter particle, referring usually to a particle with spin-independent elastic 
scattering on nuclei; on the contrary, WIMP identifies a class of Dark Matter candidates that can have different 
phenomenologies and interaction types. This is true also when considering a precise candidate as for example the 
neutralino; in fact the basic supersymmetric theory has a very large number of parameters that are by the fact unknown 
and, depending on the assumptions, they can present well different features and preferred interaction types. Often 
constrained SUGRA models (which allow easier calculations for the predictions e.g. at accelerators) are presented as 
SUSY or as the only way to SUSY, which is not the case. Other open aspects, which have large impact on model 
dependent investigations and comparisons, are e.g. which is the right description of the dark halo and related 
parameters, which is the right related atomic/nuclear and particle physics, etc. as well as the fundamental question on 
how many kinds of Dark Matter particles exist in the Universe1. It is also worth noting that the accelerators could prove 
the existence of some possible Dark Matter candidate particles, but they could never credit by themselves that a certain 
particle is in the halo as the solution or the only solution for Dark Matter particle(s). Moreover, Dark Matter candidate 
particles and scenarios (even for neutralino candidate) exist which cannot be investigated at accelerators. Thus, in order 
to pursue a widely sensitive direct detection of DM particles, model independent approach, ultra-low-background 
suitable target material, very large exposure and full control of the running conditions are mandatory. 

 
2. Short summary of the results 

 
The DAMA/LIBRA data released so far correspond to six annual cycles for an exposure of 0.87 ton × yr [13, 14]. 

Considering these data together with those previously collected by DAMA/NaI over 7 annual cycles (0.29 ton × yr), the 
total exposure collected over 13 annual cycles is 1.17 ton × yr; this is orders of magnitude larger than the exposures 
typically released in the field. 

The DAMA/NaI set up and its performances are described in Refs. [1, 3, 4, 5], while the DAMA/LIBRA set-up and 
its performances are described in Refs. [12, 14]. The sensitive part of the DAMA/LIBRA set-up is made of 25 highly 
radiopure NaI(Tl) crystal scintillators placed in a 5-rows by 5-columns matrix; each crystal is coupled to two low 
background photomultipliers working in coincidence at single photoelectron level. The detectors are placed inside a 
sealed copper box flushed with HP nitrogen and surrounded by a low background and massive shield made of 
Cu/Pb/Cd-foils/polyethylene/paraffin; moreover, about 1 m concrete (made from the Gran Sasso rock material) almost 
fully surrounds (mostly outside the barrack) this passive shield, acting as a further neutron moderator. The installation 
has a 3-fold levels sealing system that excludes the detectors from environmental air. The whole installation is air-
conditioned and the temperature is continuously monitored and recorded. The detectors’ responses range from 5.5 to 7.5 
photoelectrons/keV. Energy calibrations with X-rays/γ sources are regularly carried out down to few keV in the same 
conditions as the production runs. A software energy threshold of 2 keV is considered. The experiment takes data up to 
the MeV scale and thus it is also sensitive to high energy signals. For all the details see Ref. [12]. 

Several kinds of analyses on the model-independent DM annual modulation signature have been performed (see 
Refs. [13, 14] and references therein). Here Fig. 1 shows the time behaviour of the experimental residual rates of the 
single-hit events collected by DAMA/NaI and by DAMA/LIBRA in the (2 - 6) keV energy interval [13, 14].  
The superimposed curve is the cosinusoidal function: A cos ω(t-t0) with a period T = 2π/ω = 1 yr, with a phase  
t0 = 152.5 day (June 2nd), and modulation amplitude, A, obtained by best fit over the 13 annual cycles. 

The hypothesis of absence of modulation in the data can be discarded [13, 14] and, when the period and the phase 
are released in the fit, values well compatible with those expected for a DM particle induced effect are obtained [14]; 
for example, in the cumulative (2 - 6) keV energy interval: A = (0.0116 ± 0.0013) cpd/kg/keV, T =(0.999 ± 0.002) yr 
and t0 = (146±7) day. 

Summarizing, the analysis of the single-hit residual rate favours the presence of a modulated cosine-like behaviour 
with proper features at 8.9 σ C.L. [14]. 

The same data of Fig. 1 have also been investigated by a Fourier analysis, obtaining a clear peak corresponding to a 
period of 1 year [14]; this analysis in other energy regions shows instead only aliasing peaks. 

                                                 
1 Consider the richness in particles of the luminous Universe which is just 0.007 of the density of the Universe with 

respect to about 0.22 of the Dark Matter attributed to relic particles by the combination of the results of WMAP, of the 
SN type IA and clusters observations. 
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Fig. 1. Experimental model-independent residual rate of the single-hit scintillation events, measured by DAMA/NaI 
over seven and by DAMA/LIBRA over six annual cycles in the (2 - 6) keV energy interval as a function of the time [4, 
5, 13, 14]. The zero of the time scale is January 1st of the first year of data taking. The experimental points present the 
errors as vertical bars and the associated time bin width as horizontal bars. The superimposed curve is A cos ω(t-t0) with 
period T = 2π/ω = 1 yr, phase t0 = 152.5 day (June 2nd) and modulation amplitude, A, equal to the central value obtained 
by best fit over the whole data: cumulative exposure is 1.17 ton × yr. The dashed vertical lines correspond to the 
maximum expected for the DM signal (June 2nd), while the dotted vertical lines correspond to the minimum. See Refs. 
[13, 14] and text. 

 

Thus, this allows the study the background behaviour in the same energy interval of the observed positive effect. 
The result of the analysis is reported in Fig. 2 where it is shown the residual rate of the single-hit events measured over 
the six DAMA/LIBRA annual cycles, as collected in a single annual cycle, together with the residual rates of the 
multiple-hits events, in the same considered energy interval. A clear modulation is present in the single-hit events, while 
the fitted modulation amplitudes for the multiple-hits residual rate are well compatible with zero [14]. 

 

2-6 keV

 Time (day)

R
es

id
ua

ls
 (c

pd
/k

g/
ke

V
)

Fig. 2. Experimental residual rates over the six DAMA/LIBRA annual cycles for single-hit events (open circles) (class 
of events to which DM events belong) and for multiple-hit events (filled triangles) (class of events to which DM events 
do not belong). They have been obtained by considering for each class of events the data as collected in a single annual 
cycle and by using in both cases the same identical hardware and the same identical software procedures. The initial 
time of the Figure is taken on August 7th. The experimental points present the errors as vertical bars and the associated 
time bin width as horizontal bars. The errors of the multiple-hit residual rates are slightly smaller that the filled triangles 
symbol. See text and Refs. [13, 14]. 

 

Similar results were previously obtained also for the DAMA/NaI case [5]. Thus, again evidence of annual 
modulation with proper features, as required by the DM annual modulation signature, is present in the single-hit 
residuals (events class to which the DM particle induced events belong), while it is absent in the multiple-hits residual 
rate (event class to which only background events belong). Since the same identical hardware and the same identical 
software procedures have been used to analyse the two classes of events, the obtained result offers an additional strong 
support for the presence of a DM particle component in the galactic halo further excluding any side effect either from 
hardware or from software procedures or from background. 

The annual modulation present at low energy has also been analyzed by depicting the differential modulation 
amplitudes, Sm, as a function of the energy; the Sm is the modulation amplitude of the modulated part of the signal 
obtained by maximum likelihood method over the data, considering T = 1 yr and t0 = 152.5 day. The Sm values are 
reported as function of the energy in Fig. 3. It can be inferred that a positive signal is present in the (2 - 6) keV energy 
interval, while Sm values compatible with zero are present just above; in particular, the Sm values in the (6 - 20) keV 
energy interval have random fluctuations around zero with χ2 equal to 27.5 for 28 degrees of freedom. It has been also 
verified that the measured modulation amplitudes are statistically well distributed in all the crystals, in all the annual 
cycles and energy bins; these and other discussions can be found in Ref. [14]. 
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Fig. 3. Energy distribution of the modulation amplitudes Sm for the total cumulative exposure 1.17 ton×yr obtained by 
maximum likelihood analysis. The energy bin is 0.5 keV. A clear modulation is present in the lowest energy region, 
while Sm values compatible with zero are present just above. In fact, the Sm values in the (6 - 20) keV energy interval 
have random fluctuations around zero with χ2 equal to 27.5 for 28 degrees of freedom. See Refs. [13, 14] and text. 

 
In order to release in the maximum likelihood procedure the assumption of the phase fixed at t0 = 152.5 day, the 

signal has been alternatively written as: S0,k + Sm,k cos ω(t-t0) + Zm,k sin ω(t-t0) = S0,k + Ym,k cos ω(t-t*), where S0,k and 
Sm,k are the constant part and the modulation amplitude of the signal in k-th energy interval. Obviously, for signals 
induced by DM particles one would expect: i) Zm,k ≈ 0 (because of the orthogonality between the cosine and the sine 
functions); ii) Sm,k ≈ Ym,k; iii) t* ≈ t0 = 152.5 day. In fact, these conditions hold for most of the dark halo models; 
however, it is worth noting that slight differences in the phase could be expected in case of possible contributions from 
non-thermalized DM components, such as e.g. the SagDEG stream [6] and the caustics [24]. The 2σ contours in the 
plane (Sm, Zm) for the (2 - 6) keV and (6 - 14) keV energy intervals and those in the plane (Ym , t*) are reported in Fig. 4 
[14]. The best fit values for the (2 - 6) keV energy interval are (1σ errors): Sm = (0.0111 ± 0.0013) cpd/kg/keV;  
Zm= –(0.0004 ± 0.0014) cpd/kg/keV; Ym = (0.0111 ± 0.0013) cpd/kg/keV; t*= (150.5 ± 7.0) day; while for the  
(6 - 14) keV energy interval are: Sm= –(0.0001 ± 0.0008) cpd/kg/keV; Zm = (0.0002 ± 0.0005) cpd/kg/keV;  
Ym= –(0.0001 ± 0.0008) cpd/kg/keV and t* obviously not determined. These results confirm those achieved by other 
kinds of analyses. In particular, a modulation amplitude is present in the lower energy intervals and the period and the 
phase agree with those expected for DM induced signals. For more detailed discussions see Ref. [14]. 

Both the data of DAMA/LIBRA and of DAMA/NaI fulfil all the requirements of the DM annual modulation 
signature.  
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Fig. 4. 2σ contours in the plane (Sm, Zm) (left) and in the plane (Ym, t*) (right) for the (2 - 6) keV and (6 - 14) keV 
energy intervals. The contours have been obtained by the maximum likelihood method, considering the cumulative 
exposure of 1.17 ton × yr. A modulation amplitude is present in the lower energy intervals and the phase agrees with 
that expected for DM induced signals. See Refs. [13, 14] and text.

 
Sometimes wrong statements were put forwards as the fact that in nature several phenomena may show some kind 

of periodicity. The point is whether they might mimic the annual modulation signature in DAMA/LIBRA (and former 
DAMA/NaI), i.e. whether they might be not only quantitatively able to account for the observed modulation amplitude 
but also able to contemporaneously satisfy all the requirements of the DM annual modulation signature; the same is also 
for side reactions. 
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Careful investigations on absence of any significant systematics or side reaction able to account for the measured 
modulation amplitude and to simultaneously satisfy all the requirements of the signature have been quantitatively 
carried out (see e.g. Refs. [4, 5, 12 - 14, 17, 25], and Refs therein). No systematics or side reactions able to mimic the 
signature (that is, able to account for the measured modulation amplitude and simultaneously satisfy all the 
requirements of the signature) has been found or suggested by anyone over more than a decade.  

The obtained model independent evidence is compatible with a wide set of scenarios regarding the nature of the DM 
candidate and related astrophysical, nuclear and particle Physics. For examples, some given scenarios and parameters 
are discussed e.g. in Refs. [2, 4 - 7, 18 - 21] and in Appendix A of Ref. [13]. Further large literature is available on the 
topics [26]; other possibilities are open. Here we just recall the recent papers [27, 28] where the DAMA/NaI and 
DAMA/LIBRA results, which fulfill all the many peculiarities of the model independent DM annual modulation 
signature, are examined under the particular hypothesis of a light-mass DM candidate particle interacting with the 
detector nuclei by coherent elastic process. In particular, in Ref. [27] allowed regions are given for DM candidates 
interacting by elastic scattering on nuclei including some of the existing uncertainties; comparison with theoretical 
expectations for neutralino candidate and with the recent possible positive hint by CoGeNT [29] are also discussed there 
(Fig. 5), while comparison with possible positive hint by Cresst [30] is discussed in Ref. [28].  

 

Fig. 5. Regions in the nucleon cross section vs DM particle mass plane allowed by DAMA in three different instances 
for the Na and I quenching factors: i) without including the channeling effect [(green) vertically-hatched region], ii) by 
including the channeling effect [(blue) horizontally-hatched region)], and iii) without the channeling effect using the 
energy-dependent Na and I quenching factors [27] [(red) cross-hatched region]. The velocity distributions and the same 
uncertainties as in Refs. [4, 5] are considered here. The allowed region obtained for the CoGeNT experiment, including 
the same astrophysical models as in Refs. [4,5] and assuming for simplicity a fixed value for the Ge quenching factor 
and a Helm form factor with fixed parameters, is also reported and denoted by a (black) thick solid line. For details see 
Ref. [27]. 

 
No other experiment exists, whose result can be directly compared in a model-independent way with those by 

DAMA/NaI and DAMA/LIBRA. Some activities (e.g. [31, 32, 33] claim model-dependent exclusion under many 
largely arbitrary assumptions (see for example discussions in [4, 5, 13, 34, 35]); often some critical points exist in their 
experimental aspects (e.g. use of marginal exposures, determination of the energy threshold, of the energy resolution 
and of the energy scale in the few keV energy region of interest, multiple selection procedures, non-uniformity of the 
detectors response, absence of suitable periodical calibrations in the same running conditions and in the claimed low 
energy region, stabilities, tails/overlapping of the populations of the subtracted events and of the considered recoil-like 
ones, well known side processes mimicing recoil-like events, etc.), and the existing experimental and theoretical 
uncertainties are generally not considered in their presented model dependent result. Moreover, implications of the 
DAMA results are generally presented in incorrect/partial/unupdated way.  

As regards the strongly model dependent indirect searches their results are restricted to some DM candidates and 
physical scenarios under particular specific assumptions, and require also the modeling of the existing – and largely 
unknown – competing background for the secondary particles they are looking for. No quantitative comparison can be 
directly performed between the results obtained in direct and indirect searches because it strongly depends on 
assumptions and on the considered model framework. In particular, a comparison would always require the calculation 
and the consideration of all the possible configurations for each given particle model (e.g., for neutralino: in the allowed 
parameters space), as a biunivocal correspondence between the observables in the two kinds of experiments does not 
exist. We just mention here that neither negative nor possible positive indications are at present in conflict with the 
DAMA model independent result. 

Finally, for completeness we remind: i) the recent possible positive hints presented by CoGeNT [29] and Cresst [30] 
exploiting different approaches/different target materials; ii) the uncertainties in the model dependent results and 
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comparisons; iii) the relevant argument of the methodological robustness [36]. In particular, the general considerations 
on comparisons reported in Appendix A of Ref. [13] still hold; on the other hand, whatever possible “positive” result 
has to be interpreted and a large room of compatibility with the DAMA annual modulation evidence is present. 

 
3. Perspectives 

 
A first upgrade of the DAMA/LIBRA set-up was performed in September 2008. One detector was recovered by 

replacing a broken PMT and a new optimization of some PMTs and HVs was done; the transient digitizers were 
replaced with new ones, having better performances and a new DAQ with optical read-out was installed.  

A further and more important upgrade has been performed in the end of 2010 when all the PMTs have been replaced 
with new ones having higher quantum efficiency; details on the reached performances are reported in Ref. [37]. This 
allows a lower software energy threshold and, hence, the improvement of the performance and of the sensitivity for 
deeper corollary information on the nature of the DM candidate particle(s) and on the various related astrophysical, 
nuclear and particle Physics scenarios. Since January 2011 the DAMA/LIBRA experiment is again in data taking in the 
new configuration, named DAMA/LIBRA-phase 2.  

The purpose of the last upgrade of the running second generation DAMA/LIBRA set-up is: i) to increase the 
experimental sensitivity lowering the software energy threshold of the experiment; 2) to improve the investigation on 
the nature of the Dark Matter particle and related astrophysical, nuclear and particle physics arguments; 3) to investigate 
other signal features; 4) to improve the sensitivity in the investigation of rare processes other than Dark Matter as done 
by the former DAMA/NaI apparatus in the past [8] and by itself so far [15, 16]. This requires long and heavy full time 
dedicated work for reliable collection and analysis of very large exposures, as DAMA collaboration has always done. 
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Emission of nucleons in low-energy nuclear reactions (say, below the pion threshold) can be well described using 
statistical model (compound nucleus plus pre-equilibrium emission). On the other hand, that of the complex particles, 
i.e. light clusters up to α’s, is far from satisfactory state. The main reason is – apart of very specific properties of the 
clusters themselves – that different types of direct reactions, like pick-up, knock-out and others, play an essential role. 
In the absence of more justified approaches, phenomenological ones are frequently applied, with very little (or no) 
physics in their background. 

We suggest a generalization of the Iwamoto-Harada-Bisplinghoff statistical model which is capable to incorporate 
the main features of direct reactions leading to the cluster emission, but – obviously, as any other statistical approach – 
pays for this generality by loosing details of nuclear structure and their manifestation in individual reactions. This 
approach, originally without spin variables, is easy to be used also in the spin-dependent version of the exciton model. 
The model is illustrated on several nuclear reactions. 
 

1. Introduction 
 

Attempts to include complex particle (light cluster, i.e. from deuteron to α) emission into pre-equilibrium models 
appeared already in 1970 [1], but the original (unsuccessful) approach was soon replaced by two different ways, how 
one can interpret the cluster emission; namely the idea of preformed α particles [2] and of exciton (nucleon) 
clusterization [3, 4]. Whereas the former one is by the underlying physics restricetd only to strongly bound clusters, i.e. 
the α particles, the latter one is of general nature. In fact, the preformed α particle model yielded better agreement to the 
obsrerved α particle energy spectra than the other one, but the consequent development of tle clusaterization model 
minimized this gap. In addition, the emission of preformed α particle is treated as an emission of just one nucleon of 
special type, what introduces some inconsistency into the model. Having in mind general applicability for wide range of 
ejectiles, we feel Iwamoto - Harada model [5, 6] to be a suitable starting point for interpretation of complex particle 
spectra and other quantities. 
 

2. Calculation of complex particle emission – basic equations 
 

To keep our consideration and especially the equations simple and transparent, we limit our presentation and 
explicite presentation of formulae here to the case of nucleon-induced reactions only, while other reactions will still be 
kept in mind. The energy spectrum of the emitted particles (and/or γ quanta) in the spin-independent formulation of the 
model is 
 

( , , ),c
R n x x

nx

d n E
d

σ = σ τ λ ε
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(1) 

where λx
c(n,E,εx) is the particle (or γ) emission rate from an n-exciton state (n = p + h) of excitation energy E to the 

continuum, the energy of the ejectile of type x is εx, and τn and σR are the time spent in an n-exciton state and the cross 
section of creation of the composite system, respectively. 

In the case of nucleon emission, one has 
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where px and sx are the ejectile reduced mass and spin, respectively, σINV is the inverse cross section, which is, in fact, 
replaced by the cross section of the capture of a projectile by the nucleus in its ground state, and U  is the energy of 
residual nucleus, which is produced in an (n - 1)-exciton state. The factor Rx(p) takes into account the proton-neutron 
composition.In fact, it stands as an effective quantity which arises from replacing the two-component description (i.e. 
that distinguishing between the neutrons and the protons) by an one-component one 1. 

                                                            
1 There are several ways of introducing the charge factor. We follow here the charge factor Rx(p) of [3]. Explicitly, 

the sum of the neutron and the proton charge factors equal 1 at each stage of the reaction. Anyway, none of different 
suggested forms of charge factors has proper behaviour both at the very early stage of the reaction process and at 
equilibrium, and similarly these factors cannot withstand the detailed balance principle (see also [4, 5]). 
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In the most simple case, the cluster emission rate can be written formally in exactly the same way as it was for 
nucleons, just with replacing the exciton number of the residual nucleus (p - 1, h) by (p - px, h) [3]2, where we assume 
that the cluster is formed by px  of thetotal of p excited particles (Fig. 1). 

 

 
 
Fig. 1. Schemes of coalescence ("classical coalescence" [3, 6]), Iwamoto - Harada pick-up model [7, 14], Bisplinghoff's 
improvement [15] for the α particles due to strength of coupling of nucleons within the cluster, and the statistical 
understanding of the knock-out process [16]. Though all parts depict four nucleons, i.e. the α particle, they are – with 
the only exception of knock-out – of general validity. 

 
Additionally, the emission rates can be multiplied by xγ , the formation probability [6] of the coalescence models (or 

by the α pre-formation factor αγ , if we assume their existence as special entities (pα = 1) within the nucleus [2]). The 
original form of the coalescence model [3] has been soon improved by Ribanský and Obložinský [6] who improved the 
approach by replacing the artificial px! factor by ,0, ) /x x x x xp B gγ ω( ε +  which has a straightforward physical 
interpretation: its second part is the number of configurations of the px  excitons, and xγ  is the formation probability. In 
practice, however, the single-cluster density gx  is often replaced by the single-particle one3. Thus, the emission rate 
reads [7] 
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This approach led to both reasonable absolute values and for some clusters even rather good spectra shapes. A 
commonly used approach is to consider xγ  to be a parameter obtainable from the fit to the data. Typical values are of 
the order of 10-3 for α's and of 10-2 for deuterons. 

Simple theoretical estimates of the formation probability of the coalescence model yield e.g. 
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 [9], where P0 is the radius of the sphere in the momentum space containing the nucleons which 

are picked up and it is found to be close to the Fermi momentum, or m
x A−γ ≈  above mass 27, with 1m ≈  for deuterons 

                                                            
2 In fact, this idea appeared already in the paper of Blann and Lanzafame [1]. However, their  predicted complex 

particle spectra were substantially below the experimental data.  
3 See also the discussions of the role of the single-cluster density [6, 7]. 
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and 4
3m ≈  for α's, tritons and 3He [10].  However, the presence of formation probabilities and/or other additional 

functions is not strictly justifiable by detailed balance, and it is therefore rejected by some groups (e.g. [11 - 13]), even 
though such rejection of this factor means worsening of the agreement between theory and data. 
 

3. Iwamoto-Harada-Bisplinghoff model – Extensions of coalescence concept 
 

3.1. Basic ideas 
 

The coalescence model has been made more sophisticated to allow the cluster to be formed not only of excitons, but 
also from unexcited nucleons below the Fermi level (see the second column in Fig. 1), i.e. a form of statistical 
description of pickup. This approach became known as the Iwamoto-Harada model [14]4 even though it has been 
suggested and applied five years earlier [7]. Mathematically, it means replacing the density product 
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, where p* is the 

number of excitons contributing to forming the cluster, and the remaining  (px-p*) nucleons are picked up from the 
Fermi sea. Now, the cluster density is 1[ ( )] / [ !( 1)!]xp

x x x x x F x xg g g B p E p p−= γ ε + + −  [7], what makes the formulation 
of the problem – as far as complex particles (clusters) concerns – parameterless (!!). 
 

3.2. Extensions of the Iwamoto - Harada - Bisplinghoff (pickup) model 
 

Bisplinghoff suggested (we use IHB to denote the Iwamoto - Harada model with Bisplinghoff's generalization) that 
not all nucleons be available for the cluster formation within the model, but only those close to the Fermi energy, and 
the energy width of the "band of availability" is determined by the binding energy of nucleons inside the cluster [15]. 
It is natural to generalize the idea to arbitrary combinations of excited and unexcited nucleons, and to all types of 
clusters. As the binding energy of nucleons in the deuteron is small, the pick-up possibility is hardly likely to be 
observed in practice. Thus, strongly bound entities, like α's, have large energy space available for their creation (which 
makes the approach close to the original ideas [7, 14], and loosely coupled objects (e.g. deuterons) practically get close 
to the standard coalescence model [17, 18]. 

It is necessary to keep the consistence with the compound nucleus theory when one deals with pre-equilibrium 
models. One of the principal requirements is the principle of microscopic reversibility applied to the emission rates and 
to the particle capture, and the other one is the necessity of reaching the compound nucleus theory as the limit 
(equilibrium) case of the pre-equilibrium emission when one goes to sufficiently long times. Both of them can be dealt 
relatively easily in the case of nucleon emission [19] and with some additional approximation also for cluster 
coalescence model in its pure version [21], where the Weisskopf-Ewing formulae within the model by summation over 
all exciton states can be reached (up to possible charge factor, see [4]). It is much more difficult to reach the proper 
equilibrium limit for cluster emission with some allowance for pickup and possibly other processes.  

In our model, we assume that the pickup is effective 
only when the number of excited particles is insufficient 
to form the cluster of the required type. When the exciton 
number is large enough, the excitons do not show the 
need to pu their partner(s) from the Fermi sea. This 
suggestion does not influence the high-energy part of the 
spectrum, but is able to yield the proper equilibrium 
limit. 

Two other ideas have been used: We have included 
some "energy blurring" to simulate the thermal 
movement of nucleons in excited nucleus, and – in 
addition – we have incorporated the Heisenberg principle 
approximately in the very first stage. Therein, the nucleus 
lives very shortly, and due to the uncertainty relation it is 
possible with a rather small, but nonzero amplitude, that 
the exciton can "borrow" enough energy to pick up 
nucleons from the sea also much deeper than allowed by 
the cluster binding energy. 

Fig. 2 brings the deuteron energy-integrated spectra  
                                                                                                  calculated using the modified PEQAG code [20]5.  

                                                            
4 We list here only the initial paper by Iwamoto and Harada, and not all relevant subsequent ones. 
5 The calculations presented in this paper are aimed to illustrate the properties of the model and they are done with 

default parameters (level densities, optical model parameters, intranuclear transition matrix element, ...) and they do not 
cointain any fitting, which would surely lead to much better agreement to the data. 

 

Fig. 2. Angle-integrated deuteron energy spectra from 
209Bi + p at 62 MeV. Points are the data, the curves show 
the spectra calculated within different model assumptions 
(see the text). 
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Thereare no free parameters specific for the cluster 
emission; the other parameters have been kept at their 
overall (default) values (see above). If we allow all 
depth of the nuclear potential to be available for 
pickup, we get pretty above the experimental data, and 
the restriction to the deuteron binding energy suggested 
by the IHB model draws the spectra down. For loosely 
bound ejectile like the deuteron, this curve is 
indistinguishable from the pure coalescence calculation 
(not drawn) in the scale of the Figure. The two added 
"energy blurrings", i.e. the thermal and the uncertainty 
ones, bring the resulting spectra close to the 
experimental points. 

The situation with α spectra is somewhat more 
complicated and it is depicted in Fig. 3. The two 
"energy blurrings" are separated now, and the pure 
coalescence is distinctly different from other 
approaches. In addition, also the spectra containing  

                                                                                                      some admixture of possible knockout mechanism (see  
                                                                                                      below) are drawn with a curve with ticks.  
 

3.3. Knockout admixtures 
 

The Iwamoto-Harada model introduced pickup 
reactions into the statistical formulation of the pre-
equilibrium model. However, at least for compact 
ejectiles, like α particles, a possibility of knockout seems 
to be reasonable to be added as well.  

Expressed in the statistical language of the exciton 
model, the (N,α) knockout yields the final density 

0

(0,4, ) (1,0, )
E

U dω − ε ω ε ε∫  [17, 18] (see also Fig. 1, the 

last column). It is rather complicated to say something a 
priori about the fraction of the knockout reactions fKO in 
the pre-equilibrium process, and we take it here as a free 
parameter to be determined from the fit to the data. Fig. 4 
presents a comparison at somewhat higher energy and 
also to the model calculation of Kalbach [21]. Fig. 5, left 
shows the spectral shape and possible values of the 
knockout contributions with different fKO on three targets, 
and in the right part of the Figure, the ratio of spectra 
with and without the knockout inclusion are depisted.  

 

 
Fig. 5. Left - Knockout contributions to the $\alpha$ energy spectra. The curves are denoted by the target (reactions on 
Zr are with 90 MeV incident protons, others are at 62 MeV) and the knockout fraction fKO. Right - Ratio of the 
calculated spectra of $\alpha$ particles with and without knockout. (From [25].) 

Fig. 3. The α energy spectra from 54Fe(p,α) at 62 MeV 
showing the influence of different features added to the IHB 
model. (From [25]).  

Fig. 4. The α energy spectra from 90Zr(p, α) at 90 MeV 
without and with the knockout contribution for two 
different knockout fractions fKO , namely 0.001 and 0.002, 
compared to the data and also to the calculations of 
Kalbach [21]. 
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The knockout contribution is relatively small, but it significantly improves the fit to the data at outgoing energies 
around 30 MeV (see Fig. 4). It is rather difficult to fix the knockout fraction precisely, but it is close to fKO = 0.002 on 
heavy nuclei (Au, Bi) and significantly higher (about 0.005) on medium-ones (Fe), even though the absolute values are 
practically the same. 
 

3.4. Angular momentum in the cluster emission 
 

Current pre-equilibrium models often ignore the influence of angular momentum. This is easily shown to be rather 
small for the nucleon emission, but is larger for clusters. The effect arises from: i) cluster emission is usually enhanced 
at higher angular momenta, which means increased role of the nuclear surface and consequently effective lowering of 
the Coulomb barrier, especially in the case of deformed nuclei; ii) many of quantities entering the pre-equilibrium 
reactions are both spin- and energy-dependent, and their simple contraction to one variable necessarily affects the 
results. The consistent incorporation of the angular momentum is more complicated. Some steps have been undertaken 
in [22], but the full formulation of the spin-dependent intranuclear transition and emission rates has been enabled by 
Obložinský with Chadwick [23] and it has been developed for the equilibration process, nucleon and γ emissions. 
Obviously, if we calculate the time spent in the n-exciton state by solving the set of master equations [24], this set 
becomes much larger (from tens of thousands coupled equations up to millions of them). We do not repeat the spin-
coupling formulae here, but refer to the original papers [23] and its realization in the computer code PEGAS [24]. 

The question arises, how to apply these couplings to the cluster emission? For a first view, similar (but more 
complicated) set of formulae should be derived here and consequently used in a computer code. However, one can – at 
least as a good approximation – use the fact that the formation probability γx contains all the dynamics of the process, 
i.e. also the spin couplings. We should emphasize that such happy coincidence of canceling the cluster couplings is 
possible for the IHB model formulated in the exciton-energy space, and it cannot be straightforwardly applied to the 
cases, where the final expression for the cluster emission still contains the formation probability or some similar 
quantity. This essentially simplifies the task here and makes it feasible to be applied to calculations of nuclear reactions. 
We have adopted this way and illustrated the influence of angular couplings below.  

For the calculations, we have chosen (p,α) reactions, which have been already calculated in the spin-independent 
case [16, 25], namely on 90Zr, 197Au and 209Bi. In order to show the angular momentum influence unscreened by other 
effects, we have abstracted from the improvements to the Iwamoto-Harada model now and even we use default level 
density parameters, i.e. g = A/13 and no pairing here. Thus, the calculated energy spectra are not aimed to be compared 
to the data, as the parameters of the model are not "tuned" for that, but simply to illustrate the influence of angular 
momentum newly introduced for the pre-equilibrium cluster emission. Fig. 6 presents the energy spectra for two 
reactions, calculated both with and without angular momentum. The essential pre-equilibrium parameters, as the level 
density ones or the transition matrix element, are kept identical in both sets of calculations. Only the first emitted 
particle is calculated so that they do not include any consequent emissions. 

 

Fig. 6. Angle-integrated $\alpha$ energy spectra from proton-induced reactions on 90Zr at 90 MeV and 197Au at 62 MeV. 
The full curves represent the calculations with angular momentum, whereas the dotted ones are without. (From [26].) 

 
In all cases, the introduction of angular momentum increases the cluster spectra significantly and somewhat lowers 

the emission of nucleons (as the reaction cross section σR is the same both with and without angular momentum, and it 
has to be split among neutron, proton, cluster and γ emissions). Thus we arrive to a result which is in similar direction 
as that obtained by Blann and Komoto [27] by considering deformed nuclei. 
 

4. Conclusions 
 

We have discussed the extensions of the pre-equilibrium models to describe the cluster emission at low energies. 
The model with generalizations is rather useful to yield reliably the overall trends and also correctly predict the (order 
of) magnitude of cross sections and related quantities without any specific parameters for the cluster emission. 
However, for deeper understanding and more precise description, one has to incorporate the very details of cluster 
formation and emission and this is obviously beyond the scope of simple statistical models. 
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The Separator for Heavy Ion Reaction Products (SHIP) is a velocity filter located at the UNILAC accelerator of GSI 
Darmstadt, Germany. For about 35 years a broad experimental program in the field of superheavy element research is 
running at SHIP. During the last years particularly investigations in the region of the heaviest known nuclei were 
performed. In fusion reactions of 48Ca + 248Cm → 296116* a total of six decay chains was observed which could be 
attributed to the evaporation residues 292116 and 293116. In this experiment, data measured previously on the same 
isotopes in Dubna were well confirmed. Besides, two attempts were made to synthesize isotopes of the still unobserved 
element Z = 120 in reactions of 64Ni + 238U and 54Cr + 248Cm. No events were observed in these experiments leading to 
one-event cross-section limits of 90 fb and 560 fb, respectively. For future superheavy element research, a new 
superconducting continuous wave LINAC is planned at GSI which shall deliver beam intensities of up to 1014 particles 
per second. In this context we are developing a next generation separator and new detection techniques. 
 

1. Introduction 
 

Until the year 2005, so-called cold fusion reactions using doubly magic Pb or Bi targets were applied at SHIP for the 
synthesis of superheavy elements and lead to the discovery of the elements Z = 107 - 112 [1 - 6]. Starting in 2005, hot 
fusion reactions with actinide targets (238U, 248Cm) were introduced at SHIP. This was motivated by experimental 
results from the Dubna gas-filled separator (DGFRS) [7] at the Flerov Laboratory of Nuclear Reactions where relatively 
large cross-sections on the order of 1 pb were observed for nuclei with Z = 114 - 118 in hot fusion [8]. In contrast, the 
cross-sections in cold fusion reactions drop by about one order of magnitude for every two protons more in the 
compound nucleus and become already as low as 30 fb for Z = 113 [9]. The application of hot fusion reactions at SHIP 
is an important step not only for the synthesis of new elements with Z > 118 but equally for the confirmation of existing 
data from hot fusion on 112 ≤ Z ≤ 118. The latter have been synthesized until recently only at gas-filled separators, 
mainly in Dubna. SHIP is presently the only velocity filter applied for the synthesis of the heaviest elements with 
exception of the energy filter VASSILISSA [10] in Dubna. Therefore, the cross-sections and decay properties of 
superheavy nuclei measured at SHIP represent an important cross-check of the existing data with respect to possible 
systematic errors. Additionally, SHIP allows the identification of the reaction channel (xn, αxn, transfer etc.) with good 
resolution by measuring the velocity spectra of the reaction products [11]. The knowledge of the reaction channel is 
crucial for assigning an observed decay chain to the correct mother isotope since the mass and nuclear charge of the 
superheavy nuclei are not measured directly. 

The production cross-sections of superheavy nuclei are small and reach the sub-picobarn region for the heaviest 
known isotopes. This presently limits the synthesis of new elements with the available beam intensities of 5 · 1012 ions 
per second. Reaction cross-sections on the order of 100 fb require several months of beam time to reach the one-event 
cross-section limit for the desired isotope. Therefore, the availability of higher beam intensities and the related 
necessary upgrades of the separation and detection techniques are decisive steps for the future research in this field. At 
GSI, a new superconducting continuous wave LINAC is planned. The beam intensities are expected to be 10 to 50 times 
larger than the presently available currents. Within this frame, we are developing a concept for a new separator which 
allows a strong suppression of primary beams with intensities up to several 1014 particles per second. In parallel to the 
separator design, we are testing and developing new detection techniques for nuclei which are long-lived and/or 
undergo beta-decay or spontaneous fission and are therefore not accessible with the available techniques.  

 
2. SHIP: Experimental Setup 

 
A scheme of the experimental setup is shown in Fig. 1. SHIP is a Wien filter which separates the ions according to 

their velocities [12]. Reaction products which leave the target at forward angles of (0 ± 2) degree with respect to the 
beam direction are accepted by the entrance aperture of SHIP. The electric and magnetic fields are chosen such that the 
relatively light and fast projectiles and projectile-like reaction products are deflected to the beam stop while the much 
slower evaporation residues pass SHIP and reach the focal plane detector. The accepted velocity window at a given 
setting is Δv/v = 0.1 (FWHM). All reaction products which pass the velocity filter are implanted in a position sensitive 
16 strip silicon detector (”stop detector”) where their time of implantation, position, kinetic energy and radioactive 
decays are registered [13]. Such, especially the alpha decay properties allow for an unambiguous identification of single 
isotopes. Six further Si detectors are installed in a box-like arrangement (“box detector”) in front of the stop detector 
and cover 85 % of the backward hemisphere in order to register alpha particles and fission fragments escaping from the 
stop detector. 
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Fig. 1 The velocity filter SHIP and detection system. For details see text. 
 

Finally, a germanium clover detector is mounted behind the stop detector. It consists of four germanium crystals 
which register gamma rays from excited reaction products implanted in the stop detector. Three time-of-flight (TOF) 
detectors [14] are installed in front of the silicon detectors. They fulfill two tasks: On one hand the measured TOF 
together with the energy deposited in the silicon detector allows to distinguish between projectile-like nuclei, target-like 
nuclei and fusion evaporation residues. Secondly, they allow to distinguish between ions which have been produced in 
the target and radioactive decay products (alpha particles or fission fragments) which have been created in the silicon 
detector by decays of implanted mother isotopes. In the first case the particles have to pass the TOF detectors and create 
a TOF signal while in the latter case they don't.  Further details concerning the experimental setup can be found in [15]. 

The combination of isotope identification via radioactive decays and the strong background suppression by the 
separator allows the identification of single nuclei where cross-section limits of 10 pb can be reached within one day of 
beam time by applying usual beam intensities of several 1012 particles per second. For additional suppression of alpha-
like and fission-like background events the beam-off periods are used which are provided by the pulsed structure of the 
beam consisting of 5 ms long beam-on periods followed by 15 ms long beam-off periods.  

 
3. Hot fusion reactions at SHIP 

 
3.1 The reaction 48Ca + 248Cm → 296116* 

 
The nuclei with the largest proton numbers synthesized so far at SHIP, and also at GSI, are isotopes of element  

Z = 116 in reactions of 48Ca + 248Cm → 296116* [16] (June 25 - July 26, 2010). The same reaction was already studied 
earlier at the Dubna gas-filled separator in several experiments during the years 2000 to 2004 at compound nucleus 
excitation energies of 33 and 39 MeV [17, 18]. In the Dubna experiments five decay chains were observed which were 
attributed to the decay of the isotope 293116 (3n evaporation channel) and six decay chains which were attributed to 
292116 (4n channel). At SHIP, we continued the excitation function to higher energies of 41 and 45 MeV. At 41 MeV 
we observed six alpha decay chains of different lengths, all of them terminated by a spontaneously fissioning nucleus 
(Fig. 2). Four of the chains consist of an implanted recoil nucleus followed by two alpha decays and a fission event. The 
length of these chains as well as the half-lives and alpha energies of the chain members are well in agreement with the 
data measured in Dubna for the isotope 292116. Also the corresponding cross-section of 3.4 pb well continues the 
excitation function measured in Dubna as shown in Fig. 3. Fig. 3 shows also the expected excitation functions from 
model calculations [19]. The good agreement between experimental data and theoretical expectations further supports 
the attribution of the four decay chains to the mother isotope 292116. 

Besides, two further chains were observed. One of them consists of an implanted recoil nucleus followed by three α-
decays and fission decay. This decay sequence, the α-energies and half-lives are consistent with the data measured in 
Dubna for the isotope 293116 (3n channel). Also the related cross-section of 0.9 pb agrees well with these data and with 
theoretical predictions (Fig. 3). In the other decay chain the recoil nucleus was followed by four α-decays and a fission 
event. In this chain only the energy of the first α-particle was in agreement with the values measured in Dubna for the 
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nucleus 293116. Therefore, we attributed this chain preliminary also to the mother isotope 293116. The last α-decay in the 
chain, with the energy of 9.315 MeV would then originate from an alpha branch of the isotope 281Ds. An α-decay of 
281Ds was so far only observed in an experiment at the gas-filled separator TASCA at GSI [20], however with an energy 
of 8.727 MeV which is 588 keV less than the energy observed at SHIP. The half-lives of the four α-decays observed at 
SHIP and attributed to 293116, 289114, 285Cn and 281Ds are in agreement with the literature values within statistical 
fluctuations. But the α-decay energies of the daughter nuclei 289114 and 285Cn are 211 keV and 523 keV larger than the 
literature values.  

 

 
Fig. 2 Decay chains observed at SHIP in fusion reactions of 48Ca + 248Cm leading to the compound nucleus 296116* at 
an excitation energy of 41 MeV. The given half-lives and alpha decay energies include all available data from different 
experiments. The decay sequence (α–α–α–α–fission) was so far only observed at SHIP and preliminary attributed to the 
3n evaporation channel. For this case the half-lives and decay energies represent the values measured at SHIP. 

 
A possible explanation for the deviating α-energies 

observed at SHIP might be the population of isomeric 
states which are located rather close to the ground state. 
Theoretical calculations for the decay chain of 293116 
[21] result in the existence of high and low spin states 
close to the ground state which would enable the 
existence of isomeric states. The observation of very 
similar half-lives for the decay chains from the 
hypothetical ground and isomeric states is not 
contradicting according to the calculations in [21] since 
they allow for the existence of decay chains from the 
ground as well as from isomeric states with similar 
angular momentum leading to similar half-lives. 
However, an assignment of the observed transitions by 
comparing experimental and theoretical data was not 
possible. 

 
3.2 Search for Z = 120 

 
The reaction 64Ni + 238U was studied at SHIP to 

search for evaporation residues of the compound nucleus 
302120*. This proton number is particularly interesting because in some theoretical models a spherical shell closure is 
expected there. The compound nucleus 302120* formed in fusion reactions of 64Ni and 238U has 182 neutrons. This 
would be the closest approach to the predicted closed neutron shell N = 184 reached so far in superheavy element 
experiments. Calculations within different models have been performed for this reaction which resulted in strongly 
different production cross-sections. The calculated values for the 4n channel are compared in the Table, column 1 for 
several models.  

 
Fig. 3. Measured cross-sections for the 3n (squares) 
and 4n (circles) evaporation channels of the reaction 
48Ca + 248Cm → 296116*. The Figure shows both, the data 
measured in Dubna [17, 18] and at SHIP. Also shown are 
the calculated excitation functions for the 2n, 3n, 4n and 
5n evaporation channels [19]. 
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Expected cross-sections for the isotope 298120 according to different model calculations. The nuclei are produced 
in 4n evaporation channels from excited 302120* compound nuclei created in fusion reactions with different 

projectile-target combinations. References are given in the Table. 
 

64Ni + 238U 58Fe + 244Pu 54Cr + 248Cm ref. 

 
3.2 fb 

0.022 fb 
0.02 fb 

5 fb 
< 90 fb [25] 

 
5.3 fb 

1 fb 
0.015 fb 

32 fb 
< 400 fb [26] 

 
25 fb 

800 fb 
0.07 fb 

54 fb 
< 560 fb [27] 

 
[22] 
[23] 
[24] 
[24] 

experiment 
 

They differ by more than three orders of magnitude 
which reflect the high sensitivity of the cross-sections to 
the entrance and exit channel parameters like fusion 
barriers and shell correction energies which vary in the 
different models or have different impact, respectively. 
One has to note that all models named in the Table were 
able to reasonably reproduce the cross-sections for 
lighter superheavy nuclei measured in Dubna. The 
models underlying the values in the Table assumed 
fission barriers of about 7 MeV and a proton shell closure 
at Z = 114. However, if the fission barriers are actually 
higher and/or the shell closure is located at Z = 120, 
much higher cross-sections can be expected. Concerning 
the strength of the shell corrections the model predictions 
vary on a large scale resulting in values for the shell 
correction energies from -6 MeV to -12 MeV which 
corresponds to fission barriers of (6 - 12) MeV [28]. By 
trend, one can assume that the cross-section increases by 
one order of magnitude if the fission barrier increases by 
1 MeV. This was the motivation to investigate this 
reaction. A total of 120 days of beam time was applied in 
2007 and 2008. The beam energy was chosen such that 
the compound nuclei would be created with excitation 
energy of 36 MeV which should predominantly lead to 
the evaporation residues 298120 and 299120. From both 
isotopes long α-decay chains can be expected which join 

the already known decay chains of 294118 and 291116, respectively (Fig. 4). Finally, no event was observed which 
showed the expected signatures of the decay of a Z = 120 isotope. The upper cross-section limit reached in this 
experiment is 90 fb at a total number of 2.64 · 1019 projectiles on target [25]. This indicates that the fission barriers are 
not higher than 8.3 MeV for the isotopes 298,299120. 

Besides in fusion reactions of 64Ni + 238U, the same compound nucleus, 302120*, can also be created in collisions of 
58Fe + 244Pu and 54Cr + 248Cm. The respective calculated cross-sections for the 3n channel are listed in the Table, 
column 2 and 3. The reaction 58Fe + 244Pu → 302120* was investigated in Dubna [26]. No event was observed which 
could be attributed to the decay of a Z = 120 isotope. The corresponding upper cross-section limit for the observation of 
one event was 400 fb. 

At SHIP, the reaction 54Cr + 248Cm was investigated from April 23 to June 1st, 2011, with a total of 7.9 · 1018 
projectiles on target [27]. Also here no event was observed leading to an upper cross-section limit of 560 fb. The limit 
cross-sections reached so far in the experiments are still not low enough to meet the cross-sections predicted by most of 
the models. However, the experimental data allow the exclusion of extraordinary high fission barriers as predicted by 
some models. From the experimental cross-section limits one can deduce that the barriers do not significantly exceed 
the value of 8 MeV.  

The expected half-lives for isotopes with Z = 120 deserve special attention. The Q-values for α-decay are increasing 
with the proton number which leads to a decrease in the half-lives. According to the macroscopic-microscopic model 
which assumes the shell closure at Z = 114 the Q-values are about 13 MeV leading to half-lives on the order of (1 – 10) 
μs for the isotopes 298,299120. This is already on the same range as the flight time of the fusion products through the 
separator. Therefore one has to keep in mind that the evaporation residues could already decay before the detector is 
reached. If, however, the shell closure is assumed at Z = 120 one can expect significantly longer half-lives on the order 
of 1 s. The related Q-values are around 11 MeV. Therefore, the observation of relatively long half-lives and α-decay 
energies around 11 MeV would be a strong hint for a shell closure at Z = 120. 

 

Fig. 4 Expected decay chains of the isotopes 298120 and 
299120. The white squares represent still unobserved 
isotopes. 
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4. Perspectives for the future of superheavy element research 
 

The small production cross-sections of the heaviest nuclei presently limit the synthesis of new isotopes or elements, 
respectively. Presently available typical beam intensities are on the scale of 5 · 1012 ions / s which leads to the situation 
that cross-sections on the order of 100 fb require already several months of beam time to reach the one-event cross-
section limit for the desired isotope. Therefore, the availability of more intense ion beams and the related necessary 
upgrades of the separation and detection techniques are decisive steps for the future research in this field. This concerns 
equally, beside the synthesis of new isotopes, all experiments in the field of superheavy nuclei like spectroscopic and 
chemical investigations, precision mass measurements and nuclear reaction studies. 

At GSI, a new superconducting continuous wave (cw) LINAC is planned which shall provide ion beams with 
intensities up to 1014 particles / s. Presently, a so-called demonstrator, consisting of a superconducting CH-cavity and 
two superconducting solenoids is built and shall be tested with beam in 2013 / 2014 at GSI [29]. In parallel, we are 
developing a new separator for the future superheavy element experimental program which will be adjusted to the 
requirements arising with the higher beam intensities, namely, it must be capable of strong background suppression to 
handle the 10 to 50 times higher beam intensities. The new separator will also be based on the concept of a velocity 
filter like the present SHIP following from the positive long-term experience with SHIP. Velocity filters provide several 
advantages in comparison to gas-filled separators: (i) the separation according to velocities is, for the typical reactions 
applied here, about five times stronger than the separation according to magnetic rigidity in gas. Therefore, velocity 
filters provide a stronger suppression especially of target-like quasi-elastic and deep inelastic background events; (ii) 
velocity filters allow the determination of the reaction channel in which a certain isotope was created by measuring the 
velocity spectra of the reaction products; (iii) due to the relatively strong separation of different reaction channels, 
velocity filters are also suitable for the study of transfer reactions with low cross-sections, especially at beam energies 
below and close to the Coulomb barrier. The study of transfer reactions is very interesting since in recent times new 
theoretical calculations suggest to produce new neutron-rich heavy and superheavy nuclei in multi-nucleon transfer 
reactions which are not accessible in other reactions (see e. g. [22, 30]). 

For the new separator we plan a more compact design in comparison to SHIP. It will also be a two-stage separator 
but the condenser field shall be placed inside the magnetic dipole field while SHIP has separated electric and magnetic 
fields. To enhance especially the angular efficiency for transfer products, the acceptance angle will be increased by a 
factor of 2 to 3 with respect to the present acceptance of SHIP which is 10 msr.  

In parallel to the separator design, we are testing and developing detection techniques for heavy long-lived nuclei 
and for nuclei which do not undergo α-decays and are therefore not accessible with the present technique of α-decay 
tagging. One possibility is the application of high-precision mass measurements. Penning traps or multiple reflection 
time-of-flight mass spectrometers have mass resolving powers up to m/Δm ≈ 107 where, however, a resolving power of 
105 is already sufficient for an isobaric separation of most of the isotopes. The mass measurement is performed after the 
separation stage. Penning traps and TOF spectrometers can only trap ions with low energies on the scale of (100 -  
1000) eV therefore a buffer gas cell and an ion guide system has to be used after the separator for stopping, extracting 
and transporting the ions to the mass measurement device. The presently running gas cells which are applied for ions in 
the required mass and energy range have overall (i. e. stopping and extraction) efficiencies of ≈1 %. This leads to a 
rather strong loss of ions which presently requires production cross-sections of at least 10 nb. However, the new 
generation of cryogenic gas cells [31, 32] shows at least a factor of 10 more efficiency which has been demonstrated in 
the commissioning of such a cell at the Fragment Separator at GSI. Further, a newly developed multiple reflection time-
of-flight mass spectrometer (MR-TOF-MS [33]) at the University of Gießen has promising features for the application 
as detection system since it allows for a broadband detection. This is especially for transfer products very efficient since 
a large number of them with rather different mass numbers can pass the separator at the same setting. 

Besides, we are investigating the applicability of calorimetric low temperature detectors (bolometers) [34] for 
energy measurement of very heavy nuclei. These detectors register the increase of temperature when an ion deposits its 
energy in the detector. In this case, the usually occurring plasma effects which lead to a pulse height deficit can be 
circumvented. As a consequence, a considerably better energy resolution can be obtained than with the usually applied 
semiconductor detectors.  
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We extend a simple Pomeron pole amplitude by t and 2Q , VM  dependencies inspired by geometrical ideas. The 
experimentally transition from soft to hard dynamics is realized by the introduction of two Pomeron poles with different 

2 ,Q VM  - dependent residue. A unified description of deeply virtual Compton scattering as well as the elastic 
electroproduction of all vector meson is suggested. 
 

1. Introduction 
 

The forward slope of the differential cross sections for elastic 
scattering is known to be related to the masses/virtualities of the 
interacting particles. This phenomenon is well known (Fig. 1), where 

the forward slope 2( ) lnd dB Q
dt dt

σ=  is plotted as a function of 

2 2 2
VQ Q M= + 1. One of the basic idea of diffraction processes is that 

the slope of differential cross section d
dt
σ  is proportional to the 

interaction radius R [1]. In our case R  depends on 2Q  and 
decreases with increasing of 2Q , reaching some saturation value, 
determined by the finite mass of the nucleons. In this geometric 
picture, the largest slope (radius) is expected for real Compton 
scattering at 2 0Q = , which may require a separate treatment.  

In the present paper we consider exclusive diffractive 
electroproduction of real photons and vector mesons as well as 
elastic proton-proton scattering by making use of the above 
geometric considerations, by writing the scattering amplitude in the 
form: 

 
2( , )( , ) ~ VB s M tA s t e                                         (1) 

 

with 2 2( ) ~ 1/ ( )VB M f M . This approach was used in ref. [2] for the case of photoproduction  2 0Q = , excluding real 
Compton scattering, and without considering nucleon scattering, to be also included below. 

While the geometric considerations was proved to be efficient [3] for photoproduction, they are not sufficient in the 
case of electroproduction 2 0Q = , since the relevant cross sections will increase with 2Q  contradicting the experimental 
data. To remedy this deficiency, this rise must be compensated by multiplying the amplitude by a function decreasing 
with 2Q . To cope with the observed trend of hardening of dynamics with 2Q  increasing, and following ref. [4, 5], we 
expect to introduce two components for the diffractive (Pomeron) amplitude of the type Eq. (1), soft sA  and hard hA , 
each one to be multiplied by a relevant 2Q - dependent factor 2( )iH Q , ,i s h= . These factors are chosen in such a way as 
provide for the increasing weight of the hard component as the mass (virtuality) increases. To avoid conflict with 
unitarity, the rise with 2Q  of the hard component is finite, and it terminates at some saturation scale 2Q , whose value will 
be determined phenomenologically. Explicit examples of these functions will be given below. 

Recently a model for exclusive production of vector particles at HERA was suggested and successfully fitted to the 
HERA data [2 - 4]. In that model, the interplay between t and 2Q  is achieved by introducing a new variable 2z t Q= − . 
Good fits were obtained at those papers, however the specific interplay between the variables t and 2Q  there waits for a 
better understanding and physical interpretation. 

                                            
1 The use of the variable ( )2 2 2

VQ M Q= +  implies symmetry between the mass 2
VM  and virturality 2Q , which should 

imply equal slopes (radii) for e.g. /J Ψ  production near 2 0Q =  and ρ  electroproduction near 2 9Q ≈  2GeV , which is 
not supported by the data. 

Fig. 1. The B-slope as a function of 2Q . 
Compilation of data for VMP 

and DVCS process ([10]). 
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2. The Model 
 

2.1. Regge + geometry = Reggeometry 
 

Quite generally, the Regge-pole scattering amplitude can be written as: 
 

2 2 ( )
0( , , , ) ( ) ( , , )( / ) tA s t M Q t t M Q s s α= ξ β ,                                                    (2) 

 

where ( )( ) i tt e− παξ =  is the signature factor and 2( , , )t M Qβ  is the residue factor written in the following geometrical form: 
 

2
2 2 2( , , ) exp 2

2V N

a bt M Q t
M Q m

⎡ ⎤⎛ ⎞
β = +⎢ ⎥⎜ ⎟+⎝ ⎠⎣ ⎦

.                                                  (3) 

Hence 

( )2 2 22
22 ( )

0 0( , , , ) ( / )V N

a b t
M Q m ti tA s t M Q A e e s s

⎛ ⎞
− +⎜ ⎟⎜ ⎟+ α− πα ⎝ ⎠= .                                            (4) 

The differential cross section is 
 

2 2 2
0

42 2( 1 ' ) 22 2
0 02 ( , , , ) ( / ) V N

a b t
t M Q md A s t M Q A s s e

d t s

⎛ ⎞
− +⎜ ⎟⎜ ⎟α − −α +⎝ ⎠σ π= = ,                                 (5) 

or 
0 2 2 2

0

2 ln( / ) 4
22( 1)2

0 0( / ) V N

a bs s t
M Q m B td A s s e Ce

d t

⎡ ⎤⎛ ⎞
− α + +⎜ ⎟⎢ ⎥⎜ ⎟+ −⎢ ⎥α − ⎝ ⎠⎣ ⎦σ = = .                                       (6) 

 

The local slope parameter is defined as 
 

2
0 2 2 2( , ) ln 2 ln( / ) 2

2V N

d d a bB s Q s s
dt d t M Q m

⎛ ⎞σ ′= = α + +⎜ ⎟+⎝ ⎠
,                                    (7) 

 

and the integrated elastic scattering amplitude is 
 

0
1

el t
d C

B dt B=
σσ = = ,                                                                         (8) 

or 
02( 1)2

0 0

0 2 2 2

( / )

2 ln( / ) 4
2V N

A s s
a bs s

M Q m

α −

σ =
⎛ ⎞′α + +⎜ ⎟+⎝ ⎠

.                                                       (9) 

 

In the case a > 0 when ( )2 2 2
VQ M Q= +  grows, 2( , )B s Q  falls, but d

d t
σ  and σ  become larger. While the behavior of  

2( , )B s Q  is consistent with the experimental data, the behavior of d
d t

σ  and σ  are not. 

 

2.2. Soft and Hard components of the unique Pomeron 
 

We build the scattering amplitude that consist of two terms, soft and hard, with two different 2Q -dependent factors: 
 

2 2

2 2

( ) 2( ) 22 2 2
2

0

2

2

2 2( ) 22
12

2

( , , , )

1

.

1

s ss
s p

s

h h

h p

h

a bt ti t Q ms
V n

s

s

a bh ti t Q mh
n

h

A sA s t Q M e e
sQ

Q

QA
Q

e e
Q
Q

⎛ ⎞α ⎜ ⎟π +− α ⎜ ⎟
⎝ ⎠

⎛ ⎞
⎜ ⎟π +− α ⎜ ⎟
⎝ ⎠

+

⎛ ⎞
= +⎜ ⎟
⎛ ⎞ ⎝ ⎠+⎜ ⎟
⎝ ⎠

⎛ ⎞
⎜ ⎟
⎝ ⎠+

⎛ ⎞
+⎜ ⎟

⎝ ⎠

                                         (10) 

The 2Q – dependent factors were introduced in such a way as to provide for a proper balance between the soft and hard 
components of the Pomeron, namely that the hard one increases with increasing 2Q , up to the saturation point, thus 
securing unitarity. The extra 2Q – dependent (but t – independent!) factor does not violate the geometrical structure of the 
amplitude. The differential and integrated cross sections now are: 
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{ } { }

{ }

2 ( ( ) 1) 2 ( ( ) 1)2 2

( ( ) 1) ( ( ) ) ( )2 cos ( ( ) ( ))
2

s s s h h h

s s h h s h

L t g t L t g tel
s h

L t L t g g t
s h s h

d H e H e
d t

H H e t t

α − + α − +

α − + α − + +

σ = +

π⎛ ⎞+ α − α⎜ ⎟
⎝ ⎠

,                                      (11) 

 
{ } { }0 0

0 0

2 ( 1 2 ( 1)2 2
( 1) ( 1) 0 0

2 2

cos sin2
2( ) 2( )

s s H h
s s h h

L l
L Ls h

el s h
s s s h h h

H e H e H H e
L g L g B A

α − α −
α − + α − Β ϕ + Α ϕσ = + +

′ ′α + α + +
,                    (12) 

where: 
 

2

21
s

s
s n

s

AH
Q
Q

=
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⎝ ⎠

, 

2

2

12

21
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h

h n
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Q
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⎛ ⎞
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0
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s

sL
s

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
,   2 22

2
s s

s
p

a bg
Q m

⎛ ⎞
= +⎜ ⎟⎜ ⎟

⎝ ⎠
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0

lnh
h

sL
s

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
,   2 22

2
h h

h
p

a bg
Q m

⎛ ⎞
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⎝ ⎠
,   0( )h h ht t′α = α + α  

 
( )s s h h s hL L g g′ ′Β = α + α + + , 

 

( ),
2 s hA π ′ ′= α − α  

 

0 0 0( )
2 s h
πϕ = α − α  

was introduced. 
For the soft and hard components of the Pomeron trajectory we use the Donnachie-Landshoff parameterization [5, 6]: 

 
( ) 1.08 0.25s t tα = + , 

 
( ) 1.44 0.01h t tα = +  (DL pomeron). 

 
3. Fits to the data 

 
Although there are 16 fitting parameters, almost all of them can be fixed. 
 

2
0 0

2
0 0

, , , , ,
, , , , , , ,
, , , , , , ,

s s s s s s s s

h h h h h h h h

fix fix fix fix fix fix
A Q n s a b
A Q n s a b

⎛ ⎞
⎜ ⎟′α α⎜ ⎟
⎜ ⎟′α α⎝ ⎠

. 

 
The values of the parameters obtained form fitting the DVCS differential elastic cross section are 
 

2
0 0

: 3.437 3.587; 23.724 36.520; 2; 7.0; 1.08; 0.25; 1.0; 1.0;
: 2.466 27.216; 1.535 7.243; 2; 7.0; 1.44; 0.01; 1.0; 1.0;

s s s s s s s sA Q n s a b
soft

hard

′α α
± ±
± ±

 

 
and those form fitting the integrated elastic DVCS cross section are: 

2
0 0

: 2.448 2.118; 29.683 38.633; 2; 7.0; 1.08; 0.25; 1.0; 1.0;
: 2.466 27.216; 1.705 2.089; 2; 7.0; 1.44; 0.01; 1.0; 1.0;

s s s s s s s sA Q n s a b
soft

hard

′α α
± ±

± ±
 

 
These two fits were performed separately, giving similar results. The experimental data for the fits are from Refs. [7 - 10]. 
The results of the fit are shown in the Figs. 2 and 3. 
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Fig. 2. Results of our fit to * p pγ → γ  elastic cross-section as a function of 2Q  
for ZEUS 99-00 (upper, left icon) and H1 96-00 (upper, right icon); for ZEUS 96-00 (lower left and right icons). 
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Fig. 3. Results of our fit to * p pγ → γ  elastic cross-section as a function of W for ZEUS 99-00 (upper left and middle left 
icons) and H1 05-06 (upper right, icon); * p pγ → γ  differential cross-section as a function of t for ZEUS 99-00 
(down-left) and H1 05-06 (middle and lower, right icons). 
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Ten different theoretical models are tested for their predictive power in the description of nuclear masses. Two sets 
of experimental masses are used for the test: the older set of 2003 and the newer one of 2011. The predictive power is 
studied in two regions of nuclei: the global region (Z, N ≥ 8) and the heavy-nuclei region (Z ≥ 82, N ≥ 126). No clear 
correlation is found between the predictive power of a model and the accuracy of its description of the masses.      

 

1. Introduction 
 

Mass of a nucleus is a fundamental property of it. It is decisive for its other properties and also for the properties of 
various nuclear processes. A realistic description of the mass is an important question for nuclear models. 

The objective of this paper is to test the quality of the description of measured masses by various theoretical models 
and also to test the predictive power of the models in this description. An interesting question is also the relation 
between these two properties of a model. 

Ten models of various nature are considered: semi-empirical, macroscopic-microscopic, purely microscopic (self-
consistent) and others. The quality of the description is tested with the use of experimental masses evaluated recently 
[1]. The predictive power of a model is studied by comparing its description of the older mass data [2] with that of the 
new data [1], to which the model was not adjusted. Between the older evaluation [2] and the new one [1], masses of 
more than 140 nuclei have been measured. Also the accuracy of the newly measured masses has been improved for 
many nuclei. The present study is an extension of our discussion on the description of the heavy-nuclei masses by 
macroscopic-microscopic models [3]. 

 

2. Considered models 
 

Ten various models are considered in the study. These are: one semi-empirical (LMZ) [4], five macroscopic-
microscopic, two purely microscopic (self-consistent) and two models of other kind. The macroscopic-microscopic 
models are: the Finite-Range Droplet Model (FRDM) [5], the Finite-Range Liquid Drop Model (FRLDM) [5], the 
nuclear Thomas-Fermi (TF) [6], the Warsaw model for Heavy Nuclei (HN) [7] (see also [8]), and the Lublin-
Strasbourg (LSD) model [9]. The purely microscopic models are: the most recent (21st) version of the Hartree - Fock - 
Bogoliubov approach (HFB21) [10], which uses the Skyrme interactions, and the HFB approach exploiting the Gogny 
forces (GHFB) [11]. Two other models are the following: the model of Duflo and Zuker (DZ) [12] and that of Koura et 
al. (KTUY) [13]. 

Eight of the models are of a global character describing all nuclei with Z, N ≥ 8. Two of the models (LMZ and HN) 
are of a local type, specially adapted to describe heavy nuclei with proton number Z ≥ 82 and neutron number N ≥ 126.  

 

3. Quality of the description of masses 
 

In this section, we illustrate the quality of the description of nuclear masses by the considered models in two 
regions of nuclei: the whole (global) region (Z, N ≥ 8) and in its part corresponding to heavy nuclei (Z ≥ 82, N ≥ 126). 
Three quantities characterizing the quality are calculated: rout-mean-square (rms) of the discrepancies between  
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theoretical and experimental masses, the average value of the discrepancies,
−−
δ , and the maximum of the absolute 

values of the discrepancies, max |δ|. The experimental masses are taken from Ref. [1]. The results are given in Table 1, 
where the year of publication of each model and the number of nuclei with both measured and calculated masses in 
each of the considered regions, Nnucl, are also indicated. The most important quantities, rms, are also illustrated in a 
graphical form in Figs. 1 and 2. 

 

Fig. 1. Rms values of the discrepancies between the mass 
values calculated with 8 global models (see text for the 
notation of the models) and the experimental ones. 

Fig. 2. Same as in Fig. 1, but for the heavy-nuclei region. 
Results for the two local models (LMZ and HN) are also 
shown. 

 
One can see in Fig. 1 that the rms values may be divided into three groups. The lowest value is obtained for the DZ 

model. Medium values, close to each other, appear for the LSD, FRDM, TF and HFB21 approaches. The largest values 
are obtained for the three remaining models. 

The results obtained for the heavy nuclei (Fig. 2) differ significantly from those of Fig. 1. Rms of the LSD, FRDM, 
TF and HFB21 models decrease significantly, while those of the GHFB and KTUY approaches significantly increase, 
with respect to the rms values of Fig. 1. The rms values of the LMZ and HN approaches are small, as could be 
expected for these local models, specially adapted for heavy nuclei. 

The results presented in this Section show that the accuracy of the description of nuclear masses by a given model 
significantly depends on the region of nuclei to which the model is applied. 

 
4. Predictive power of the models 

 
Let us test the predictive power of the considered models in description of masses in both studied regions of nuclei. 
Table 2 shows the results for the global region. The first row gives the number of nuclei, the masses of which are 

described by each model in the case of data evaluated in Ref. [2]. The second row specifies the same quantity in the 
case of using Ref. [1]. In the third row, the difference, δNnucl, between the number of nuclei with measured masses in 
the later evaluation of Ref. [1] and the earlier one of Ref. [2], is shown. The respective difference in the rms, δRms, 
given in the last row, is also illustrated in a graphical form in Fig. 3. 
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Fig. 3. Difference, δRms, between the rms values 
obtained with the larger set of experimental masses [1] 
and the smaller one [2], for the global region of nuclei.

Fig. 4. Same as in Fig. 3, but for the region of heavy 
nuclei. 

 

 
 
Respective results for the region of the heavy nuclei are presented in Table 3 and Fig. 4. 
One can see in Fig. 3 that δRms is negative for five models (this means that the models better describe the larger set 

of nuclear masses, which includes masses unknown in the time when the model was elaborated), one model (FRLDM) 
describes equally well the larger and the smaller sets of masses, and two models (DZ and KTUY) have higher Rms for 
the larger set than for the smaller one (smaller predictive power).  

For the heavy-nuclei region (Table 3 and Fig. 4), the results are much different: most of the models show a poorer 
predictive power in the heavy-nuclei region than in the global one. 

Comparing Fig. 1 with Fig. 3 and Fig. 2 with Fig. 4, one can hardly see a clear correlation between the quality of 
the description of masses of a model and its predictive power. 

 
5. Detailed description of the discrepancy 

 
Fig. 5 shows a detailed map of the discrepancy δ (Z, N) in the heavy-nuclei region for the DZ model. This is the 

model which gives relatively small rms in both the global and the heavy-nuclei regions. 

Fig. 5. (Color-online) Detailed map of the discrepancies 
obtained for the DZ model in the heavy-nuclei region. 
New masses of Ref. [1], which are absent in Ref. [2], are 
indicated by thin black contours. 
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6. Conclusions 
 

Two main conclusions may be drawn from our study: 
(1) The quality of the description of nuclear masses by a given model as well as its predictive power depend 

significantly on the region of nuclei for which they are calculated. 
(2) No clear correlation between these two quantities is observed.   
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SPONTANEOUS  FISSION  OF  SUPERHEAVY  NUCLEI 
IN  A  MACROSCOPIC-MICROSCOPIC  MODEL 
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A systematic study of spontaneous fission half-lives of superheavy nuclei in the framework of the macroscopic-

microscopic method was performed. The macroscopic-microscopic calculations of the half-lives consist in determining 
the collective potential energy V which splits into microscopic and smooth average macroscopic parts as well as into a 
nucleus mass tensor of the nucleus undergoing the fission process. The microscopic part of the energy is calculated 
using the single-particle Woods-Saxon potential with a universal set of parameters. Two models of the residual pairing 
interaction were studied. In the first approach we used monopole pairing (with constant matrix elements G). In the 
second approximation the pairing matrix elements were calculated with δ-force and are state dependent. As the 
macroscopic part of collective energy we examined four different macroscopic models of nuclear energy: Myers - 
Swiatecki liquid drop, Droplet expansion, Yukawa-plus-Exponential and the Lublin-Strasbourg Drop (LSD) model. The 
analysis covers a wide range of even-even superheavy nuclei from Z = 100 to Z = 126. The calculations of spontaneous 
fission half-lives (Tsf) were performed by means of a WKB approximation, in the multi-dimensional dynamical-
programming method (MDP) within parameters describe the shape of nuclei. The studies offer an opportunity of a 
comprehensive approach to a very interesting group of exotic heavier nuclei, which are currently investigated by 
experimenters.  
 

1. Introduction 
 

The region of superheavy nuclei is one of the most intensely studied ones in recent years. The authors of papers 
recently published [1 - 3] that overcome the barrier of the island of stability placed in the vicinity of the magic number 
Z = 114. 

It is believed that experiments in the near future will focus on nuclei in the neighborhood of Z = 112 - 122 and 
N ~ 170 - 190. Nevertheless, experimental evidence is still far from complete. Therefore, in preparing the experimental 
setups theoretical estimations are mainly used. 

The aim of this work is the evaluation of the properties of superheavy nuclei using different macroscopic-
microscopic models and a critical analysis of the results. Comparisons of these properties for different models allow for 
easier determination of identifying the interesting areas of superheavy nuclei.  

According to the Strutinsky [4] model, the collective potential energy V  is split into a shell shellEδ , the pairing 
correction parts, pairEδ  and the smooth average background energy smoothE  (macroscopic part). 

The shell correction energy [5] depends on the form of the single-particle potential used and we believe that the 
deformed Woods-Saxon potential with universal parameters [6] guarantees good behavior of the fission barrier with 
deformation.  

Literature offers many models of smooth energy. More popular ones include the drop model [7], droplet model [8], 
the so called Folded-Yukawa with an exponential model [9] and the Lublin-Strasburg Drop model (LSD-drop) [10]. 
The latter model (i.e. LSD-drop) is a revised and improved nuclear liquid drop, in which the corresponding parameter of 
the extended classical energy formula was adjusted to the currently known nuclear masses and fission barriers heights.  
 

2. Theory 
 

2.1. Nuclear Shape Parameterisation 
 

The shape of the nucleus is defined by the surface ∑ : 
 
 : ( , , ) 0f r θ φ =∑  (1) 
 

There are many multi-parameter descriptions of nuclear shapes in literature. One of the most recognised and 
comprehensive is the expansion of the radius R  into spherical harmonics: 
 
 0

2

ˆ( , , ) [1 ( , )]R R Yλμ λμ
λ≥ μ

θ φ α = + α θ φ∑∑  (2) 

 
In above equation 1/3

0 0R r A=  is the radius of the spherical nucleus with an atomic number A  and α̂  denotes the full 
set of deformation parameters. For the axial shapes only Eq. 2 simplifies to: 
 

 0 0
2

ˆ( , ) [1 ( )]R R Yλ λ
λ≥

θ β = + β θ∑  (3) 
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The β-expansion defined by Eq. (3) is usually limited to the low order coefficients: β2 (quadrupole), β3 (octupole) 
and β4 (hexadecapole) degrees of freedom. However, for significantly elongated and mass-asymmetric shapes, it is 
necessary to have liberty to choose higher order multiples. In our code the upper limit on the multiples is λmax = 9. 
 

2.2. Collective energy 
 
Collective energy V is calculated for a given nucleus by the macroscopic--microscopic model developed by Strutinsky 
[4]. In this model the fission barrier energy is split into two parts: the smooth macroscopic macrE  part and the 
microscopic energy consisting of the shell shellEδ  and pairing pairEδ  energies. 
 
 ( ) ( ) ( ),macr shell pairV E E E= β + δ β + δ β Δ   (4) 
 

The smooth part of energy macrE includes various nuclear drop models. In this study we tested the Myers - Swiatecki 
drop model [7], the droplet model [8], the Folded - Yukawa plus exponential model [9] and the Lublin-Strasburg drop 
model (LSD) [10]. 

The latest and most promising LSD model constitutes a revised and improved version of the nuclear liquid drop, in 
which the corresponding parameters of the extended classical energy formula were adjusted to the currently known 
nuclear masses and fission barrier heights. 

The shell energy correction shellEδ  depends on the form of the single-particle potential. There is a common belief 
that the deformed Woods-Saxon potential with a universal set of parameters [6] reflects the proper behavior of the 
fission barrier as a function of the deformation.  

Pairing energy pairEδ  is the third component of total energy. Two residual pairing interaction models were 
examined. In the first approach we used the monopole pairing (with constant matrix elements ˆ| |pair constV< νν μμ >= ). 
In the second approximation, the pairing matrix elements were calculated with the δ force [11]. 

 
2.3. Various nuclear liquid-drop models. 

 
If we normalize the energy to zero at spherical shape [8], the formulae for liquid drop model [3] comprising the 

surface and Coulomb energy can be written: 
 

 0 0
ˆ ˆ ˆ( ) ( ( ) 1) ( ( ) 1)C S

LD C SE E B E Bβ = β − + β −  (5) 
 

The numerical value of the parameters 0
CE  and 0

SE  is taken from a mass formula [3]. The entire deformation 

dependence is contained in ˆ( )SB β  and ˆ( )CB β  coefficients. They both can be expressed by two or three dimensional 
integrals: 
 

 2
0

1
4S

S

B dS
R

=
π ∫  (6) 

 

 2 5
0

1 ( )
32C

V

B W r dV
R

=
π ∫  (7) 

 
where W(r) denote the Coulomb potential: 
 

 ( )
| |V

drW r
r r

′
=

′−∫  (8) 

 
The improved version of the liquid drop model was proposed by Myers and Świątecki [5] in 1969 as the liquid drop 

model extension in the form of curvatures and corrections resulting from non – uniform distribution of charges on 
nucleus surface.  

Macroscopic energy can express in that model as: 
 

 ˆ ˆ ˆ ˆ( ) ( ( ) 1) ( ( ) 1) ( ( ) 1)DROPLET S S CUR CUR C CE b B b B b Bβ = β − + β − + β − +  
 

ˆ ˆ( ( ) 1) ( ( ) 1)R R w Wb B b B+ β − + β −                                                                    (9) 
 

The free parameters included in this Equation (bi, i = s, c, cur, r, w) are determined phenomenologically by their 
adjustment to nuclear masses, multipolar moments and barriers for fission. The functions Bi (i = s, c, cur, r, w) depend 
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on shapes of nuclei only. Two of them i.e. relative surface energy BS and relative Coulomb energy BC are defined as in 
the liquid drop model (Eqs. 5, 6).  

Coefficients BCUR is associated with the average curvature of nucleus surface, BR is associated with non-uniform 
charge distribution, and BW is used to describe the non-uniformity of charge distribution on the nucleus surface. The 
explicit equations for function Bi in the liquid droplet model are performed in [8]. 

The Yukawa - plus - exponential model [9] developed in 1979 it is a more universal model of macroscopic energy of 
nucleus. The following term describing the broadening of nucleus surface is added to the surface energy ES and relative 
Coulomb energy EC in that model: 

 3 3
2 2 3

08

r r
a

S
Y

c eE d rd r
R a r r

′−
−

′= −
′π −∫   (10) 

 
with R0 constituting the nucleus radius with sharp cut-off of matter density on the surface and a constituting the 
broadening function range (for a → 0 this term disappears). The well-known fact that the matter density on the surface 
of actual nuclei is not changed abruptly, but it decreases in accordance with the Yukawa model was considered in the 
present model. 

The macroscopic nuclear energy according to the curvature dependent LSD model proposed in [10] is provided in 
the formula bellow:  

 
2

2 3ˆ ˆ( ) (1 ) ( ( ) 1)LSD S S SE b I A Bβ = − κ β − +  
 

1
2 3

0
ˆ ˆ(1 ) ( ( ) 1) ( ( ) 1)C

CUR CUR CUR Cb I A B E B+ − κ β − + β −                                                    (11) 
 

Definitions of the curvature BCUR, Coulomb BC and surface BS coefficients remain the same as in the standard drop 
model (Coulomb and surface coefficients) or in the Droplet model (curvature coefficient BCUR).  

Such a liquid drop formula results in rms mass deviations equal to 0.698~MeV for binding energies of 2766 nuclei 
with Z > 8 and N > 8$ and rms = 0.88 MeV for 40 fission barrier heights experimentally known [10]. As it was shown 
in [12], the LSD model seems to be comparable in accuracy to the Thomas - Fermi macroscopic model and can be used 
as a fast and exact tool for calculation of the properties of the nuclei. 

 

2.4. Pairing model 
 

Two models of residual pairing interaction are studied in our work. The first approach is based on the use of 
monopole pairing, with constant matrix elements ˆ| |pair GV< νν μμ >= , while in the other approximation the pairing 
matrix elements are calculated with the δ-force, and they are state dependent [11]. 

The first approximation of the monopole type leads to the averaging of the superconductive properties of nuclei and 
reflects the structure of nucleon pairs rather weakly. A more realistic model consists of state-dependent pairing matrix 
elements ˆ| |pairG Vμν = < νν μμ > , where the pairing interaction ˆ

pairV  takes the following form: [13] 
 

 ( )1 2
0 12

1ˆ
4pairV V r− σ ∗σ= − δ  (12) 

 

The following values of pairing strengths 0V  were used [11]: 
 

 3
0 216p MeV fmV =  and 3

0 218n MeV fmV =  (13) 
 

for protons and neutrons respectively. 
The residual pairing interaction is treated in the BCS and Lipkin-Nogami (LN) approximation. In the case of the 

Lipkin-Nogami (LN) [14, 15] model the fluctuations of the particle number are reduced by adding the quadratic term 

( )2

2
ˆ ˆN N−λ −  to the Hamiltonian Ĥ  and by minimizing the average energy with respect to 2λ   

The procedure offers the following expression for the newly corrected energy:  
 

 2
ˆ

LN E NE = − Ψ Δ Ψλ  (14) 
 

where  

 
( )
( )

2

2

ˆ

ˆ
N

N

Ψ Δ Ψ
=

Ψ Δ Ψλ ,     ˆ ˆ ˆN N NΔ = − Ψ Ψ  (15) 

 

and N̂  the number operator and Ψ  is the BCS ground state.  
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2.5. Woods-Saxon potential 
 

The one-body Woods-Saxon Hamiltonian formula consists of the kinetic energy term T , the potential energy WSV , 
the spin-orbit term WS

soV  and the Coulomb potential CoulV  for protons: 
 

 ( );WS WSH T V r= + β +  ( ) ( ) ( )3
1; 1 ;
2

WS
so CoulV r V rβ + + σ β  (16) 

In the above equation 
 

 ( ) ( )
0 1

;
;

1 exp

WS

N ZV
N Zr

dist r
a

V
−⎡ ⎤± κ⎢ ⎥+⎣ ⎦β =

β⎡ ⎤
+ ⎢ ⎥

⎣ ⎦

, (17) 

and 
 ( ) ( );WS WS

so r p sV Vβ = −λ ⋅ ⋅ , (18) 
 

where ( );dist r β  denotes the distance of a point r  from the surface of the nucleus whereas 0 , , ,V aκ λ , are adjustable 
constants.  

The Coulomb potential CoulV  is assumed to be that of the nuclear charge equal to ( )1Z e−  and uniformly distributed 
inside the nuclear surface. In our calculations, we used the Woods-Saxon Hamiltonian formula with the so-called 
“universal” set of its parameters [6] which were adjusted to the single – particle levels of odd-A nuclei with 40A ≥ . 
 

2.6. Fission process 
 

Fission is treated as a tunneling through the collective potential energy barrier within the multidimensional 
deformation parameter space. The spontaneous-fission half-life is inversely proportional to the probability of 
penetration of the barrier: 
 

 log 2 1
sf n PT =   (19) 

 

Here, n is the number of assaults of the nucleus on the fission barrier per unit of time. For the vibration frequency 
0 1 MeVω =  assumed in our study one can obtains 20.28 110n s−= . The tunneling probability P in a one-dimensional 

WKB [] semi-classical approximation is derived using the following formula: 
 

 ( ) 121 SP e
−

= +   (20) 

 

where S(L) is the action integral evaluated along the fission path L(s), which minimizes the reduced action in the 
multidimensional collective space: 
 

 ( ) ( )[ ]
1

2

1/2

2
2 ( )

s

eff
s

S L B s V s E ds
⎧ ⎫⎪ ⎪= −⎨ ⎬
⎪ ⎪⎩ ⎭
∫   (21) 

 
Effective inertia associated with the fission motion along the path L(s) is 

 

 { }( )
,

( ) k l
kleff

k l

d ds B
ds dsB λ
β β= β∑   (22) 

 
where ds denotes the path-length element in the collective space. The integration limits 1s  and 2s  correspond to the 
classical turning points, determined by the equation ( )V s E= , where E is the total energy of the nucleus. Collective 
tensor components klB  are calculated In the adiabatic cranking model [17] and are dependent on collective coordinates. 

The dynamic calculation of the sfT  means a quest for the trajectory minL  which fulfills the principle of stationary 
action:  
 

 ( ) 0S Lδ =   (23) 
 

To minimize the action integral we used the multi-dimensional dynamic-programming method (MDP) [18]. 
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3. Results 
 

3.1. Macroscopic models 
 

Parameters of the macroscopic part of the energy of the atomic nuclei are usually fitted to experimental masses of 
nuclei (small deformations). Only the LSD-drop model [10] takes into account the heights of fission barriers. This leads 
to the effect of good conformities of each model for small deformations and divergences for deformations leading to the 
fission. This problem is illustrated in Fig. 1. where as an example, the diagrams for potential barriers for various models 
were made [12]. 

It can be sees that fission barriers in the liquid drop model [7] are relatively high and wide. It is especially visible in 
heavier isotopes. This effect leads to considerably longer spontaneous fission half-lives for heavier isotopes [19]. 

An interesting behaviour of fission barriers obtained with the droplet model [8] can be observed. For lighter 
isotopes, the barriers are in agreement with the liquid drop ones while for heavier nuclei a tendency to a large reduction 
of the height and thickness of the barrier can be noticed. In earlier papers dealing with the spontaneous fission half-lives 
this tendency was connected with an abrupt reduction of sfT  of heavier isotopes [20].  

The Yukawa – plus - exponential model offers the macroscopic fission barriers similar to that of the drop model. 
However, the barrier heights are slightly lower in the case of heavy isotopes. This decrease in barrier heights influences 
spontaneous fission half-lives sfT : for heavier isotopes sfT  becomes considerably longer. A similar effect was observed 
in this study [21, 22]. 

The barriers for the new LSD model [10] change very weakly with the increasing neutron number N and become 
only slightly higher and wider.  

The studies conducted show that different models for the smooth part of the energy significantly modify the height 
and the width of the fission barrier and consequently spontaneous fission half life.  

Therefore it is important to use the correct model especially for large deformations. It seems that the LSD-drop 
model is the best. 

 

 
Fig. 1. Diagrams illustrating macroscopic barriers in Drop, Droplet, Folded-Yukawa (Fold-Yuk) 

and Lublin - Strasbourg (LSD-drop) models for various isotopes of nucleus Z = 110. 
 



 

54 

In Fig. 2 the estimates of the spontaneous fission half-
lives sfT  for isotopes Z = 114 are showed. Theoretical 

results are obtained using the four models for 
macroscopic energy as referred to above.  

The data obtained in the liquid drop model are 
represented by full triangles and the results obtained with 
the droplet model by squares. The estimates made with 
the LSD are marked with open triangles. It is seen that 
the spontaneous fission half-lives differ considerably 
depending on the model used (1-5 orders of magnitude).  

The calculations for the whole region showed that for 
the liquid drop and folded Yukawa models the results are 
too large as compared to the experiment, while these for 
the droplet and LSD models are closer to the measured sfT .  

 
3.2 Influence of pairing forces on fission 

 
Pairing plays an important role in macroscopic-

microscopic description of the fission process. We 
discuss two kinds of pairing models: monopole 
(G = const) and state dependent ( δ -type force). As an 

illustration of the effect of different pairing models we show the barriers and spontaneous fission half lives for Z = 112 
and Z = 116 isotopes. The barriers of Z= 1 12 and 116 isotopes are shown in Fig. 2 for both models: G=const and δ - 
interaction). Unprojected (G = const and  + BCS) and particle number projected (G = const + LN and δ + LN) 
methods are taken into account.  

One can see that in all pairing models examined barriers height changes are approximately similar together along the 
neutrons number N. 

In the case of δ - pairing interaction, spontaneous fission barriers become higher (the coupling constant 0V  
estimated in [11] is probably too high) than in the case of the G = const model. Our study indicates that model pairing 
forces weakly influences on the height of fission barriers. The barrier heights shown in Fig. 3 change more smoothly as 
a function of N in the case of LN projected energies, as compared to the case without projection.  

 

 
Fig. 3. Barrier height of Z = 112 and 116 isotopes for the case of different pairing models. 

 
The spontaneous fission half-lives of the Z = 112 and 116 isotopes are shown in Fig. 4. As in the case of fission 

barriers, the LN projected sfT  results are smoother, as compared to the unprojected ones. The most important finding is 

that different pairing models substantially influence the spontaneous fission half-lives (3-5 orders of magnitude). The 
differences between the projected and unprojected models are smaller (1 - 2 orders). Projected results are a quite close 
to the experimental data.  

 

Fig. 2. Spontaneous fission half-lives sfT  (in years) for 
even-even isotopes with the atomic number Z = 114 
plotted as a function of the neutron number N. 
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Fig. 4. Spontaneous fission half-lives sfT  (in years) for even-even isotopes with atomic number Z = 112 
and 116 plotted as a function of the neutron number N. 

 
4. Conclusions 

 
Spontaneous fission half lives strongly depended on two main factors: potential energy represented by the collective 

energy collV  and kinetic energy proportional inversely to the so called collective mass parameter klB  for multipole 
vibrations. 

In our paper in the MM model we examined different forms of collective energy collV . Our studies show that 
macroscopic energy influences significantly calculated spontaneous fission half-lives sfT  (1 - 5 orders of magnitude). 

For the liquid drop and folded Yukawa models the results of sfT  are too large as compared to the experiment, while 
these for the droplet and LSD models are closer to the measured sfT .  

The LSD and droplet model seems to be suitable and can be used as a fast and exact tool for calculation of the 
spontaneous fission half lives sfT .  

The different pairing models substantially influence the spontaneous fission half-lives (3 - 5 orders of magnitude). 
The fission barriers of the δ-pairing force model are similar to that of the classical pairing, although they are slightly 

higher.  
The differences between the projected and unprojected models are smaller (1 - 2 orders).The state dependent δ-type 

force, significantly influences the spontaneous fission half lives. At the same time, the isotopic systematic of sfT  does 
not change. 

The LN fission barriers are few hundreds of keV lower than the barriers calculated within the BCS approach. 
Differences between projected and unprojected results of sfT  are 1 - 2 orders of magnitude. 

Investigations of the pairing interaction and the macroscopic nuclear energy should continue in order to obtain the 
proper coupling constants and the most appropriate fission barriers and spontaneous fission half lives. 
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The competition of cluster radioactivity (CR) and α decay is investigated in the region of superheavy (SH) nuclei 
with atomic numbers Z = 104 - 124. Calculations of half-lives within analytical superasymmetrical fission (ASAF) 
model are performed by using different theoretical mass tables to determine the energy released, Q. For α decay the 
ASAF calculations are compared with semFIS (semi-empirical fission model). A trend toward shorter half-lives and 
larger branching ratios relative to alpha decay for heavier SHs was observed. 
 

1. Introduction 
 

The first theoretical explanation of α decay, as a quantum tunneling phenomenon was given by G. Gamow [1] — a 
famous physicist born in Ukraine. This was the first application of newly developed quantum mechanics to nuclei. 
Another renowned theorist who has been working in the host Institute of the present Conference was V.M. Strutinsky. I 
had the privilege to meet him in Kiev in 1983. Our fission models are mainly based on his macroscopic-microscopic 
method [2, 3]. 

Superheavy (SH) elements with atomic numbers Z = 104 - 118 (see the review paper [4] and the invited talks at this 
Conference by S. Heinz, A. Sobiczewski, G. Royer and Z. Lojewski) have been synthesized with cold fusion reactions 
[5, 6] or with hot fusion induced by 48Ca projectiles [7]. Many of them have already names and symbols: Rf, Db, Sg, 
Bh, Hs, Mt, Ds, Rg, Cn, Fl, and Lv. The elements 113, 115, 117, and 118 are still waiting to be named. Many of them 
are identified through the α decay chains. Previously we also discussed the competition of a decay and cluster 
radioactivity (CR) [8], which may be important [9, 10] in the region of the heaviest SHs. In this process, from one 
parent nucleus AZ, one obtains an emitted particle AeZe, and a daughter Ad Zd: AZ → AeZe + AdZd. Alternating theory of α-
decay [11, 12] and of SH production [13 - 16] was developed by V.Yu. Denisov. A universal decay law for α emission 
and CR was recently introduced [17] based on R-matrix theory. 

Starting with 1984 [18] many CR have been experimentally confirmed [19, 20] in heavy parent nuclei with Z = 87 to 
96: 14C, 20O, 23F, 22,24-26Ne, 28,30Mg, and 32,34Si. The measured half-lives are in good agreement with predicted values 
within the ASAF model (see the review [21] and references therein). The largest branching ratio relative to α decay, 
bα = Tα /Tc, of 10-8.9 was observed for 14C radioactivity of 223Ra. Usually in this region of the nuclear chart CR is a rare 
process in a huge background of α particles. The strong shell effect of the doubly magic daughter 208

82 126Pb  was 
observed. In order to study his importance in the region of SHs with Z > 110 we changed the concept of CR, previously 
[22] associated with a maximum max |e oldZ = 28. Now we allow max

eZ = Z - 82. 
 

2. The ASAF model 
 

The accuracy of half-life calculation is very much dependent on the precision with which we know the Q-value 
 

( ) 2Q = e dM M M c− +⎡ ⎤⎣ ⎦                                                                       (1) 
 

obtained as a difference between the parent, M, and the two decay product masses, Me and Md, in units of energy; c is 
the light velocity. 

The decay constant λ = ln2/Tc is expressed by a product of three model dependent quantities v, S and Ps where v is 
the frequency of assaults on the barrier per second, S is the preformation probability and Ps is penetrability of external 
barrier. According to our method [23] the preformation in a fission theory is given by the penetrability of the internal 
part of the barrier. 

We developed our ASAF model starting with the Myers - Swiatecki’s liquid drop model [24] adjusted with a 
phenomenological correction. 

The half-life is given by 
v ov sT = [(h ln2)/(2E )]exp(K + K )                                                                (2) 

 
It is calculated by using the WKB quasi classical approximation 
 

2K= 2 ( ) ( )
b

a

R

R

B R E R dR
h ∫                                                                        (3) 

 
with B = µ, K = Kov + Ks, and E(R) replaced by [E(R) - Ecorr] - Q where Ecorr is a correction energy similar to the 
Strutinsky shell correction. The turning points of the WKB integral are: Rα = Ri + (Rt - Ri)[(Ev + E*)/ 0

bE ]1/2 and  
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Rb = RtEc{1/2+[1/4+(Q + Ev + E*)El/ 2
cE ]1/2}/(Q + Ev + E*) where E* is the excitation energy concentrated in the 

separation degree of freedom, Ri = R0 - Re is the initial separation distance, Rt = Re + Rd is the touching point separation 
distance, Rj = r0 

1
3

jA  (j = 0, e, d; r0 = 1.2249 fm) are the radii of parent, emitted, and daughter nuclei, respectively, and 
0
bE  = Ei - Q is the barrier height before correction. The interaction energy at the top of the barrier, in the presence of a 

non-negligible angular momentum, lħ, is given by Ei = Ec + El = e2ZeZd/Rt + ħ2/(l + 1)/(2µ 2
tR ). The two terms of the 

action integral K, corresponding to the overlapping Kov and separated Ks fragments, are calculated analytically [10, 22]. 
The potential barrier shape similar to that which we considered within the ASAF model was calculated by using the 
macroscopic-microscopic method [25]. 
 

3. Mass tables 
 

Half-life calculations are very sensitive to the Q-values. The closest to reality are the updated table of evaluated 
experimental masses AME11 [26], but many masses are still not available for new SHs in this table. We have also used 
some calculated masses: LiMaZe01 Liran - Marinov - Zeldes [27, 28] (semi empirical shell model), KTUY05 Koura - 
Tachibana - Uno - Yamada [29] (phenomenological) and FRDM95 the finite-range droplet model [30] (macroscopic-
microscopic). To these we may add: MySw94 Myers-Swiatecki [31] (macroscopic-microscopic), APDT95 Aboussir-
Pearson-Dutta-Tondeur [32] (microscopic), DuZu96 Duflo-Zuker [33] (shell model). Other alternatives are presented 
by A. Sobiczewski at this Conference. 

 

We show in Figs. 1, 2, and 3 the nuclides for which 
calculated masses are available according to the tables 
LiMaZe01, KTUY05, and FRDM95, respectively. For 
the region of interest Z = 104 - 124 the beta stability line 
goes through Ng = 106 for Z = 104 and Ng = 206 for 
Z = 124. It is clearly seen that the most complete mass 
table of these three is FRDM95. The other two will allow 
us to make calculations only for some of the neutron 
deficient heaviest SHs. 

When using calculated masses for parent and daughter 
nuclei we take into account the nuclides stable against one 
proton, two protons, one neutron and two neutrons 
spontaneous emissions which leads to a smaller number of 
parent nuclides than those shown in Figs. 1, 2, and 3. 

 
4. Shorter half-lives for heavy superheavies 

 
Besides the emitted clusters with Ze ≤ 28 (Be, C, Ar, 

Ti, V, Cr, Mn, Fe, Co, and Ni), many other types of new 
CR with Ze > 28 appear when we use the FRDM95 
calculated mass table to determine the Q-values: Cu, Zn, 

Ga, Ge, As, Se, Br, Kr, Rb, Sr, Y, Zr, Nb, and Mo. Many of the SH nuclides are 8Be emitters, but they have a very low 
branching ratio bα. Most frequently occurs the doubly magic 78Ni radioactivity. 

 

N=200

Z=104

Z=124

 
Fig. 2. Chart of nuclides with calculated KTUY05 masses. 9441 masses for Z = 2 - 130, N ≤ 200.

The Green approximation of the beta stability is marked by full squares. 

Z=82

N=184N=126

Z=126

 

Fig. 1. Chart of nuclides with calculated LiMaZe01 
masses. 1969 masses for Z = 82 - 126, N = 126 - 184. The 
Green approximation of the beta stability is marked by full 
squares. 
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N=206

Z=104

Z=124

 
Fig. 3. Chart of nuclides with calculated FRDM95 masses. 8979 masses for Z = 8 - 136, N ≤ 236. 

The Green approximation of the beta stability is marked by full squares. 
 

An even-odd staggering of CR half-lives was observed [10] leading to shorter Tc for even N nuclides compared to 
the neighboring odd N ones. In order to avoid such a complication we consider in Fig. 4 for cluster decay only the odd 
N isotopes. Two important trends are observed: (1) both Tc and Tα are shorter for SHs with larger atomic number, and 
(2) for some of the isotopes of Z = 123 and Z = 124 elements cluster decay half-life may be shorter than that of a decay: 
Tc < Tα (or the branching ratio bα = Tα/Tc becomes larger than unity when the atomic number of the parent nucleus 
increases over 122). 

We observed [10] that large differences in Q-values for α decay calculated with various mass tables occur very 
frequently and make an important contribution to the broad range of branching ratios bα for any particular nucleus. Even 
the most probable emitted cluster can differ as in the case of the 304124 parent for which 98Mo results in calculations of 
released energy based on LiMaZe01, 95Zr based on KTUY05, and 96Zr based on FRDM95. 

More elaborate models should be used (see, e.g., [34]) in order to estimate the competition of spontaneous fission. 
 

Fig. 4. Decimal logarithm of the half-lives of superheavy 
nuclei with atomic numbers 121 - 124 against α decay 
(open circles) and CR for odd-neutron isotopes (stars) 
versus the neutron number of the parent nucleus. Q values 
are calculated using the KTUY05 mass tables 

Fig. 5. Comparison of alpha-decay half-lives calculated 
with ASAF (open circles) and semFIS (full squares) 
models vs. the neutron number of the parent nucleus. 
Q-values calculated using the KTUY05 mass table. 
The largest deviations are around the neutron magic 
number 184. 

 
5. Accuracy of calculated half-lives for α decay 

 
An estimation of the accuracy gives the standard rms deviation of log10 T values: 

 

σ = 
12 2

10 exp
1

{ [log ( / )] / ( 1)}
n

i
i

T T n
=

−∑ .                                                             (4) 
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Compared to calculations within ASAF model, lower values of σ for α decay half-lives may be obtained [35] within 
our UNIV (universal curve) [36] and semFIS (semi empirical) models. For 44 even-even nuclei we obtained σ = 0.164 
within semFIS, σ = 0.267 within UNIV and σ = 0.402 within ASAF model. For 25 odd-odd nuclei σ = 0.451, 0.456 and 
0.795, respectively. 

A comparison of log10 TASAF with log10 TsemFIS is shown in Fig. 5. We assume that semFIS calculations are closer to 
reality, particularly in the vicinity of the neutron and proton magic numbers. From Fig. 5 one can see that large 
discrepancies are observed for odd-N values in the neighborhood of N = 184 when N ≤ 184. 

In conclusion we found that calculated half-lives Tc against CR and the branching ratios relative to α decay are 
showing a trend toward shorter Tc and larger bα for the heaviest SHs. In the vicinity of neutron magic number N = 184 
the half-lives for α decay calculated within ASAF model are shorter than those determined with semFIS which takes 
into account the influence of closed shells. The accuracy of calculated masses in the region of heaviest SHs should be 
improved in order to make reliable predictions of half-lives. 
 

This work was partially supported within the IDEI Programme under Contracts No. 43/05.10.2011 and 
No. 42/05.10.2011 with UEFISCDI, Bucharest. 
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A particular version of the liquid drop model taking into account both the mass and charge asymmetries, the proximity 

energy, the rotational energy, the shell and pairing energies and the temperature has been developed to describe smoothly 
the transition between one and two-body shapes in entrance and exit channels of nuclear reactions. In the quasi-molecular 
shape valley where the proximity energy is optimized, the calculated l-dependent fusion and fission barriers, alpha and 
cluster radioactivity half-lives as well as actinide half-lives are in good agreement with the available experimental data. In 
this particular deformation path, double-humped potential barriers begin to appear even macroscopically for heavy nuclear 
systems due to the influence of the proximity forces and, consequently, quasi-molecular isomeric states can survive in the 
second minimum of the potential barriers in a large angular momentum range.    

 
1. Introduction 

 
The fission shapes were firstly investigated long time ago by minimizing the sum of the Coulomb and surface 

energies using mainly a development of the radius in Legendre polynomials. This leads to fission valley through very 
elongated shapes with shallow necks and difficulties to precise the position of the scission point where the rupture of the 
bridge of matter between the nascent fragments occurs.  

More recently, the fusion studies have shown that the picture of the pure Coulomb barrier is not sufficient to obtain 
correct fusion cross sections. It is necessary to take into account the effects of the nuclear forces in the gap between the 
incoming close nuclei or in the crevice where the neck is formed in adding a proximity energy term.  

So we have defined a Generalized Liquid Drop Model (GLDM) including this proximity energy and a quasi-
molecular shape sequence to describe firstly the fusion process and, later on, to study whether, in this deformation 
valley which optimizes the proximity energy, the fission data may also be reproduced. Calculations show that 
degeneracy exists effectively between the energy of elongated shapes found by the liquid drop model without proximity 
energy and the energy of compact and necked shapes which is lowered by the introduction of the nuclear proximity 
effects. The agreement with the fusion and fission data has finally led to the study of the alpha and cluster radioactivity 
and the entrance and exit channels of superheavy nuclei.  

 
2. Generalized Liquid Drop Model 

 
For an arbitrary deformed nucleus, the macroscopic total energy is the sum of the Rotational Liquid-Drop Model 

energy and the nuclear proximity energy [1]. Constant density and volume conservation are assumed. 
 

RLDM V S C RotE E E E E= + + + .                                                                   (1) 
 

For one-body shapes, the volume VE , surface SE  and Coulomb CE  energies are given by : 
 

2(1 )V v vE a k I A= − − ,                                                                             (2) 
 

2 2/3 2
0(1 ) ( / 4 )S s sE a k I A S R= − π ,                                                                (3) 

 
2 2 3

0 0 00.6 ( / ) 0.5 ( ( ) / )( ( ) / ) sinCE e Z R V V R R d= ⋅ θ θ θ θ∫                                              (4) 
 
where A, Z and I = (N - Z )/A are the mass, charge and relative neutron excess of the compound nucleus. ( )V θ  is the 
electrostatic potential at the surface of the shape and 0V  the surface potential of the sphere. The volume and surface 
coefficients va , sa  and the effective sharp radius 0R  are defined as :  
 

2( ) 15.494(1 0.00337 ) MeVva T T= + ,                                                            (5) 
 

3/2( ) 17.9439 (1 1.5 /17)(1 /17) MeVsa T T T= + − ,                                                (6) 
 

1/3 1/3 2
0 ( ) (1.28 0.76 0.8 )(1 0.0007 ) fmR T A A T−= − + + .                                         (7) 

 
This later formula leads to an increase of the ratio 1/3

0 0 /r R A=  with the mass; for example, 0r =  1.11 fm for 20Ne and 

0r =  1.18 fm for 240Pu. For comparison, the potential defined by Krappe, Nix and Sierk [2] assumes sa =  21.7 MeV 
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and 0r =  1.18 fm while the recent version of the Thomas-Fermi model [3] supposes sa =  18.63 MeV and 0r = 1.14 fm. 
The surface and volume asymmetry coefficients take on the values: 

 
2.6sk =       and     1.8vk = .                                                                    (8) 

 
Discussions on the different possible coefficients of the macro-microscopic mass formulas can be found in Ref. [4].  

When the two fragments (or colliding nuclei) are separated: 
 

2 2
1 1 2 2(1 ) (1 )V v v vE a k I A k I A⎡ ⎤= − − + −⎣ ⎦ ,                                                         (9) 

 
2 2/3 2 2/3
1 1 2 2(1 ) (1 )S s s sE a k I A k I A⎡ ⎤= − + −⎣ ⎦ ,                                                     (10) 

 

2 2 2 2 2
1 1 2 2 1 2

3 3/ / /
5 5cE e Z R e Z R e Z Z r= + + ,                                                   (11) 

 
where Ai, Zi, Ri and Ii are the masses, charges, radii and relative neutron excesses of the fragments and r the distance 
between the mass centers. The discontinuity of a few MeV which appears at the contact point when Z1/A1 and Z2/A2 are 
very different has been removed linearly from the contact point to the sphere since it is due to the progressive 
rearrangement of the nuclear matter. 

The surface energy SE  takes only into account the effects of the surface tension forces in an half space and does not 
include the contribution due to the attractive nuclear forces between the surfaces in regard in the neck or the gap 
between nascent fragments or incoming nuclei. The nuclear proximity energy term NE  takes into account these 
additional surface effects when crevices appear in the deformation path [1]. 

 
max

min

2 ( / )2
h

N h
E D b hdh= γ ϕ π∫ .                                                                (12) 

 
h  is the ring radius in the plane perpendicular to the fission axis and D the distance between the infinitesimal surfaces 
in regard. b  is the surface width fixed at 0.99 fm. φ  is the proximity function. The surface parameter γ  is given by a 
geometric mean between the surface parameters of the two fragments: 

 
2 2 -2
1 20.9517 (1 )(1 ) MeV.fm .s sk I k Iγ = − −                                                      (13) 

 
In this GLDM the surface diffuseness is not considered and the proximity energy vanishes when there is no neck.  

The rotational energy has been determined within the rigid body ansatz. Indeed, it has been shown that corrective 
terms arising from the orbital motion and the spin degrees of freedom roughly cancel each other, particularly at large 
deformations. 

 
2 ( 1)
2Rot
l lE

I⊥

+= .                                                                          (14) 

 
Microscopic corrections have been added to this macroscopic energy. The shell corrections have been introduced [5] 

as defined in the Droplet Model with an attenuation factor given by  
 

2 2(1 2.6 )exp( )sphere
Shell ShellE E= − α −α ,   where    2 2 2( ) /R aα = δ .                                   (15) 

 
The distortion aα  is the root mean square of the deviation of the surface from a sphere, a quantity which incorporates 
all types of deformation indiscriminately. Using this approach, shell corrections only play a role near the ground state of 
the compound nucleus and not at the saddle-point (where they are expected to be of the order of 1 MeV or smaller).  
The pairing energy of the recent Thomas - Fermi model [3] has been selected. 

A two parameter shape sequence has been defined [1] to describe the continuous transition from one spherical 
nucleus to two tangent spherical nuclei (see Fig. 1).  

 
2 2 2 2

12
2 2 2 2

2

sin cos    (0 / 2)
( )

sin cos    ( / 2 )

a c
R

a c

⎧ θ + θ ≤ θ ≤ π⎪θ = ⎨
θ + θ π ≤ θ ≤ π⎪⎩

.                                                  (16) 

 

1c  and 2c  are the two radial elongations and a the neck radius. Assuming volume conservation, the two parameters 

1 1/s a c=  and 2 2/s a c=  completely define the shape. When s1 decreases from 1 to 0 the shape evolves from one sphere 
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to two touching spheres with the formation of a deep neck while keeping almost spherical ends. Using the axial 
symmetry, analytical expressions have been obtained for the various shape-dependent functions: volume, surface, 
moment of inertia, distance between the mass centres of each fragment and quadrupole moment. 

 

Fig. 1. Shape sequences describing the one-body shape evolution and the two coaxial ellipsoid configurations. 
The fission axis is the common axis of revolution. 

 
The two coaxial ellipsoid configurations or simply the two-sphere approximation have been used to describe the 

two-body shapes. 
 

3. Fusion 
 

The main characteristics which govern the fusion process are the barrier height and the position of its maximum. 
The GLDM allows a correct reproduction of these empirical data deduced from the fusion cross sections ([1, 6] and 
Table 1). Double-humped fusion barriers appear when 1 2 1800 100Z Z ≥ ± . The inner barrier is the highest for 

1 2 2300 100Z Z ≥ ± . The existence and the shape of the external minimum due to the proximity energy is at the origin of 
the development of fusion-fission and fast fission phenomena. Using a simple dynamic model it has been shown that a 
dynamic fusion barrier appears for very heavy systems ( 1 2 2100 100Z Z ≥ ± ), significantly higher than the static one and 
in close agreement with the experimental data. This dynamic barrier is mostly governed by the entrance channel. The 
possibility of forming superheavy elements in almost symmetric reactions is strongly hindered by this double-humped 
dynamic barrier.    

 
Table 1. Comparison between the experimental fusion barrier heights E0f and positions R0f 
and the theoretical predictions of the Krappe, Nix and Sierk potential and of the GLDM 

 

Reaction Z1Z2 
Eof,Exp 
(MeV) 

Rof,Exp 

(fm) 
Eof,Th 

(KNS) 
Rof,Th 
(KNS) 

Eof,Th 

(GLDM) 
Rof,Th 

(GLDM) 
9Be + 10B 20 3.4 7.65 3.36 7.77 3.36 7.79 

4He + 44Ca 40 6.37 8.25 6.19 8.5 6.2 8.51 
16O + 26Mg 96 15.24 8.29 14.69 8.59 14.82 8.56 
4He + 209Bi 166 20.52 10.88 20.58 10.77 20.46 10.93 
34S + 26Mg 192 27.11 9.5 27.63 9.16 27.84 9.17 
16O + 110Pd 368 46.2 - 48.0 10.17 48.05 10.26 
40Ar + 58Ni 504 65.3 - 66.74 9.99 66.76 10.07 
40Ca + 58Ni 560 73.36 10.2 73.89 10.02 74.72 9.98 
35Cl + 90Zr 680 84.87 10.74 86.73 10.39 86.5 10.51 
86Kr + 58Ni 1008 120.8 - 123.55 10.82 122.77 10.95 

40Ar + 144Sm 1116 130.2 - 132.01 11.23 130.96 11.37 
40Ar + 174Yb 1260 139 - 144.83 11.58 143.39 11.76 
40Ar + 177Hf 1296 145 - 148.67 11.6 147.19 11.76 
81Br + 90Zr 1400 156 - 164.79 11.26 163.29 11.42 

81Br + 104Ru 1540 174 - 178.01 11.48 176.18 11.61 
 
For light systems and energy around the Coulomb barrier the static approach is sufficient to reproduce the fusion 

cross sections. At higher energies the increase of the fusion cross section with incident energy is limited by a strong 
dissipation occurring around the contact point. With increasing mass the slope of the fusion cross sections is better 
reproduced if the angular momentum dissipation rule varies from the sticking limit for medium systems to the sliding 
limit for very heavy systems [1].     
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4. Fission 
 

The different contributions to the deformation energy are given for the 160Dy nucleus in Fig. 2. The Es and En curves 
change drastically at the contact point since the surface is constant after the separation and the nuclear attraction is 
greatest at the contact point. Nevertheless, the total energy varies gently even around the contact point. Moreover the 
barrier height corresponds to the fission barrier height [7]. In the right part of Fig. 2 the deformation energies of the 234U 
nucleus corresponding to different shape sequences with and without proximity energy contribution are compared. The 
potential energy calculated using quasi-molecular shapes without taking into account the proximity energy is very 
energetically unfavourable . On the contrary, when the proximity energy is included for the same shape sequence, the 
barrier height may be compared with the barrier height of the potential energy for usual elongated and little or not 
creviced shapes [5]. Furthermore, a double-humped barrier appears even macroscopically for the compact and necked 
shapes. This shows clearly that the comparison between the two shape sequences must be re-examined when the 
additional proximity energy term is introduced. The two spheroid shapes would be also highly competitive with regard 
to the usual elongated shapes if the proximity energy was included since this term is large when there is a deep gap and 
negligible for elongated shapes with a shallow neck.  

 

Fig. 2. On the left part, contribution of the Coulomb, surface and nuclear proximity energies to the total deformation 
energy E of the 160Dy. The dotted line indicates the contact point between spherical fragments. On the right part, the 
thick full curve and the dotted curve are respectively the potential energies using our quasi-molecular shape sequence 
with and without proximity energy. The thin full curve is the energy of elongated shapes while the chain curve gives the 
energy of two separated oblate spheroids with no proximity contribution. 
 

The usual picture of the Businaro - Gallone point assuming that, macroscopically, asymmetric fission is favoured for 
light systems and symmetric fission for heavy nuclei is also observed in the quasi-molecular shape path (see Fig. 3). 
More generally, it has been proved that the deformation barrier heights in this valley correspond precisely to the 
experimental fission barrier heights [5].    

 

 

Fig. 3. Macroscopic fission barriers as functions of the decay asymmetry (A1 - A2)/(A1 + A2) 
and the distance between the mass centers r for the two 86Kr and 205At nuclei. 
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In the left part of Fig. 4 the mass evolution of the barrier profile is displayed. With increasing mass appear 
macroscopically a plateau and a second external relative minimum and internal peak due to the proximity energy and 
then the possibility of isomeric states. On the right, for 152Dy but this is a general behaviour, it is shown that the rotation 
of a quasi-molecular shape creates also strongly deformed rotating isomeric states [6, 8].  

 

 

Fig. 4. Symmetric fission barrier as functions of the mass in the β-stability valley (on the left) 
and symmetric fission barrier of the 152Dy nucleus versus the angular momentum (on the right). 

 
In Fig. 5 the shell and pairing energies have been introduced as well as the ellipsoidal deformations to calculate the 

fission barriers of 240Pu, as an example. Multiple-humped potential barriers appear. The second maximum corresponds 
to the transition from compact and creviced one-body shapes to two touching ellipsoids. Shallow third minimum and 
peak appear in specific asymmetric exit channels where one fragment is close to a double magic quasi-spherical nucleus 
while the other one evolves from oblate to prolate shapes. The heights of the potential barriers agree with the 
experimental data and the calculated half-lives follow the trend of the experimental values. The complete separation of 
the fragments corresponds to a sudden shape change and to the vanishing of the proximity energy. It occurs on an 
energy plateau corresponding to the fragment kinetic energy plus excitation energy.   

 

 

Fig. 5. Multiple-humped macro-microscopic barriers for 240Pu as a function of the heaviest fragment mass (on the left) 
and binary and ternary fission barriers for 60Zn as a function of the angular momentum (on the right). 

 
In the experiments 32S + 24Mg → 56Ni (E*= 84 MeV) and 36Ar + 24Mg → 60Zn (E*= 88 MeV) narrow out-of-plane 

correlations corresponding to coplanar decay are observed when two fragments  are emitted with missing charges from 
4 up to 8. This ternary fission have been interpreted as the decay of hyper-deformed states with angular momenta 
around 45 - 50  [8]. 

The Fig. 5 (right part) indicates that the very asymmetric ternary fission is favoured relatively to the symmetric 
ternary one. At high angular momenta around 45  the potential energy minima is lower in the ternary fission path than 
in the binary fission path. The more negative Q-value for ternary fission is compensated for the smaller value of the 
rotational energy at the saddle point. Thus, the GLDM indicates simply that the ternary cluster fission of light nuclei 
becomes competitive with binary cluster fission at the highest angular momenta. 

 
5. Alpha and Cluster radioactivity 

 
α  decay and cluster radioactivity are, as the spontaneous fission, quantum tunneling processes through the potential 

barrier leading from the mother nucleus to the two emitted fragments. An open question is whether these three decay  
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modes can be described within a fission process but for 
three very different mass asymmetries or whether α  and 
cluster radioactivities correspond to the emission of 
preformed clusters.  

The same GLDM and quasi-molecular shapes has 
been used [9, 10] to determine the potential barriers for 
these two decay modes since it is unlikely that the α  and 
cluster emissions lead to elongated fragments contracting 
after separation. An α  decay barrier is displayed in 
Fig. 6. The difference between the experimental Q value 
and the theoretical GLDM Q value has been added at the 
macroscopic energy of the mother nucleus with a linear 
attenuation factor vanishing at the contact point of the 
nascent fragments. The proximity forces lower the 
barriers of 7.3 MeV and the displacement of the 
maximum is of 2.1 fm.  

In the picture of an unified fission model the decay 
constant has been simply defined as the product of the 
assault frequency by the barrier penetrability calculated 

within the WKB method. The main part of the potential barriers corresponding to two-body shapes it has been assumed 
that the entrance of the tunnel corresponds to the contact point while the inertia parameter is simply the reduced mass. 
For the cluster emission, these approximations are not possible and the position of the tunnel entrance is the initial 
sphere while a more sophisticated expression has been selected for the inertia [10, 11]. The Fig. 7 and the Table 2 
indicate that this approach allows to determine accurately the half-lives of the α  decay and cluster radioactivity. Simple 
accurate analytical formulas depending on the mass and charge of the α  emitter and the experimental or theoretical Q 
value have been proposed [9] to reproduce the known α  decay half-lives and also to predict the half-lives of other 
possible but still unknown α  decays particularly for the superheavy nuclei. Predictions for other cluster emissions have 
been also provided meeting two criteria: partial half-life ≤  1030 s and branching ratio relative to α  emission 2410 .−≥  

 

 

Fig. 7. Comparison between the theoretical and experimental alpha-decay half-lives 
of the Hg, Pb, Po, Th, U, Pu, Cm, Cf, Fm, No, Rf, Sg and Hs isotopes. 

 
The preformation of clusters and α  particle in heavy nuclei has also been investigated [12]. Recently the angular 

momentum dependence of the partial α  decay half-lives has been taken into account and new formulas are proposed.  
 

Table 2. Comparison between the experimental and theoretical half-lives for the cluster radioactivity 
 

Emitter and fragments GLDM-T1/2(s) Experimental T1/2(s) 
222Ra → 14C + 208Pb 3.9 · 1010 1.0 · 1011 
223Ra → 14C + 209Pb 2.8 · 1013 1.4 · 1015 
224Ra → 14C + 210Pb 3.9 · 1016 5.9 · 1015 
226Ra → 14C + 212Pb 3.2 · 1022 1.8 · 1021 
228Th → 20O + 208Pb 4.1 · 1021 5.0 · 1020 

230Th → 24Ne + 206Hg 2.8 · 1025 4.1 · 1024 
231Pa → 24Ne + 207Tl 8.6 · 1021 7.9 · 1022 
232U → 24Ne + 208Pb 9.7 · 1019 2.5 · 1020 

 

Fig. 6. Potential barriers against alpha emission for the 
264Hs nucleus. The dashed curve corresponds to the pure 
Coulomb barrier without including the proximity energy 
while the solid line takes into account the proximity 
effects.  
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Continuation of Table 2 
 

Emitter and fragments GLDM-T1/2(s) Experimental T1/2(s) 
233U → 24Ne + 209Pb 2.3 · 1023 6.8 · 1024 
234U → 24Ne + 210Pb 3.5 · 1026 7.9 · 1025 

235U → 28Mg + 207Hg 1.8 · 1029 2.8 · 1028 
236Pu → 28Mg + 208Pb 1.0 · 1020 4.7 · 1021 
238Pu → 28Mg + 210Pb 2.2 · 1026 4.7 · 1025 
238Pu → 32Si + 206Hg 5.4 · 1025 1.9 · 1025 

 
6. Superheavy elements 

 
Using heavy-ion reactions of mean asymmetry (Cr, Fe, Ni, Zn on Bi and Fe, Ni, Zn on Pb) and more recently highly 

asymmetric reactions (Ca on Np, Pu, Am, Cm, Bk, Cf) new very heavy elements have been synthesized. Actually it is 
assumed that the lower limit for the fission barrier heights of these heaviest elements is around 6 MeV. The main 
observed decay mode is the α decay. 

Within this GLDM the potential barriers governing these reactions have been determined (see [13] and Fig. 8). For 
the cold fusion reactions a wide potential pocket due mainly to a high proximity energy and high Coulomb repulsion 
appears at large deformations. Whatever the microscopic correction assumptions are, double-humped barriers exist. The 
quasispherical system can be reached by tunnelling even if the shells and pairs are not completely built. Incomplete 
fusion and fast fission events in the external pocket are the main exit channels since the neck between the two nuclei is 
formed and exchanges of nucleons can occur. If the reorganization of the single particle levels is very rapid then the 
value of the proton magic number begins to play some role. So an open question is whether at large deformations the 
nucleons shells can take form to stabilize the nuclear system before investigating a peculiar exit channel. The pre or 
post equilibrium nature of the neutron evaporation process is also crucial. 

 

 

Fig. 8. Potential barriers for the cold 70Zn + 209Bi fusion reaction and the warm 50Ti + 248Cm fusion reaction. The dashed 
curve corresponds to the macroscopic barrier. The full line, dotted curve and dashed and dotted curve include the shell 
effects assuming a proton magic number of 114, 120 and 126 and an adjustment to reproduce the Q value.  

 
For the warm fusion reactions the Coulomb repulsion and the proximity energy are lower than for the cold fusion 

reactions and the barrier against reseparation is wide and high. There is no double-humped barriers. Even for a 
subbarrier tunnelling of 6 MeV in the entrance channel and even if the shells and pairs have not enough time to develop 
the nuclear system has enough energy to reach a quasispherical compound system. The excitation energy is more than 
30 MeV allowing the emission of several neutrons or an α  particle. The different hypotheses on the proton magic 
number do not change the global predictions in the entrance path. 

Using the above mentioned general formulas giving the α  decay half-lives and with the help of an accurate Q value our 
theoretical half-lives agree with the experimental data for the known superheavy nuclei. Thus, predictions of the α  decay 
half-lives of other possible superheavy isotopes have been provided, some of which reaching more than one hour [14]. 

Recently, the systems 238U + Ni and 238U + Ge have been studied at high excitation energy of 6.62 MeV/u and 
6.09 MeV/u possibly leading to nuclear systems of charge 120 and 124 [15]. A coupled analysis of the nuclear reaction 
time distributions and of the measured K x rays provides evidence for nuclei with Z = 120 and 124 living longer than  
10-18 s and arising from highly excited compound nuclei. 

In Fig. 9 the capture barriers for these reactions have been calculated as a function of the angular momentum within this 
GLDM. The excitation energy is very large and very high angular momenta are populated while the shell effects are 
probably very small at these energies. For these very heavy systems the potential energy profile is very flat once the external 
barrier is passed allowing the possible formation and stability of rapidly rotating isomeric states without necessarily reaching 
a quasi-spherical nuclear shape and even though the shell effects vanish and  the inner barrier is destroyed.   
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Fig. 9. L-dependent capture barriers for the U + Ni and U + Ge reactions. The arrows indicate the beam energy. 
The shell effects are taken into account assuming that the next proton magic number is Z = 114. 

 

7. Summary and Conclusions 
 

A generalized liquid drop model including both the mass and charge asymmetries, the proximity energy, a particular 
nuclear radius, the rotational energy, the shell and pairing energies and the temperature has been defined and used to 
describe smoothly the transition between two-body and one-body shapes in entrance and exit channels of nuclear reactions.  

In the compact and creviced shape valley where the proximity energy is maximal at the contact point, the calculated l-
dependent fusion and fission barrier heights and the half-lives of alpha and cluster radioactivities as well as actinides are in 
agreement with the available experimental data. In this quasi-molecular shape path, double-humped potential barriers 
begin to appear even macroscopically for heavy nuclear systems in entrance and exit channels due to the influence of the 
proximity forces and, consequently, quasi-molecular isomeric states can survive in the second minimum of the potential 
barriers, particularly at intermediate angular momenta.    
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We describe a method, based on the simulated annealing approach, for determining a modern energy density 

functional within the Skyrme Hartree - Fock (HF) theory by carrying out a fit to extensive set of experimental data and 
including important constraints on the Skyrme parameters. We then present results of calculations for the excitation 
strength functions and centroid energies of giant resonances within the HF-based random phase approximation and 
discuss the current status of the nuclear matter (NM) incompressibility coefficient and the symmetry energy density, 
which are the needed ingredients for extending our knowledge of the equation of state (energy as a function of neutron 
and proton densities) of symmetric and asymmetric NM beyond the saturation point of the symmetric NM.  

 
1. Introduction 

 
Density functional theory, which is based on a theorem [1] for the existence of an energy density functional (EDF) 

that depends on the densities of the constituents and their derivatives, provides a powerful approach for theoretical 
calculations of properties of many body systems. Thus it is very important to develop a modern EDF which provides 
enhanced predictive power for properties of rare nuclei with unusual neutron-to-proton ratios that are difficult to 
produce experimentally and likely to exhibit interesting new phenomena associated with effects of isospin, 
clusterization, and the continuum. Since determining the EDF of an interacting many body system from first principles 
is a difficult problem, it is common to assume a certain form for the EDF with parameters determined by experimental 
data. Following the pioneering work of Brink and Vautherin [2], continuous efforts have been made to readjust the 
parameters of the EDF associated with the Skyrme-type effective nucleon-nucleon (NN) interaction [3, 4] to better 
reproduce experimental data [5 - 8]. There exist more than 200 parameterizations of the Skyrme type interactions [8]. 
The values of the parameters of the Skyrme interactions available in the literature were obtained by fitting the Hartree - 
Fock (HF) results to experimental data on bulk properties of a few stable closed-shell nuclei. In our work [9] we further 
enhanced the applicability of the Skyrme-type EDF by including data on nuclei away from the valley of stability, and 
including in the fit, for the first time, the data on the constraint energies of the isoscalar giant monopole resonances 
(ISGMR) of nuclei. We have also imposed additional constraints, such as a non-negative value for the slope of the 
symmetry energy density at high nuclear matter (NM) density (at three times the saturation density of NM) and the 
Landau’s stability conditions for NM. Adopting the standard parameterization of the Skyrme type interaction, we have 
implemented, for the first time, the simulated annealing method (SAM) together with an advanced least square method 
to search for the global minima.  

The study of collective modes in nuclei has been the subject of extensive theoretical and experimental investigations 
for over 60 years, since it contributes significantly to our understanding of properties of nuclei and NM, their non-
equilibrium properties and properties of the nuclear force [10 - 12]. Of particular interest is the equation of state (EOS), 
i.e., the energy as a function of neutron and proton densities, which is an important ingredient in the study of properties 
of nuclei at and away from stability, structure and evolution of compact astrophysical objects, such as neutron stars and 
core-collapse supernovae, and of heavy-ion collisions [13, 14]. The saturation point of the EOS for the symmetric 
nuclear matter (SNM) at zero temperature (T = 0) is well determined from ground state properties of nuclei, such as 
binding energies and central matter densities, by extrapolation to infinite NM. To extend our knowledge of the EOS 
beyond the saturation point of the SNM, an accurate value of the NM incompressibility coefficient K, which is directly 
related to the curvature of the EOS at saturation density, is needed. An accurate determination of the density 
dependence of the symmetry energy, Esym(ρ), is needed for the EOS of asymmetric NM. It is well known that the 
energies of compression modes in nuclei, such as the ISGMR and the isoscalar giant dipole resonance (ISGDR), are 
sensitive to the value of K [10, 15, 16] and the energies of the isovector resonances, in particular, the giant dipole 
resonance (IVGDR), are sensitive to Esym(ρ) [17, 18]. 

In the following, we first describe a method, based on the simulated annealing method (SAM), for determining a 
modern energy density functional within the Skyrme HF theory by carrying out a fit to extensive set of experimental 
data and including important constraints on the Skyrme parameters. We then present results of fully self-consistent 
HF-based random phase approximation (RPA) calculations for the excitation strength functions and centroid energies of 
giant resonances (GR) and discuss the current status of K and Esym(ρ), which are needed for extending our knowledge of 
the EOS of symmetric and asymmetric NM beyond the saturation point of the symmetric NM. 

 
2. Determination of the Skyrme Energy Density Functional 

 
We have recently considered the EDF associated with the Skyrme type effective nucleon-nucleon interaction, 

adopting the following form for the Skyrme interaction [4 - 6]: 
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where ti, xi, α , and W0 are the parameters of the interaction and 12Pσ  is the spin exchange operator; iσ  is the Pauli spin 

operator; ( )12 1 2 / 2k i= − ∇ − ∇ , and ( )12 1 2 / 2k i= − ∇ − ∇ . Here, the right and left arrows indicate that the momentum 
operators act on the right and on the left, respectively. The corresponding mean-field VHF and the total energy E of the 
system are given by 

,HF
HV δ=

δρ
 3( ) ,E H r d r= ∫                                                                     

(2) 

 
respectively. Here, H(r) is the energy density functional associated with the Skyrme interaction and is obtained using 
Eq. (1). The HF equations are derived by minimizing the energy E, 
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Here  are the Lagrange multipliers and ,  is the density increment which is given in terms of single particle wave 
functions. For the spherical case one obtains the HF equations, 
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where ∗( ), Uτ(r), and Wτ(r) are the effective mass, central potential and spin-orbit potential, which are given in terms 
of the Skyrme parameters and the neutron and proton densities and their derivatives [2]. Equations (4) are numerically 
solved by iteration, starting, for example, with the results of commonly used Wood Saxon potential.   
 

2.1. Simulated annealing based algorithm  
 

From the literature [7, 8] one finds that the value of each Skyrme parameter vary over a wide range. Therefore, to 
make the search process more efficient, we take advantage of the fact that the Skyrme parameters can be expressed in 
terms of the various quantities which are related to the nuclear matter, since these nuclear matter quantities are known 
empirically within 10 % - 20 %. For convenience, we have defined a vector v with the components as 

 

( )* '
0 0 0/ , , , / , , , , , ,sv B A K m m E J L G W≡ ρ κ .                                                                (5) 

 
Here * '

0 0/ , , , / , , , , , ,sB A K m m E J L Gρ κ and 0W  are the binding energy per nucleon, NM incompressibility coefficient, 
nuclear matter density, effective mass, surface energy, symmetry energy coefficient, the quantity which is related to the 
slope of the symmetry energy coefficient ( 3 /L dJ d= ρ ρ ), the enhancement factor in the energy weighted sum rule 
(EWSR) of the isovector giant dipole resonance (IVGDR), the spin-isospin Landau parameter of the particle-hole 
interaction, and the Skyrme spin-orbit parameter, respectively.  

Once the vector v is known one can calculate the values of all the Skyrme parameters. We have also defined the 
vectors v0, v1 and d. The vector v0 and v1 contain the lower and the upper limits of each of the components of the vector 
v. The vector d represents the maximum displacement allowed in a single step for the components of the vector v. For a 
given set of experimental data, we have implemented the SAM algorithm using the following basic steps: Starting with 
a guess for the vector v we calculate 2χ  (say, 2

oldχ ). We use random numbers to select an element of v of and change it 
slightly. Using the new v we determine the new Skyrme parameters and calculate the new 2

newχ . We then calculate the 
quantity 

( ) ( )2 2 /2 ,old new TP e χ −χχ =                                                                           (6) 
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where T is an effective temperature and accept new set of Skyrme parameters only if 
 

( )2 ,P χ > β                                                                                  (7) 
 

where β < 1 is a random number.  To search for the global minimum of 2χ  we begin with some reasonable value of an 
effective temperature T = Ti and repeat the process described above more than 1000 times. Then, we reduce the 
temperature and repeat the process until the value of 2χ  converges. 
 

2.2. Experimental data and some constraints 
 

In Table 1 we summarize the choice of the experimental data used in the fit for determining the Skyrme parameters. 
It must be noted that, in addition to the typically used data on the binding energy, charge rms radii and spin-orbit 
splitting, we have also included in our fit the experimental data for the rms radii of valence neutron orbits and the 
breathing-mode constraint energies of several nuclei. For the binding energy we have used in the fit the error of 1.0 
MeV except for the 100Sn nuclei, in which we have used 2.0 MeV since the binding energy for the 100Sn nucleus is 
determined from systematic. For the charge rms radii we have adopted the theoretical error of 0.02 fm except for the 
case of 56Ni nucleus. The charge rms radius for the 56Ni nucleus is obtained from systematic and we use the theoretical 
error of 0.04 fm. We considered in the fit the experimental data for the spin-orbit splittings for the 2p neutrons and 
protons in the 56Ni nucleus and the rms radii for the 1d5/2 and 1f7/2 neutron orbits in 17O and 41Ca nuclei, respectively. 
The theoretical error taken for the spin-orbit splitting data is 0.2 MeV, and for the rms radii for the valence neutron 
orbits the experimental error of 0.06 fm was adopted. To be consistent with the way these valence neutron radii are 
determined, the CM correction to these data was not included. The experimental data for the breathing-mode constraint 
energies E0 for the 90Zr, 116Sn, 144Sm and 208Pb nuclei were included in the fit with the theoretical error taken to be 
0.5 MeV for the 90Zr nucleus and 0.3 MeV for the other nuclei. We have also included in the fit the critical density crρ , 
defined as the highest density for which the Landau stability conditions are maintained, assuming a value of 2.5 0ρ  with 
an error of 0.5 0ρ . Further the values of the Skyrme parameters were constrained by requiring (i) a positive slope for the 
symmetry energy density for 03ρ ≤ ρ , (ii) 0.1 0.5κ = −  and (iii) '

0 0G ≥  at 0ρ = ρ  (see Ref. [9] for details). 
 

Table 1: Selected experimental data for the binding energy B, charge rms radius rch, rms radii of valence neutron 
orbits rv, spin-orbit splitting S-O, breathing-mode constraint energy E0, and critical density crρ  

used in the fit to determine the parameters of the Skyrme interaction 
 

Properties Nuclei 
B 16,24O, 34Si, 40,48Ca, 48,56,68,78Ni, 88Sr, 90Zr, 100,132Sn, 208Pb 
rch 16O, 40,48Ca, 56Ni, 88Sr, 90Zr, 208Pb 
rν(ν1d5/2) 17O 

7/2( 1 )vr fν  41Ca 
S-0 2p orbits in 56Ni 
E0 90Zr, 116,132Sn, 144Sm, 208Pb 

crρ  Nuclear matter 
 

3. Equation of State of Symmetric and Asymmetric Nuclear Matter 
 

In the vicinity of the saturation density  of symmetric NM, the EOS can be approximated by 
 

[ ] [ ]
2

0
0 0

0

1
18

E E K
⎛ ⎞ρ − ρρ = ρ + ⎜ ⎟ρ⎝ ⎠

,                                                              (8) 

 

where  is the binding energy per nucleon and K is the incompressibility coefficient which is directly related to the 
curvature of the EOS, K= 9 . Similarly, the EOS of asymmetric NM, with proton density  and neutron 

density , can be approximated by 

[ ] [ ]
2

0, n p
p n symE E E

ρ − ρ⎛ ⎞
⎡ ⎤ρ ρ = ρ + ρ ⎜ ⎟⎣ ⎦ ρ⎝ ⎠

,                                                        (9) 

 

where 	  is the symmetry energy at matter density  commonly approximated by, 
 

[ ]
2

0 0

0 0

1 1
3 18sym symE J L K

⎛ ⎞ ⎛ ⎞ρ − ρ ρ − ρρ = + +⎜ ⎟ ⎜ ⎟ρ ρ⎝ ⎠ ⎝ ⎠
,                                               (10) 
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where J = [ ]0symE ρ  is the symmetry energy at saturation density 0ρ , 
0

03 symE
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ρ
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∂ρ
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There have been many attempts over the years to determine K and Esym(ρ) by considering physical quantities which 
are sensitive to the values of K and Esym(ρ) [12,13,19,20]. Here we consider the sensitivity of the centroid energies of 
the isoscalar and isovector giant resonances to bulk properties of NM, such as K, Esym and the effective mass m*. It is 
well known that the energies of the isoscalar compression modes are very sensitive to the value of K and the energies of 
the isovector giant resonances are sensitive to the density dependence of Esym. Furthermore, information on the density 
dependence of Esym can also be obtained by studying the isotopic dependence of strength functions, such as the 
difference between the strength functions of 40Ca and 48Ca and between 112Sn and 124Sn. Other physical quantities that 
are sensitive to the Esym(ρ) below the saturation density are: the neutron skin thickness, rn - rp [21 - 23], the difference 
between the root mean square radii (rms) of the neutron and proton density distributions; and the electric isovector 
dipole polarizability αD [24], which is directly related to the inverse energy moment (m-1) of the strength function of the 
IVGDR. 

 
4. Hartree - Fock-based Random Phase Approximation 

 
In the numerical calculations of the properties of giant resonances in nuclei within the HF-based RPA theory, one 

starts by adopting an effective nucleon-nucleon interaction , such as the Skyrme interaction, with parameters 
determined by a fit [9] of the HF predictions to experimental data on ground state properties, such as binding energies 
and radii, of a selected set of a wide range of nuclei. Then, the RPA equations are solved using the particle-hole (p-h) 
interaction deduced from , by employing a certain numerical method [25 - 27], and the physical quantities of 
interest, such as the strength functions S(E) and transition densities, are calculated. For example, within the Green’s 
function RPA approach the response S(E) of the many-body system to an external field described by the single-particle 
operator , is given by [25], 

 

,                  (11) 

where G is the particle-hole Green’s function. The transition density,  is obtained from 

 

.                                          (12) 

 
In RPA theory the Green’s function is given by 
 

,                                                             (13) 

where V is the Hartree - Fock potential, having a functional dependence on , the matter density. The unperturbed 

Green function  is given in terms of the Hartree - Fock Hamiltonian H0, its occupied eigenstates , and the 

associated eigen-energies , as 

 

  .    (14) 

The sum in (14) is on the occupied states;  is the Hartree - Fock Green function for a single particle 

propagated from  to . 

We point out that in fully self-consistent calculations, one should employ all the components of the p-h interactions 
obtained from the  used in the HF calculations [16, 28, 20], In our calculations we employed the fully self-consistent 

method based on the Q-P representation described in detail in Refs. [26, 30] and calculate the strength function 
 ( ) = ∑ | 0| | | − .                                                           (15) 

 
Here, |0〉 is the RPA ground state and the sum is over all RPA excited states | 〉 with the corresponding excitation 
energies Ej. We adopt the single particle scattering operator 
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= ∑ ( ) ( )                                                                       (16) 
for isoscalar (T = 0) excitations and 
 = ∑ ( ) ( ) − ∑ ( )                                                      (17) 

 
for isovector (T = 1) excitations. In Eqs. (16) and (17) we use the operator ( ) = , for the isovector dipole (T = 1,  
L = 1) and ( ) = − (5 3⁄ )〈 〉  for the isoscalar dipole (T = 0, L = 1), to eliminate possible contribution of the 
spurious state mixing [16, 28, 29]. For the isoscalar and isovector monopole (L = 0), quadrupole (L = 2) and octopole  
(L = 3) excitations we use the operators	 ( ) = 	 , , and , respectively. We then determine the energy moments of 
the strength function, = ( ) .                                                                       (18) 

 
The centroid energy, ECEN, and the constraint energy, E0 = ECON, are then obtained from 
 =  ,                                                                               (19) 
 = 	,                                                                           (20) 

respectively.  
We have carried out fully self-consistent Hartree - Fock (HF) based RPA calculations of the isoscalar giant 

monopole resonance (ISGMR), dipole (ISGDR), quadrupole (ISGQR), and  the octopole (ISGOR) strength functions 
and for the isovector giant monopole resonance (IVGMR), dipole (IVGDR), quadrupole (IVGQR) and octopole 
(IVGOR) strength functions using a wide range of  Skyrme type effective interactions. In the next section we present 
the results of our calculations and compare with available experimental data. 
 

5. Results and discussion 
 

In Table 2 we give the values for the resulting Skyrme parameters obtained at the minimum value of the 2χ  

together with the various quantities characterizing the nuclear matter; binding energy per particle B/A, incompressibility 
coefficient K, saturation density ρ0, effective mass, m*, and symmetry energy coefficient J = Esym(ρ0). Also shown in 
Table 2 are the coefficient L which is directly related to the derivative of the symmetry energy, the enhancement factor, 
κ, associated with the IVGDR and the Landau spin-isospin particle-hole interaction parameter G'0. The KDE0 and 
KDE0v1 Skyrme interactions where obtained by fits the HF results, taking into account only the direct Coulomb term 
[9, 31]. The KDEX interaction was determined [32] by taking into account the contribution of the ground state RPA 
correlations to binding energies and charge radii. 

 
Table 2. Values of the Skyrme parameters and the corresponding physical quantities 

of nuclear matter for the KDE0 and KDE0v1 and KDEX interactions 
 

Parameter KDE0 KDE0v1 KDEX 
t0 (MeV fm3) -2526.5110 -2553.0843 -1419.8304 
t1 (MeV fm5) 430.9418 411.6963 309.1373 
t2 (MeV fm5) -398.3775 -419.8712 -172.9562 
t3(MeVfm3(1+α)) 14235.5193 14603.6069 10465.3523 
x0  0.7583 0.6483 0.1474 
x1 -0.3087 -0.3472 -0.0853 
x2 -0.9495 -0.9268 -0.6144 
x3 1.1445 0.9475 0.0220 
W0(MeV fm5) 128.9649 124.4100 98.8973 
α 0.1676 0.1673 0.4989 
B/A (MeV) 16.11 16.23 15.96 
K (MeV) 228.82 227.54 274.20 
ρ0 (fm-3) 0.161 0.165 0.155 
m*/m 0.72 0.74 0.81 
J (MeV) 33.00 34.58 32.76 
L (MeV) 45.22 54.69 63.70 
κ 0.30 0.23 0.33 
G'0 0.05 0.00 0.41 
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In Fig. 1 we present the HF-based RPA results for the 
strength functions of the ISGMR in 208Pb and 90Zr, using 
the KDE0 Skyrme interaction [9]. The full line (SC) 
corresponds to the fully self-consistent calculations. The 
dashed line and the open circle line represent the results 
obtained with violation of self consistency in the RPA 
calculations, by neglected the particle-hole spin-orbit 
(SO) and Coulomb (CO) interactions. Note the shift of 
about 1 MeV in the ISGMR energy, which corresponds 
to a shift of 30 MeV in the value of the nuclear matter 
incompressibility coefficient K.  

In Table 3 we present the results of fully self-
consistent HF-based RPA for the centroid energies of the 
ISGMR (see Refs. [26, 30]) for several nuclei, using the 
KDE0 [9], SK255 [34], and SGII [33] Skyrme 
interactions and the results obtained within the 
relativistic mean-field (RMF)-based RPA using the NL3 
interaction [35], and compare with the experimental data 
of Refs. [36, 37] with the proper excitation energy range 
(ω1 - ω2). We point out that the centroid energy of the 
ISGMR for the SGII interaction is lower than that of the 
KDE0 interaction (shown in Table 3) and is also 
significantly lower than that obtained in RPA 
calculations with violations of self-consistency, 
demonstrating the importance of carrying out fully self-
consistent HF-based RPA calculations. Moreover, 

considering the results for the SK255 and NL3, we conclude that it is possible to build bona fide Skyrme forces with K 
close to that obtained in relativistic models which also reproduce the experimental data for the centroid energies of the 
ISGMR (i.e. demonstrating model independence in determining K). We have also found that K = 240 ± 20 MeV. The 
uncertainty of 20 MeV is mainly due to the uncertainty in Esym(ρ) (see the review in Ref. [12]).  

 
Table 3. Results of fully self-consistent RPA calculations for the centroid energies of the ISGMR 

for interactions with various values of the incompressibility K and symmetry J coefficients (in MeV), 
compared with experimental data [36, 37] 

 

 
 
In Fig. 2, we show our results [38], of fully self-consistent HF-based RPA calculations using 15 commonly 

employed Skyrme type interactions, for the centroid energies of the IVGDR in 40Ca and 48Ca, and their differences, as 
functions of J(0.1)/J, where J(0.1)=Esym(0.1) is the symmetry energy at matter density of 0.1 fm-3 (about (2/3)ρ0). An 
agreement with experimental data [39 - 41] is obtained for several interactions. However, a very weak correlation is 
obtained between the centroid energies and J(0.1)/J. We point out that similar results were obtained when using, instead 
of J(0.1)/J, the quantities L and Ksym. 

Recent high-resolution measurement [24] of the electric isovector dipole polarizibility αD in 208Pb was used to 
determine the magnitude of the neutron skin thickness in this nucleus, resulting in the value of rn - rp = 0.156 (.025) fm. 
However, the analysis in this work was based on only one form of energy density functional (EDF), associated with the 
Skyrme SV-min interaction. Here we examine the conclusion of the work of Ref. [24]. For this purpose, we have 
carried out [38] fully self-consistent Hartree - Fock (HF) based RPA calculations of the electric isovector dipole 
polarizability (directly related to m-1 of the IVGDR strength function) in 208Pb, using over 27 commonly employed 
Skyrme type interaction. 

Fig. 1. Strength functions of isoscalar giant monopole for 
208Pb and 90Zr nuclei calculated using the KDE0 
interaction [9]. SC (full line) corresponds to the fully self-
consistent calculation where LS (dashed line) and CO 
(open circle) represent the calculations without the ph 
spin-orbit and Coulomb interactions in the RPA, 
respectively. 
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Fig. 2. Centroid energies and their differences of the IVGDR in 40Ca and 48Ca as functions of J(0.1)/J. 
The experimental data [39 - 41] are shown as the regions between the dashed lines  

 

In Fig. 3 we present the predictions [38] of these interactions for the polarizability αD and rn - rp. The experimental 
data [24] on αD is shown as the region between the dashed lines. Also shown is the Pearson correlation coefficient  
CAB = 0.55, which indicates a weak correlation between αD and rn - rp. We thus conclude that EDFs associated with 
theoretical predictions of values of rn - rp in the range of 0.14 to 0.20 fm are consistent with the experimental data on αD. 

 

6. Conclusions 
 

We have described a method, based on the simulated 
annealing approach, for determining a modern energy 
density functional within the Skyrme Hartree - Fock (HF) 
theory by carrying out a fit to extensive set of 
experimental data and further include constraints on the 
Skyrme parameters. We then presented results of 
calculations for the excitation strength functions and 
centroid energies of giant resonances within the HF-RPA 
approach. In particular: 

• We have developed new energy density 
functionals based on Skyrme type effective nucleon-
nucleon interactions (KDE0, KDE0v1, KDEX,) which 
are applicable for calculating properties of rare nuclei 
and neutron stars. 

• We have demonstrated the importance of carrying 
out fully self-consistent HF-based RPA calculations of  

                                                                                                  strength function of giant resonances. 
• We have demonstrated that calculations of the energies of the isoscalar compression modes (ISGMR and 

ISGDR) within HF-based RPA using Skyrme forces and within relativistic model lead to the model independent value 
of K = 240 ± 20 MeV for incompressibility coefficient of symmetric nuclear matter. The uncertainty of 20 MeV is due 
to the uncertainty in the density dependence of the symmetry energy. 

 
Fig. 3. The IVGDR electric polarizability αD as a function 
of rn - rp. The experimental data on αD [24] is shown as the 
region between the dashed lines. The results of fully self-
consistent HF-based RPA calculation of 37 commonly 
used Skyrme interaction are shown as solid points. Also 
shown is the Pearson correlation coefficient CAB.  
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• We pointed out the weak dependence of the isotopic dependence of  the energy of the IVGDR on the density 
dependence of the symmetry energy 

• We pointed out the weak dependence of the energies and electric polarizability associated with the IVGDR, the 
isotopic dependence of the energies of giant resonances and the neutron skins, rn - rp, in neutron rich nuclei on the 
density dependence of the symmetry energy. These are still open problems. 

We add that for possible improvements for the EDF we have to: 
– Account for the isospin dependence of the spin-orbit interaction. 
– Include additional data, such as the IVGDR (sensitive to Esym(ρ)) and the isoscalar giant quadrupole resonance 

(sensitive to m*), for the EDF fit.  
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The 12C + 12C fusion reaction is one of the most important reactions in the stellar evolution. Due to its complicated 

reaction mechanism, there is great uncertainty in the reaction rate which limits our understanding of various stellar 
objects, such as massive stellar evolution, explosions on neutron stars, and supernovae from accreting white dwarf stars. 
In this paper, I will review the challenges in the study of carbon burning. I will also report recent results from our 
studies: 1) an upper limit for the 12C + 12C fusion cross sections, 2) measurement of the 12C + 12C at deep sub-barrier 
energies, and 3) a new measurement of the 12C(12C, n) reaction. The outlook for the studies of the astrophysical heavy-
ion fusion reactions will also be presented.  

 
1. Introduction 

 
In 1960 Almqvist, Kuehner and Bromley discovered several resonances in collisions between 12C nuclei. For at least 

three energies, Ec.m. = 5.68, 6.00 and 6.32 MeV, they observed increased yields for the reaction products: p, α, n and γ. 
These resonances have characteristic widths of about 100 keV and were interpreted as signatures for the formation of 
nuclear molecules [1, 2, 3]. In the following years, the discoveries of such resonances continued down to the lowest 
energies. For instance, the most recent published measurement of the 12C+12C fusion reported a strong resonance at 
Ec.m. = 2.14 MeV [4]. 

Apart from its interest to nuclear reaction studies, the 12C + 12C fusion reaction also plays a crucial role in a number 
of important astrophysical scenarios, such as explosions on the surface of neutron stars, white dwarf (type Ia) 
supernovae, and massive stellar evolution [5]. For astrophysics, the important energy range extends from 1 MeV to 
3 MeV in the center of mass frame, which is only partially covered by experiments. Therefore, an extrapolation is the 
only resource available to obtain the reaction rate for astrophysical applications. The currently adopted reaction rate is 
established based on the modified S factor 
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An S* factor of 3 · 1016 MeV*b was obtained by fitting the data measured by Patterson [6], Spinka [7] and Becker 

[8]. This averaged value was extrapolated towards lower energies by assuming that the averaged S* factor remains 
constant at sub-barrier energies [6, 9]. At present, there is nothing known about the energies and strengths of resonances 
in the energy region below Ec.m. = 2 MeV. Besides this uncertainty, the recent study of fusion hindrance has suggested a 
new extrapolation which is smaller than the adopted one [5, 10]. Therefore, our understanding of the 12C + 12C fusion 
rate is highly uncertain.  

 
2. The experimental efforts at Notre Dame 

 
To aid in the understanding of this reaction, the carbon fusion project at Notre Dame was established in 2007 with 

the aim of measuring the reaction cross section and decay branches at low energies as well as providing a reliable 
extrapolation into the energies that cannot be reached by experiment.  In this paper, we report on three studies: 1) an 
upper limit for the 12C + 12C total fusion cross section at astrophysical energies, 2) the measurement of the 12C + 12C 
fusion cross sections at deep sub-barrier energies, and 3) a measurement of the neutron branching at low-energy with an 
improved extrapolation based on the mirror reaction channel, 12C(12C, p).  

 
2.1. An upper limit for the 12C+12C fusion cross sections 

 
The primary goal of this work was to study the carbon isotope fusion reactions, which display a much smoother 

excitation function than 12C + 12C, at sub-barrier energies in hope to find a better model for the general behavior of 
12C + 12C at these energies. The modeling of 12C + 12C itself is complicated by the potential existence of large 
resonances, whereas this complication appears to be absent from the isotope reactions.  For example, the most recently 
published measurement at energies below 3 MeV center-of-mass (the energy range of astrophysical interest is  
1 - 3 MeV) by Spillane et al. shows a large, narrow resonance at 2.14 MeV [4]. An even stronger resonance at 1.5 MeV 
is predicted by Cooper et al. based on comparisons between superburst models and observations [10]. By looking at the 
isotope systems, one can effectively remove the added complication from the resonant structure and more easily study 
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the general behavior of the 12C+12C fusion reaction. 
The 12C + 13C fusion reaction was measured at Notre Dame with the goal of extending the already existing data from 

[12] to lower energies.  The 11 MV FN tandem accelerator at Notre Dame was used to provide beams of 13C ions with 
intensities up to 1 pμA for bombardment on a thick graphite target.  The details of the measurement are given in [13], 
but the main idea was to measure 13C(12C, p)24Na by counting the beta decays from the residual 24Na (t1/2 = 15 h) using 
the beta-gamma coincidence technique. After correcting for the contributions from the other decay branches, the total 
fusion cross section measurements were extended down below 2.7 MeV c.m. where the cross section value drops to 
20 nb (a factor of 50 less than the previous lowest measurement). The new data shows good agreement with the data 
from [12] in the overlapping energies (Fig. 1). 

 

Fig. 1. Left - The experimental S* factors of three carbon-isotope fusion reactions around or below the Coulomb 
barrier: 12C + 12C (red stars) [8], 12C + 13C from Ref. [13] (black points) and Ref. [12] (green squares), and 13C + 13C 
[14] (magenta triangles). The systematic uncertainties, 30 % for the 12C+12C data, 15 % for the 13C+13Cdata, and 30 % 
for the 12C + 13Cdata from Ref. [12] [12C + 13C (Dayras)], are not shown in the graph. The 12C + 13C data reported in 
Ref. [13] [12C + 13C(ND)] are dominated by a 20 % systematic uncertainty, which is included in this graph. Right - The 
experimental cross sections of three carbon-isotope fusion reactions above the Coulomb barrier: 12C + 12C (red points) 
[15], 12C + 13C (green squares) [15] and 13C + 13C [14] (magenta triangles). 

 
When the 13C + 13C and 12C + 12C excitation functions from [14] and [8], respectively, are plotted together with the 

12C + 13C using the cross section factor defined by equation (1), which is traditionally used to study the 12C + 12C fusion 
reaction [6], a striking correlation is realized. The 12C + 12C cross section is suppressed relative to the isotope fusion 
reactions except at the resonant energies where the cross sections are in an excellent agreement! The two isotope 
systems agree with each other within the systematic uncertainties of the measurements. Considering a systematic 
uncertainty of 15 - 30 % for the data from Refs. [8, 12, 14] (not shown in Fig. 1), the major resonant cross sections of 
12C + 12C (Er = 3.1, 4.3, 4.9, 5.7, 6.0, and 6.3 MeV) match remarkably well with the fusion cross sections of the other 
two carbon isotope combinations within their quoted uncertainties. This correlation between 12C + 12C and the isotope 
reactions holds from the highest measured energy, ~40 MeV, down to the lowest measured energies, 2.7 MeV, in 
Ref. [8]. In other words, the isotope fusion reactions provide an upper bound on the 12C+12C fusion within the measured 
energy ranges [13].  

Since the isotope excitation functions behave relatively smoothly with energy, they are much more easily modeled. 
In order to extrapolate the isotope reactions down to the lower, unmeasured energies, a coupled-channels calculation 
was performed based on the M3Y+repulsion double-folding potential with ingoing-wave-boundary-conditions (IWBC), 
where the details of the calculation are given in [16]. The results of the calculation agree with the experimental data 
within the systematic uncertainty over the measured energy range (Fig. 2).  The parameters for the nuclear potentials 
used in the isotope fusion calculations were then used to constrain the potential for 12C + 12C. The result of this 
calculation is in very good agreement with the experimental resonant cross section values except for the lowest few data 
points defining the large 2.14 MeV resonance measured in [4]. Considering the difficulty of this measurement, 
peculiarities raised in [13], and the fact that a subsequent measurement by the same group observed a much weaker 
resonance [17] (within the upper limit established here), these last few data points are questionable and in need of 
further experimental confirmation. The hypothetical resonance predicted in [11] deviates to even larger values above 
our upper limit leaving its existence in doubt at this moment. 

It is interesting to note that the coupled channel prediction based on IWBC does not describe the average trend of 
the cross sections, but rather matches the observed 12C + 12C peak cross sections. Here we provide a qualitative 
explanation for our results, which is based on the intrinsic excited nuclear molecule model (Nogami - Imanishi model) 
[18]. In this model, the resonances of 12C + 12C are explained as the result of a coupling effect between the elastic 
channel and the inelastic channels, such as 12C(0+, g.s.) + 12C(2+,4.44 MeV) and 12C(2+, 4.44 MeV) + 12C(2+,4.44 MeV). 
The resonances only happen at certain energies when the ingoing wave matches the inner boundaries for the formation 
of molecular states. For 12C + 12C, the resonances are isolated because of the low level density for the molecular states. 
For the isotope systems (12C + 13C and 13C + 13C), the 12C + 12C core or 12C core + 12C core may still behave in a way 
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similar to the 12C + 12C system. The addition of one or two valence neutrons significantly increases the level density of 
the molecular states and leads to much more relaxed boundary condition to be matched with the ingoing wave. 
Therefore, the coupled-channels calculation with IWBC becomes a reasonable approximation for the isotope systems 
because of their higher level densities than the 12C + 12C system. However, the 12C + 12C fusion cross sections could 
only match with the isotope systems at several resonant energies because the level density of the molecular states is 
low. To verify this qualitative explanation, detailed coupled channel calculations are urgently needed to investigate the 
role of the valence neutron in the carbon isotope fusion process.  

 

 
 

Fig. 2. The coupled channels calculations for: a – 13C + 13C with data from [14]; b – 12C + 13C with data from [12] 
(squares) and new ND data (circles) [13]; c – 12C + 12C with data from [8] (stars) and [4] (circles). The calculations 
show good agreement with the experimental data of the isotope systems down to the lowest measured energies. For 
the 12C + 12C system, the calculation matches very well at the resonance energies excepting the last two points of the 
Spillane et al. data set [4] and the hypothetical Cooper resonance [11].  

 
2.2. Measurements at deep sub-barrier energies 

 
The measurements at deep sub-barrier energies are important for us to understand the reaction mechanism and 

provide a more reliable extrapolation towards the region which cannot be covered by current experiments. It is also 
interesting to test the upper limit we have proposed based on our study on carbon isotope fusions. There are two 
difficulties in measurements. 1) How to identify the few fusion events from the intense background? 2) How to connect 
the observable reaction channels with the total fusion cross section? 

At Notre Dame, we are preparing two experiments:  
1) particle-gamma coincidence with GEORGINA          
(a compact Ge detector array) and SAND (a silicon array 
covering 2π solid angle) and 2) charged particle detection 
with a HELIOS-type solenoid spectrometer [19]. In the 
first approach, the SAND array provides the energy and 
angle of the light charged particles with which a unique 
reaction Q-value can be constructed for each decay 
channel while the GEORGINA array records the energies 
of emitted gamma-rays. With the coincidence between 
the two detector arrays, we can greatly suppress 
contributions from cosmic and room background. To 
avoid the target thickness variation during the 
experiment, a 1-mm thick HOPG (Highly Ordered 
Pyrolytic Graphite) target will be used in the experiment. 
A test experiment has been done at Ec.m. = 4, 4.5 and 
5 MeV using the ATLAS facility at ANL [20]. In this 
test, a 20 μg/cm2 thin 12C target was used. The light 
charged particles and the emitted gamma rays were 
detected by a large area strip detector and Gammasphere, 
respectively. The particle-gamma coincidence expe-

Fig. 3. Setup for SAND silicon detector array (green) in 
coincidence with GEORGINA gamma array (magenta). 
The direction of 12C beam is indicated by the red arrow. 
The thick target on the surface of gamma detectors is 
blocked by the silicon detectors. 
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riment with GEORGINA and SAND will take place later this year at Notre Dame when the new 5 MV single end 
accelerator delivers high intensity 12C beam. 

Even though the particle-gamma conincidence provides a much cleaner background than any past experiments using 
either particle detectors or Ge detectors, there are transitions that only emit particles without gamma-rays (e.g. 
Transition to ground states of fusion residues) for which the solenoid spectrometer seems to be a better approach. In this 
approach, both the target and detector are placed on the axis of a uniform magnetic field while the light charged 
particles generated at the target move on helical orbits and are bent back to the axis after one cyclotron period. The 
position-sensitive silicon detector array, located on the axis, records energy, target-to-detector position and TOF with 
respect to beam pulses. The position and the energy of the particles translate into the desired information of excitation 
energy and center-of-mass angle. A study of the 12C + 12C fusion reaction has been done at Ec.m. = 4, 5 and 6 MeV using 
one of the existing solenoids of the TWINSOL facility at Notre Dame. Two 1 × 5 cm2 1-D position sensitive detectors 
were placed around the axis at the upstream direction with respect to the 20 μg/cm2 thick carbon foil. The closest 
distance between the detectors and target were set as 8 cm initially and latter increased to 23 cm to cover longer 
distance. To stop the scattered 12C particles from reaching the detectors, a 5.7 μm Aluminum degrader was placed on 
the surface of detectors. The spectrum of the detected energy vs. position plot shown in Fig. 4 indicates that a clean 
observation of the transitions to the ground state of 23Na has been achieved. We are working on the beam collimation 
system with a hope to get clean observation of the α0 channel in the near future. Meanwhile, it is necessary to look for 
funding to build a complete silicon array so that the measurement can be efficiently carried out at lower energies. 

 

Fig. 4. Left - The SSNAP solenoid spectrometer at Notre Dame. The beam goes from left to right through the hollow 
tube and hits the target. A reaction product is emitted at a backward angle and bent back to the axis after one 
cyclotron period. The 31-cm long position-sensitive Silicon detector located on the axis, records energy, target-to-
detector position and TOF with respect to beam pulses. There was only two silicon detectors used in our test. The 
target distance from the beginning of detector array was set as 8 cm and 23 cm, respectively, to cover a longer 
distance. The diameter of the vacuum chamber is 28 cm. Right - The energy vs. position spectrum measured for 
12C + 12C fusion reaction at Ec.m. = 4 MeV. A 5.7 mm thick aluminum foil was placed before the detectors to stop 
scattered 12C particles. The blue points are the experimental result while the red points are produced by a GEANT4 
simulation. The p0 and p1 channels are clearly separated from the background which dominates the region below 
2 MeV. The scattered points between the p1 and p2 groups may come from the 12C + 13C reaction. The two red lines 
show the acceptance of the spectrometer.  
 

Because of the complication of the decay schemes of the fusion residues, it is a great challenge to get the total fusion 
cross section from the observable decay channels. For example, in the past, gamma ray measurements were only 
focused on the cross sections to two characteristic lines, 440 keV for 23Na and 1634 keV for 20Ne. The charged particle 
measurements were limited to the channels above the huge background incurred by the H/D contaminants in target. In 
most analyses in the past, the total 12C + 12C fusion cross sections were obtained by a simple summation of the observed 
decay channels. Using a statistical model, we have estimated the contribution from those unobserved channels. The 
theoretical result was compared with the predicted cross section based on the partial cross sections measured by Becker 
et al. [8]. The results shown in Figs. 5 and 6 suggest that the total fusion cross section between the range of 1 to 3 MeV 
can be determined by combining the information from both particle detection and gamma-ray detections.  The fraction 
for the missing decay channels is well controlled below 4 % at astrophysical relevant energies.  
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Fig. 5. The ratio of the sum of several observable proton 
channels to the total cross section of the proton channel 
(σptot). In the graph, σp0 is the cross section for the proton 
channel to the ground state of 23Na. σp(440), σp(2391), σp(2640) 
and σp(2982) are corresponding to the cross sections of the 
gamma transitions of 23Na, (440 keV 0), (2390 keV 0), 
(2639 keV 0) and (2982 keV 0), respectively. The black 
points are the predicted ratio based on the observed proton 
cross sections by Becker et al. [8] and the known level 
scheme. The red line (Theory 1) is a prediction by TALYS 
[21]. In the experimental data, there are various energy 
limits for different channels because of the complicated 
background. To simulate the effect, the experimental energy 
limits are included in the TALYS calculation and the result 
is shown as the blue line (Theory 2). 

Fig. 6. The ratio of the sum of two observable alpha 
channels to the total cross section of the alpha channel. In 
the graph, σα0 is the cross section for the alpha channel to 
the ground state of 20Ne. σα(1634) is the cross sections for 
the gamma transition of 20Ne, (1634 keV 0). The blue 
and red lines are the predications with TALYS [21]. See 
the caption of Fig. 5 for more details.  

 
With the combinations of the new high current 5 MV accelerator at Notre Dame and the two new highly efficient 

detection techniques, a great improvement in the detection yield will be achieved. By comparing our approaches with 
the Naples experiment [17], we expect the detection yield will be improved by one or two orders of magnitudes, 
depending on the details of the detector configuration. The lowest event rate measured by the Naples experiment is 
0.5 evt/day when Ec.m. = 2.1 MeV. If we were lucky and achieved an improvement on the detection yield by two orders 
of magnitude, this would bring the lowest measured energy down to 1.7 MeV. To map the 12C + 12C resonance below 
1.7 MeV, we are collaborating with collaborators at the Research Center for Nuclear Physics (RCNP) at Osaka 
University on a complimentary approach of using the 24Mg(α, α’) reaction to search the resonances in 24Mg which may 
contribute to the 12C fusion cross section at astrophysical energies. 
 

2.3. The low-energy resonances in the 12C(12C,n)23Mg reaction cross section  
 

Carbon burning in the various astrophysical environments proceeds through 3 main reaction channels: 
12C(12C, α)20Ne (Q = 4.6 MeV), 12C(12C, p)23Na (Q = 2.2 MeV), and 12C(12C, n)23Mg (Q = -2.6 MeV). At typical 
astrophysical energies, the contribution from the neutron branch is estimated to be less than 1 % of the total fusion 
yield. However, this still may be a significant amount to aid in the nucleosynthesis of heavy elements during the weak 
s-process occurring in massive stars. 1-D massive star models indicate a sensitivity of the abundances produced during 
shell-carbon burning to this reaction [22]. Isotopes between 60 < A < 110 are most affected with a typical production 
increase of ~30 % for a factor of 5 enhancement over the standard Dayras et al. branching ratio [23], depending on the 
specifics of the model. A typical temperature in the shell-carbon burning environment is 1.1 GK which means the 
relevant astrophysical energies are from ~3.2 MeV down to threshold at 2.6 MeV. The currently existing experimental 
data stops above 3.5 MeV [6, 21], so stellar models must rely on an extrapolation of the data to the relevant energies.  
The standard extrapolation is based on a statistical model calculation which is unable to account for the resonant 
contribution to the rate that is likely important (Fig. 7). 

The reaction cross section was measured from 6.5 MeV down to 3.1 MeV using 12C beams produced with the FN 
tandem accelerator at Notre Dame. Two different approaches have been used to study the neutron channel. The first 
approach is to detect the 23Mg (t1/2 = 11.317 s) β+ decay using a plastic scintillator. In the experiment, a thin carbon 
target (thickness 20 μg/cm2) was used, and the 23Mg reaction product was collected using an aluminum catcher placed 
behind the target. After 20 s of target irradiation, the 23Mg β+ decays were counted for 40 s after which the process was 
repeated until sufficient statistics were achieved. The combination of high background yield arising from the hydrogen  
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Fig. 7. The existing 12C(12C,p) data from Ref. [6] (Patterson) and [23] (Dayras). The statistical model prediction by 
Dayras et al. is shown as the green line. The important energy range for shell carbon burning extends from 2.8 MeV 
to 3.2 MeV. Our new prediction based on the measured proton channel data is shown in the blue line. For Ec.m.>3 
MeV, the proton data used in the prediction were measured at Notre Dame. The two resonances at the energies 
below 3 MeV is predicted with resonance information obtained from the observation of the p0 and p1 channels 
reported in Ref.[17]. The new measurements from Notre Dame are labeled as purple crosses and orange circles. 

 
contaminant in targets and low fusion yield prevented useful measurements below 3.5 MeV. The second method is to 
detect the neutron directly with a highly efficient 3He detector array. To minimize the hydrogen contaminant, a 1-mm 
thick HOPG target was used. A LN2 cooled cooper tube was placed just before the target to prevent hydrogen 
contamination from the vacuum. With these measurements, the measurement was pushed down to 3.1 MeV.  

We also developed a new extrapolation method to accommodate the complicated resonant feature in the 12C + 12C 
fusion reaction and provide a more reliable prediction for the cross sections at the energies below the experimental 
limit. In this new method, we take the advantage that any neutron branch ni (i is corresponding to the ith excited state in 
23Mg) is exactly the mirror reaction channel for the proton branch pi (i is corresponding to the ith excited state in 23Na). 
Any resonance existing in the 12C + 12C channel would imprint itself in both proton and the corresponding neutron 
channels. The code EMPIRE [24] was used to calculate the corresponding ratios between the mirror branches, pi and ni. 
Then considering all the open ni’s for a given energy (below 4.6 MeV, only n0 and n1 are open), a total neutron 
production cross section is generated based on the corresponding pi production cross sections. The predicted cross 
sections based on the proton channels are shown in Fig. 7. The results show remarkable accuracy with the measured 
neutron data and extend into the experimentally inaccessible energy range (Fig. 2). For most data points, the deviations 
between the prediction and the measurement are less than 40 %. This discrepancy is not surprising because the optical 
models used in EMPIRE only describe the average penetrabilties for the pi + 23Na and ni + 23Mg. The predicted 
resonance at 3.4 MeV has been confirmed by our recent measurement using neutron detection. Two more sharp 
resonances are predicted at energies below 3 MeV based on the experimental data from Ref. [17]. The corresponding 
new reaction rate is about a factor of 2 of what Dayras has recommended. This leads to the conclusion that the 
12C(12C, n) role in the weak s-process of Population I massive stars is quite limited compared with the major neutron 
source, 22Ne(α, n). The impact to other relevant astrophysical scenarios, such as the nucleosynthesis in metal poor 
massive stars and explosive carbon burning, is being studied. 
 

3. Summary and outlook 
 

The study of the 12C+12C fusion process at deep sub-barrier energies represents a main challenge in nuclear 
astrophysics. At Notre Dame, we have established an upper limit for the 12C + 12C fusion cross sections within the 
astrophysical energy range. We are developing two different approaches which will enable us to precisely study this 
important fusion process at lowest energies than have ever been reached in any past experiments. We also collaborate 
with collaborators at the Research Center for Nuclear Physics (RCNP) at Osaka University on a complimentary 
approach of using the 24Mg(α, α’) reaction to search the resonances in 24Mg which may contribute to the 12C fusion 
cross section at astrophysical energies. The new measurement of the 12C(12C, n) channel and the new extrapolation 
technique reduced the existing ambiguities in the weak s-process for Population I massive stars. 

Besides 12C + 12C, the 12C + 16O and 16O + 16O fusion reactions are also important for nuclear astrophysics. At sub-
barrier energies, there are still many mysteries, such as the molecular resonance, hindrance effect and correlation within the 
isotope systems, which can only be addressed with better experimental data. The new 5 MV single end accelerator with an 
Electron Cyclotron Resonance source will soon provide high-current heavy ion beams at Notre Dame. With improvements 
of the detection techniques discussed in this paper, better experimental data can be expected in the near future. 



84 

ACKNOWLEDGEMENT  
 
This work was supported by the NSF under Grants No. PHY-0758100 and No. PHY-0822648, the DOE office of 

Science through Grant No. DE-AC02-06CH11357, the National Natural Science Foundation of China under Grant 
No. 11021504, and the University of Notre Dame. 

 
REFERENCES 

 
1. Almqvist E., Kuehner J.A., Bromley D.A. Resonances in 12C on Carbon Reactions // Phys. Rev. Lett. - 1960. - Vol. 4. 

- P. 515 - 517. 
2. Bromley D.A. Nuclear Molecules // Sci. Am. - 1978. - Vol. 239. - P. 58 - 68.  
3. Erb K.A., Bromley D.A. Heavy Ion Resonances // Treatise on Heavy-Ion Science / Ed. by D.A. Bromley - New 

York: Plenum Press, 1985. - Vol. 3. - P. 201 - 310.  
4. Spillane T. et al. 12C + 12C Fusion Reactions near the Gamow Energy // Phys. Rev. Lett. - 2007. - Vol. 98. - 

P. 122501. 
5. Gasques L.R. et al. Implications of low-energy fusion hindrance on stellar burning and nucleosynthesis // Phys. Rev. 

- 2007. - Vol. C76. - P. 035802.  
6. Patterson J.R., Winkler H., Zaidins C.S. Experimental Investigation of the Stellar Nuclear Reaction 12C + 12C at Low 

Energies // Astrophys. J. - 1969. - Vol. 157. - P. 367. 
7. Spinka H., Winkler H. Experimental determination of the total reaction cross section of the stellar nuclear reaction 

16O + 16O // Nucl. Phys. - 1974. - Vol. A233. - P. 456. 
8. Becker H.W., Kettner K.U., Rolfs C., Trautvetter H.P. The 12C + 12C reaction at subcoulomb energies (II) // Z. Phys. 

- 1981. - Vol. A 303. - P. 305.  
9. Caughlan G.R., Fowler W.A. Thermonuclear reaction rates V // At. Data Nucl. Data Tables - 1988. - Vol. 40. - 

P. 283.  
10. Jiang C.L., Rehm K.E., Back B.B., Janssens R.V.F. Expectations for 12C and 16O induced fusion cross sections at 

energies of astrophysical interest // Phys. Rev. - 2007. - Vol. C75. - P. 015803. 
11. Cooper R.L., Steiner A.W., Brown E.F. Possible Resonances in the 12C + 12C Fusion Rate and Superburst Ignition // 

Astrophys. J. - 2009. - Vol. 702. - P. 660.  
12. Dayras R.A., Stokstad R.G., Switkowski Z.E., Wieland R.M. Gamma-ray yields from 12C + 13C reactions near and 

below the coulomb barrier // Nucl. Phys. - 1976. - Vol. A 265. - P. 153. 
13. Notani M., Esbensen H., Fang X. et al. Correlation between the 12C + 12C, 12C + 13C, and 13C + 13C fusion cross 

sections // Phys. Rev. - 1976. - Vol. C 85. - P. 014607. 
14. Trentalange S., Wu S.C., Osborne J.L., Barnes C.A. Elastic scattering and fusion cross sections of 13C + 13C // Nucl. 

Phys. - 1988. - Vol. C 483. - P. 406. 
15. Kovar D.G. et al. Systematics of carbon- and oxygen-induced fusion on nuclei with 12 ≤ A ≤ 19 // Phys. Rev. - 

1979. - Vol. C 20. - P. 1305. 
16. Esbensen H., Tang X., Jiang C.L. Effects of mutual excitations in the fusion of carbon isotopes // Phys. Rev. - 2011. 

- Vol. C 84. - P. 064613. 
17. Zickefoose J. 12C + 12C Fusion: Measurement and Advances Toward the Gamow Energy - Ph.D. thesis - University 

of Connecticut, 2010. 
18. Imanishi B. Resonance energies and partial widths of quasimolecular states formed by the two carbon nuclei // Phys. 

Lett. - 1968. - Vol. B 27. - P. 267.  
19. Lighthall J.C. et al. Commissioning of the HELIOS Spectrometer // Nucl. Instr. and Meth. in Phys. Res. - 2010. - 

Vol. A622. - P. 97. 
20. Jiang C.L., Rehm K.E., Fang X. et al. Measurements of fusion cross-sections in 12C+12C at low beam energies using 

a particle-γ coincidence technique // Nucl. Instr. Meth. - 2012. - Vol. A682. - P. 12.  
21. Koning A.J., Hilaire S., Duijvestijn M.C. TALYS-1.0 // Proc. of the Int. Conf. on Nuclear Data for Science and 

Technology / Ed. by O. Bersillon, F. Gunsing, E. Bauge, R. Jacqmin, S. Leray - Nice, France, 2007. - P. 211 - 214. 
22. Pignatari M., Gallino R., Heil M. et al. The Weak s-process in Massive Stars and Its Dependence on the Neutron 

Capture Cross Sections // Astrophys. J. - 2010. - Vol. 710. - P. 1557.  
23. Dayras R., Switkowski Z.E., Woosley S.E. Neutron branching in the reaction 12C + 12C // Nucl. Phys. - 1977. - 

Vol. A279. - P. 70. 
24. Herman M., Capote R., Carlson B.V. et al. EMPIRE: Nuclear Reaction Model Code System for Data Evaluation // 

Nucl. Data Sheets. - 2007. - Vol. 108. - P. 2655. 



 

85 

SURFACE  BOILING – AN  OBVIOUS  BUT  LIKE  NO  OTHER  DECAY  MODE 
OF  HIGHLY  EXCITED  ATOMIC  NUCLEI 

 
J. Tõke 

 
Department of Chemistry, University of Rochester, Rochester, NY, USA  

 
Essentials of a generalized compound nucleus model are introduced based on a concept of an open microcanonical 

ensemble which considers explicitly the role of the diffuse surface domain and of the thermal expansion of nuclear 
systems in the quest for maximum entropy. This obvious generalization offers a unique and universal thermodynamic 
framework for understanding the changes in the gross behavior of excited nuclear systems with increasing excitation 
energy and, specifically, the competition between different statistical decay modes, including classical evaporation and 
binary fission, but also the Coulomb fragmentation of excited systems into multiple fragments – the famed 
multifragmentation. Importantly, the formalism offers a natural explanation, in terms of boiling or spinodal 
vaporization, for the experimentally observed appearance of limiting excitation energy that can be thermalized by an 
exited nuclear system and the associated limiting temperature. It is shown that it is the thermal expansion that leads to 
volume boiling in an infinite matter and surface boiling in finite nuclei. The latter constitutes an important and 
universal, but hitherto unappreciated decay mode of highly excited nuclei, a mode here named surface spinodal 
vaporization. It is also shown that in iso-asymmetric systems, thermal expansion leads to what constitutes distillation – 
a decay mode here named distillative spinodal vaporization. 
 

1. Introduction 
 

The concept of a compound nucleus [1, 2] is one of the most fundamental concepts in nuclear theory, which has not 
faced serious challenges in its over 70 years of existence. Implemented in numerous computer codes, such as e.g., 
PACE[3] and GEMINI [4, 5] this concept has consistently provided a sound framework for interpreting a whole host of 
experimental observations, but has also provided a sound basis for nuclear microcanonical thermodynamics.[1] The 
concept of a compound nucleus rests on the assumption that an excited nucleus is a metastable object that is able to 
reach approximate microcanonical equilibrium, before finite fluctuations in particle energies and in the global shape 
bring it to one of the possible transition states for particle emission or binary Coulomb fragmentation, i.e., fission. One 
may view the collection of all possible transition states as a hypersurface in the whole 6N-dimensional phase space of 
particle coordinates and particle momenta, and the microcanonical equilibrium refers then to a part of the total phase 
space confined by the said hypersurface [6]. Obviously, no true microcanonical equilibrium is possible for nuclei 
excited in excess of particle separation energies, while such is possible for confined systems. We call here the system 
confined only by the hypersurface of transition states an “open microcanonical” system, acknowledging the fact that 
such a system is allowed to decay into the continuum whenever it reaches any (microscopic) state on this hypersurface. 
While not spelled out explicitly in the theory of compound nucleus, the existence of such a hypersurface is implied by 
the very use of Boltzmann’s entropy in the quantification of decay rates. The reason it is spelled out here is to contrast 
this kind of “liberal” self-confinement with the purely hypothetical “rigid” confinement in the global 3-dimensional 
coordinate space at the crux of most mainstream models and, more importantly, to stress the fact that the said 
“liberalism” of such a (thought) confinement has consequences far beyond those contemplated by standard 
implementations of the concept of a compound nucleus. 

In its classical form, the theory of compound-nucleus recognizes two fundamental modes of statistical decay – 
particle evaporation and fission. In terms of the hypersurface of transition states, the former happens whenever 
statistical fluctuations bring the system to a point on the hypersurface which is associated with any particular particle 
continuum state. The latter happens when the point in question is a fragmentation saddle-point configuration. In its 
classical form, the model predicts Boltzmann-like scaling for the yields of decay products both, evaporative and 
fragmentation-like, with quantitative trends depending on transition-state energy for any particular decay channel. 

While it is generally understood that the metastability at the crux of this model becomes not quite so well justifiable at 
elevated excitations, there has been no concerted theoretical effort undertaken to actually study quantitative criteria for the 
absolute loss of validity of this concept, should such criteria exist. Rather, to account for some important and intriguing 
experimental observations, vague and relative narratives have been proposed [7 - 9] for why the classical compound 
nucleus picture should be replaced with one that would apparently explain not only the appearance of certain modes of 
decay (such as , e.g., nuclear multifragmentation) but also their non-Boltzmannian, phase-transition-like scaling. These 
narratives fail to identify any particular “cross-over” point on the excitation energy or temperature scale, even as some 
experimental observations appear to be identifying such candidate points as, e.g., the point of the (rapid on the energy 
scale) onset of multifragmentation and the point where the  limiting temperature would be reached.[7, 10, 11].  

As revealed in a series of studies [6, 12 - 17], thermal expansion has profound qualitative effects on the behavior of 
excited nuclei some of which are only indirectly reflected in experimental observations but some other are directly 
observable in  the decay modes and their interplay. At low excitations, the effects of thermal expansion appear 
insignificant, and it appears well justified to neglect them. However, as the excitation energy is raised, the compound 
system expands more and more and, as a result, lowers somewhat its temperature with respect to the non-expanded 
configuration. As shown in Ref. [15], this reduction in temperature leads to a reduction in Weisskopf’s [1] (evaporative) 
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decay rates and helps the system to maintain metastability. Additionally, thermal expansion allows for stronger local 
matter density fluctuations and global shape fluctuations which tend to further lower the system temperature. This kind 
of action by thermal expansion is consistent with Le Chatelier’s principle requiring the system to respond to a stimulus 
(here, excitation energy) in a way that minimizes the effects of this stimulus (here, the increase in temperature). Further, 
the fact that the surface domain also expands thermally helps in reducing the surface tension beyond what results from a 
simple increase in surface entropy.[13] The latter then results in an increase in the magnitude of the global shape 
fluctuations and the relative enhancement of Coulomb fragmentation, [12, 13] as compared with particle evaporation. 
Such global shape fluctuations further contribute to the reduction of temperature and the retardation of statistical 
evaporation. In the light of the Le Chatelier’s principle, one may then view at moderate excitation energies thermal 
expansion and fluctuations as a blessing for the concept of compound nucleus in that they appear to extend the time 
scales of statistical decay and, thus, allow for a more profound thermalization of the excitation energy. 

Interestingly, thermal expansion of the surface domain and the resulting reduction in surface tension and, thus in 
fragmentation saddle energies, affect the fragmentation decay rates in a way that makes these rates to deviate 
substantially from the Boltzmann scaling and to resemble more phase-transition like scaling.[6] The latter scaling is 
characterized by a rapid onset on the energy scale, as it has been observed with respect to the onset of Coulomb 
fragmentation, usually called multifragmentation. One may posit that it is this action of thermal expansion on the 
Coulomb fragmentation rates that has given rise to numerous speculations linking nuclear multifragmentation to phase 
transitions.  

The present study concentrates on the boiling phenomenon which appears tightly associated with thermal and not 
purely mechanical expansion.[16, 17] Boiling reflects the system becoming spinodally unstable with respect to local 
thermal fluctuation as the heat capacity of the system turns formally negative (because of expansion cooling). By 
boiling here is meant a phenomenon similar to that known from everyday life to occur to water heated in an open kettle. 
In a “run-up” to boiling, water is seen first to evaporate while remaining metastable, with the evaporation rate 
increasing with increasing temperature. What is less conspicuous but equally well known is that in the course of heating 
water expands. And then, upon reaching the boiling point specific energy, bubbles are seen to form chaotically 
throughout the volume, expand, and separate from water and finally, are seen to disappear into the surrounding open 
space. Also, temperature is seen to stay constant until the last drop has vaporized.  

The present paper is constructed as follows: in Section 2, the employed theoretical formalism is discussed in terms 
of Fermi gas model in Thomas Fermi approximation followed by a revisiting of the essentials of spinodal instabilities in 
uniform matter. Then, results of calculations are presented as pertaining to boiling instabilities in infinite (Section 3, 
Subsection 1) and finite (Section 3, Subsection 2) iso-neutral matter, and in iso-asymmetric infinite matter (Section 3, 
Subsection 3). Then, Section 4 presents a discussion and summary. 

 
2. Theoretical Formalism 

 
The formalism employed in this study is described in detail in series of papers, [12 - 17, 6] all based on an 

expression for the level density parameter of little a as proposed in Ref. [18]. It aims at identifying the configuration of 
maximum entropy for any given excitation energy and then inspecting characteristics of interest for such configuration. 
By a configuration here is understood a particular macroscopic distribution of nuclear matter that is parameterized in 
terms of one or more parameters. The configuration entropy is written as: 
 

2 ( )config config configS a E E= − ,                                                                    (1) 
 
where E is the system energy, Econfig is the zero-temperature configuration energy and aconfig is the level density 
parameter for the configuration of interest. Equation 1 is the base equation of the formalism, allowing one to evaluate 
entropy for any spatial matter density distribution ρconfig(r). For aconfig one writes: [18] 
 

2/3 1/3( ) ( )config o oa R I r d r= α ρ ρ∫∫∫ ,                                                                  (2) 
 
where αo expresses the value of the level density parameter per nucleon at normal matter density ρo, I is the iso-
asymmetry factor I = (N - Z)/(N + Z), and R(I) is the asymmetry-dependent factor[18] equal to (1 - 1/9I2). 

The zero-temperature energy of a given configuration Econfig was calculated by folding a Skyrme-type interaction 
energy density with a Gaussian folding function emulating the finite range of nuclear interaction [16]. Note that the 
folding is essential only in the case of finite nuclei and is not consequential for the bulk infinite matter. 

The characteristic property of central interest in the present study is the curvature of the entropy function with 
respect to its arguments E and I. It is this curvature that decides whether the system can persist as metastable or will be 
forced to promptly decay via spinodal vaporization of a part of itself into the surrounding open space. Mathematically, 
this curvature is determined by the eigenvalues of the Hessian (a symmetric non-diagonal matrix built of second 
derivatives) of the entropy function, which is here defined as: 
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For the uniform configuration of interest to be stable, the entropy function must be a concave function of its 

arguments and this means that both eigenvalues of Hessian must be negative and, thus, Hessian must be a negative 
definite matrix. Note that for symmetric or one-component matter, Hessian degenerates into a trivial 1x1 matrix with 
the second derivative of entropy with respect to energy as the only element and also the sole eigenvalue. Here, a 
practical condition for the entropy being a concave function of energy is the heat capacity to be positive and this 
condition is usually visualized in the form of a caloric curve of the temperature T plotted as a function of the excitation 
energy E.  

Note that were the entropy a convex function of its arguments, the (uniform) configuration would be thermally 
unstable such that local fluctuations in the excitation energy would fail to generate restoring forces returning the system 
to the uniformity presumed for the configuration of maximum entropy. Rather, a driving force would be generated that 
would drive the system even further away from uniformity. Note also that the kind of instability associated with the 
“wrong” curvature of the characteristic thermodynamic function for a given type of ensemble is termed “spinodal 
instability” [19 - 21] and that its character depends on the type of (idealized) thermodynamic ensemble considered. For 
example, the most commonly discussed spinodal instability in a canonical ensemble is of mechanical type, associated in 
a synchronous manner with both, the negative compressibility and the negative chemical susceptibility (first derivative 
of the chemical potential with respect to concentration).  The boiling phenomenon appears only in open microcanonical 
systems, is of thermal type and associated with negative heat capacity. It shows also negative chemical susceptibility as 
the entropy function depends in a nontrivial linear manner only on the energy per nucleon and not on the energy and the 
number of nucleons taken separately. 

 
3. Results of calculations 

 
3.1. Thermal instabilities in infinite systems 

 
Fig. 1 illustrates isotherms obtained by evaluating the 

temperature T and pressure p by taking proper partial 
derivatives of the (uniform) configuration entropy given by 
Eq. 1, i.e., 

 

,
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∂⎛ ⎞= ⎜ ⎟∂⎝ ⎠
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V
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.          (4) 

 
The calculations were done assuming a Skyrme-type 

equation of state with the incompressibility modulus of 
K = 220 MeV. As seen in Fig. 1, as the system expands 
with increasing excitation energy per nucleon starting from 
point A, its temperature first rises, what is evidenced by 
crossing of isotherms with progressively higher 
temperature labels. Then, beginning at point B, the 
temperature is seen to drop with a further increase of 
excitation energy and the induced expansion, an indication 
of spinodal instability of thermal type. The purpose of Fig. 
1 is to demonstrate that the appearance of spinodal 
instability in an open microcanonical system is both, trivial 
and unavoidable for any system characterized by a van der 
Waals-type equation of state. 

Fig. 2 illustrates in more detail thermal expansion 
(panel a), the appearance of negative heat capacity (panel 

b), and the appearance of convexity in the entropy (panels c and d), all as function of excitation energy per nucleon. The 
reduced entropy Sred shown in panel d is obtained by first subtracting a linear function in energy per nucleon from the 
entropy per nucleon shown in panel c, and then multiplying the result by a suitable normalization factor. Obviously, a 
subtraction of a linear function does not change the second derivative of the function, which is of interest here.  

A simple explanation for the instability rests on the fact that when in the negative heat capacity domain, any 
fluctuation in local excitation energy per nucleon results in the recipient of the energy to cool down and the donor to 
heat up in terms of temperature. Subsequently, the colder recipient draws even more energy from the hotter donor in the 
quest for maximum entropy. This entropy driven transfer of heat and the resulting expansion of the colder, already 

Fig. 1. Isotherms for the model matter. The isotherm 
corresponding to zero-pressure boiling-point tempera-
ture is shown in dotted line and the critical isotherm is 
shown in dash-dotted line. The adiabatic thermal 
expansion trajectory for the system at zero-pressure is 
shown in dashes as line AB, with B being the boiling 
point. The bulk interior expansion trajectory for finite 
system is shown in bold solid line CD. 
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expanded part is the essence of the boiling process. The onset of thermal instability can be seen also in a purely 
microcanonical representation, without recourse to the notion of (microcanonical) temperature. This is seen in Fig. 3, 
where the entropy is shown as a function of the excitation energy per nucleon and the asymmetry in the excitation 
energy division between two hypothetical equal-size subsystems. 

 

 

Fig. 2. Evolution of the matter density (a); the micro-
canonical temperature (b); the entropy (c), and the reduced 
entropy (d) with the excitation energy per nucleon. The 
appearance of convexity is made conspicuous in panel (d) 
through a suitable curvature-neutral linear transformation. 

Fig. 3. (Color online) Entropy of a two-phase system with 
respect to that of the uniform system, plotted as a function 
of total excitation energy per nucleon and the asymmetry 
in energy distribution between the two equal-size 
subsystems. 

 

As is seen in Fig 3, at lower excitations, the entropy favors a uniform distribution of the excitation energy, while 
allowing for finite fluctuations in excitation energy division between the arbitrarily chosen split of the entire system into 
two equal-size subsystems. At elevated energies, this trend is reversed and the entropy now favors unequal energy 
distribution – the essence of spinodal instability.  

 

It is important to note that once the convexity sets in for the entropy function at the boiling-point excitation energy 
per nucleon, it stays there up to the end point of the curves shown in Fig. 2, where the system becomes unstable with 
respect to uniform expansion. This means that part of the system must separate physically from the surviving metastable 
residue with the “departing” temperature lower than that of the residue. Here, the boiling process is named also as 

spinodal vaporization, to reflect its prompt character and 
its roots in spinodal instability. 

 

3.2. Boiling in finite nuclei 
 

Calculations for finite nuclei were performed assuming 
a matter density profile given by the error function, [18] 
with the half-density radius Rhalf and the surface width d as 
the two parameters: 
 

( ) ( , ) 1
2

half
half

o

r Rr C R d erf
d

−⎡ ⎤⎛ ⎞ρ = −⎢ ⎥⎜ ⎟ρ ⎝ ⎠⎣ ⎦
,           (5) 

 
The results of maximizing entropy for the excitation 
energy range for which the maximum of entropy as a 
function of Rhalf and d exists, are shown in Fig. 4. 

As seen in Fig. 4, with increasing excitation energy, 
both the half-density radius and the surface domain width 

 

Fig. 4. Matter density distribution parameters (top panel) 
and the microcanonical temperature (bottom panel) as 
functions of the excitation energy per nucleon. (See text). 
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(Sűssman width) first increase, as does the microcanonical temperature T. Then, beginning around 4.5 MeV/nucleon, T 
reverses the trend, indicating the onset of thermal spinodal instability – in this case, the surface boiling. At the same 
time the surface diffuseness begins increasing more rapidly. The trends seen in Fig. 4 are indicative of a thermal 
instability where one section of surface domain increases its diffuseness by drawing energy from the neighboring 
section and by cooling down as a result. It is obvious from Fig. 4 that once the system enters the spinodal domain, it 
cannot regain stability before the excess energy is shed along with a portion of the system itself. The boiling here 
constitutes a prompt decay of the excited system via diffusion of some parts of the surface away. By diffusion, it is here 
understood a process of a steady increase in surface diffuseness, until parts of the system separate.  

Note that the surface boiling is a novel and important mode of decay of realistic nuclei, with many real and potential 
consequences. It is also a new kind of spinodal instability, different from the classical one where the instability applies 
uniformly to every infinitesimally small part of the uniform system. Here the system is uniform only in the sense of 
having an isotropic matter density profile and, accordingly, the instability applies here to portions of matter enclosed in 
infinitesimally small solid angles as viewed from the center of the system. Here, it is proposed to name this process as 
surface spinodal vaporization. 

 

3.3. Distillative boiling in iso-asymmetric matter 
 

Iso-asymmetric self-confined matter is characterized 
by an entropy that is a function of two extensive 
arguments, energy E and iso-spin asymmetry I. 
Accordingly, the Hessian of entropy is a 2 × 2 non-
diagonal matrix, which has two eigenvalues and two 
eigenvectors, with the latter not aligned with the 
argument axes E or I.  

Results of calculations for such a model system are 
displayed in Fig. 5 in the form of a contour plot of the 
matter equilibrium density as a function of energy and 
iso-spin parameter. They were obtained assuming a 
harmonic-interaction EOS with a symmetry term linear 
in matter density: 

 

2 2(1 )config V I
o o

E c c Iρ ρ= − +
ρ ρ

,                    (6) 

 

where the parameters cV and cI were assumed to be -
16 MeV and 23 MeV, respectively.  

In Fig. 5, overlaid on the contour plot are several 
boundary lines of significance here. 

As seen in Fig. 5, the matter density decreases with 
increasing energy and, eventually, at the boundary line 4 
becomes unstable (globally) against uniform expansion. 
Line 4 in this Figure is a line of “no return” for any 

portion of matter that manages to reach it, such that the portion of matter in question would expand indefinitely purely 
on the account of its own energy. Line 2 in this Figure represents the locus of points where one of the eigenvalues of the 
Hessian of entropy H(S) turns zero, both eigenvalues being duly negative in the domain of metastability enclosed 
between the line 1 illustrating the ground state energy as a function of iso-asymmetry I, and the spinodal boundary 
line 2. Line 3 on this plot serves illustrative purpose only and represents the locus of points where the heat capacity 
turns infinite, i.e, where the purely thermal instability would set in had it not been preempted by the thermo-chemical 
instability at line 2. The fact that the latter instability is, indeed, thermo-chemical is evidenced by the orientation of 
eigenvectors associated with the zero eigenvalues and represented in Fig. 5 by short bars labeled as v. And, again, as in 
the case of iso-neutral matter, once the system enters the domain of thermo-chemical spinodal stability above line 2, it 
never regains stability as a whole. As indicated by the short bars, the less dense matter that eventually ends up boiling 
off at line 4 is more neutron-rich and colder than the residue. Note that line 2 may be considered an attractor line, i.e., a 
collection of points describing the metastable state of the residue left after the excess energy is boiled off, an entity that 
can be probed experimentally, in principle.  

It is worth noting that the “asymmetric” (in iso-asymmetry) boiling is reminiscent of isospin fractionation in 
confined hypothetical systems, except that in open systems no equilibrated gas phase is ever present. Here, it is 
proposed to name such a process as distillative spinodal vaporization. 

 

4. Summary 
 

Boiling is an obvious and a very common phenomenon that must happen in highly excited systems featuring a van 
der Waals-type equation of state. Boiling is known from everyday life as a state where bubbles are appearing 
chaotically throughout the volume of water, growing, and then separating from water and disappearing in the 

Fig. 5. (Color online) Contour plot of the equilibrium 
matter density as a function of iso-asymmetry, (N - Z)/A, 
and energy per nucleon Etot/A. Shown are in solid lines the 
ground-state energy (1), the boundary of the metastability 
domain (2), the boundary of the domain of positive heat 
capacity (3), and the boundary of the domain stable 
against uniform expansion (4). 
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surrounding open space. In self-bound infinite nuclear matter brought to boiling, also bubbles are expected to be formed 
and growing indefinitely and never in thermal equilibrium with the liquid phase. While such bubble formation in 
infinite systems may be of a true academic interest, it is the surface boiling that has implications as far as the “life” of a 
realistic highly excited nuclear system is concerned. As revealed in the present paper, the surface boiling occurs via 
spontaneous unrestrained expansion of parts of the surface domain at the expense of the energy derived from the 
neighboring parts. This expansion results in forced prompt spinodal vaporization of a part of the system into 
surrounding open space, clearly a decay process different from all other decay modes so far considered. The decay here 
is different from classical pre-equilibrium decay as it does not rely on any particular initial distribution of particle 
momenta and coordinates in the system. As is clear from the presented formalism, even if one could purely 
hypothetically manage to form a seemingly equilibrated “dream” system at maximum entropy with isotropic density 
profile, such a system would still decay promptly via spinodal vaporization - shedding of the excess excitation energy 
along with a definite part of itself. And it will do so in an isotropic manner (assuming that the system has zero angular 
momentum) with vapors being colder than the surviving metastable residue.   

Decay via surface boiling, or surface spinodal vaporization, is intimately linked to thermal expansion and sets in 
rapidly on the excitation energy scale, in a stark contrast to Boltzmann-like scaling of yields in classical model 
implementations of the concept of a compound nucleus. It is then reasonable to assume that the decay processes 
commonly identified as statistical occur only after the prompt boiling process has completed and has left the metastable 
residue to decay via particle evaporation and Coulomb fragmentation, both, binary and multifragment. 

The most prominent experimental observation that is trivially explained in terms of boiling, but has no other plausible 
explanation, is the appearance of limiting temperature in the measured caloric curves. Clearly, it will be of great interest to 
carry out experiments involving systems with different initial N/Z asymmetries to get handle on iso-spin dependence of 
nuclear EOS at sub-normal densities. To interpret the experimental data from such experiments, one would have to carry 
out very CPU-intensive calculations for finite iso-asymmetric systems, possibly including Coulomb interaction.  

In summary, boiling is a prompt decay mode of highly excited nuclear systems rich in detectable, experimentally 
verifiable consequences. Because of its nature, it may be called spinodal vaporization. It is also rich in theoretical 
implications and offers a fertile ground for reasonable and stimulating scientific speculations. One may posit that it is 
one of the most overlooked phenomena in nuclear thermodynamics in recent memory and the one which, while being 
obvious and having a robust confirmation in a unique set of experimental observations, still awaits recognition by the 
nuclear science community. 
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We study the solutions of the semiclassical time-dependent Hartree - Fock - Bogoliubov equations of motion in an 

improved linear approximation in which the pairing field fluctuations are taken into account. The static pairing field is 
approximated with a phenomenological constant Δ, hence our approach is not fully self-consistent, however, the pairing 
field fluctuations are derived from the self-consistent relations. The self-consistent pairing-field fluctuations introduce 
possibility of new collective modes of the system, generated by the pairing interaction. We have found out the 
dispersion relation which determines pairing collective modes. The solutions of dispersion relation have been studied in 
a simple model, in which nuclei are represented as a system of A nucleons enclosed in a spherical cavity characterized 
by parameters (size, density, pairing gap) typical of heavy nuclei. We have found that our semiclassical dispersion 
relation has approximate solution at ω≈2Δ for the monopole and quadrupole channels. Found solution is in good 
agreement with the result of well-known quantum approaches.  

 
1. Introduction 

 
Collective phenomena associated with the pairing interaction are of current interest both in the physics of nuclei [1] 

and of other mesoscopic systems [2]. Here we address this problem by using a semiclassical approximation for the 
time-dependent Hartree - Fock - Bogoliubov equations of motion for finite Fermi systems.  

The semiclassical approximation is valid for small or mesoscopic Fermi systems with a characteristic size R, 
provided pF R/ >>1, where pF is the Fermi momentum. Since in heavy nuclei the condition pF R/ >>1 is well satisfied, 
in [3,4] we have proposed a semiclassical approach to study of pairing effects in collective nuclear excitations.  

We use the improved linear approximation in which the pairing field Δ(r, p, t) is allowed to oscillate and to become 
complex [4]. In present approach the static pairing field Δ0(r, p) is approximated with a real, constant, 
phenomenological parameter Δ, hence our approach is not fully self-consistent, however, the (complex) pairing-field 
fluctuations δΔ(r, p, t) are derived from  self-consistency relation (the gap equation of the BCS type). We study the 
new set of equations of motion that arise in this improved approximation. The resulting equations allow for the study of 
collective effects associated with the pairing interaction. 

 
2. Semiclassical model with pairing for small amplitudes 

 
We use the time-dependent Hartree - Fock - Bogoliubov equations in the semiclassical approximation as dynamical 

equations. We assume that our system is saturated both in spin and isospin space, so we do not need to introduce 
explicitly these variables. Thus for small amplitudes our dynamical equations can be written as [4] 

 

0 0{ , } 2 ( ),ev od i i
ti i h i∂ δρ = δρ − Δδκ − κ δΔ                                                 (1) 

 

0 0 0{ , } { , } { , },od ev r
ti i h i h i∂ δρ = δρ + δ ρ + δΔ κ                                           (2) 

 

0 0 02( ) (2 1) 2 2 ev
ti h h∂ δκ = − μ δκ − ρ − δΔ + κ δ − Δδρ                                    (3) 

with 

[ ]( ) 1( , , ) ( , , ) ( , , ) ,
2

ev od t t tδρ = δρ ± δρ −r p r p r p                                         (4) 

 
( , , ) ( , , ) ( , , ).r it t i tδκ = δκ + δκr p r p r p                                                       (5) 

 
We have the equations of motion for the variations of the normal phase-space distribution function δρ(r, p, t) and 

the anomalous one δκ(r, p, t) from equilibrium distribution ρ0(r, p) and κ0(r, p). The variation δρ(r, p, t) is a real 
function while δκ(r, p, t) is a complex one.  

The equilibrium phase-space distributions ρ0(r, p) and κ0(r, p) are given by [5] (note the opposite sign of our 
function κ0, compared to the function κ in Ref. [5])  



96 

0
0

( , )1( , ) 1 ,
2 ( , )

h
E

− μ⎛ ⎞ρ = −⎜ ⎟
⎝ ⎠

r pr p
r p

           0
0

( , )( , )
2 ( , )E
Δκ = − r pr p

r p
                                                  (6) 

 
with the quasiparticle energy 

 

0
0
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h
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⎝ ⎠

r pr p
r p

                                                                     (7) 

 
The chemical potential μ is determined by the number of nucleons A. The equilibrium Hamiltonian h0(r, p) contains 

the (Hartree) mean field V0(r), which should be evaluated self-consistently, however in the following we use a 
phenomenological potential well instead.  

We want to use the linear response function formalism, thus we assume that our system is initially at equilibrium 
and that at time t = 0 it is perturbed by a weak external driving field δVext(r, t) = ηδ(t)Q(r), where δ(t) is a Dirac δ-
function in time and η is a parameter specifying the strength of the external field. We shall consider the zero-order 
approximation for the normal mean-field, so the mean-field fluctuations δh(r, t) are given by δh(r, t)≈ δVext(r, t), while 
the pairing field is treated more carefully. 

We consider the approximation in which the static pairing field Δ0(r, p) is approximated with a phenomenological 
energy gap Δ, while the pairing field fluctuations δΔr,i(r, p, t) are derived from self-consistency relations. Thus, in the 
present approach, the pairing field is approximated as  

 
( , , ) , ) , ).r it t i tΔ ≈ Δ + δΔ ( + δΔ (r p r r                                                       (8) 

 
The possible momentum dependence of the complex fluctuations is neglected in order to simplify the theory. 
In a self-consistent theory, the changes in the pairing field are related to the changes in the anomalous density δκr,i. 

There are many possible choices for the self-consistency relation. Two minimum requirements are that the total particle 
number should be conserved and that the value of the energy weighted sum rule should be correct (the same as in 
normal systems). A choice that satisfies both requirements is obtained from the self-consistency relation (the gap 
equation of the BCS type) written in the form [7]  

 

3 2

( , , ) 1 1.
(2 ) ( , ) /

d tg
t p m

⎛ ⎞κ + =⎜ ⎟π Δ⎝ ⎠
∫

p r p
r

                                                             (9) 

 

Here g is a parameter determining the strength of the pairing interaction. By differentiating Eq. (9), we get the first-
order relation 

 

03

( , )( , , ) ( , ) 0,
(2 )

d tt δΔ⎛ ⎞δκ − κ =⎜ ⎟π Δ⎝ ⎠∫
p rr p r p

                                                          
(10) 

 

where κ0(r, p) and Δ are real equilibrium quantities, while δκ(r, p, t) and δΔ(r, t) are their complex fluctuations. The 
self-consistency condition similar to (10) have been used by the authors of Ref. [2] in their quantum calculations for 
infinite homogeneous systems. 

The integral relation (10), together with equations of motion (1 - 3), are not sufficient to determine a unique solution 
of our problem; hence we need to introduce a further assumption, or 'Ansatz': we assume that the pairing field 
fluctuations are proportional to the fluctuations of the mean field, that is 

 

, ,( , ) ( ) ( , ).r i r iR hδΔ ω = η ω δ ωr r                                                                    (11) 

 

The two response functions Rr,i(ω) can be determined from the equations of motion and from the self-consistency 
integral relation.  

Instead of the self-consistency relation (10), it is more convenient to use the weaker relations 
 

3

( , )( , , ) 0,
(2 ) 2 ( )

d td t
E

⎛ ⎞δΔδκ + =⎜ ⎟π ⎝ ⎠
∫ ∫

p rr r p
e

                                                             
(12) 

 

that follows immediately from (10) taking into account Eqs. (6) and (8). 
The approximations (11) and (12) concerning the self-consistency relation make it possible to reduce the problem of 

solving of the integral relations to the solution of a system of coupled algebraic equations. 
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3. Pairing vibrations 
 
The equations of motion (1 - 3) together with the self-consistency relation (10) can be solved for finite systems with 

the method of action-angle variables [3, 8].  
The method of action-angle variables has proved to be very useful for solving the Vlasov equation in normal 

systems; hence we use the same method also for systems with pairing correlations. The action-angle variables (I, Φ) 
have a very useful property. Any one-valued function F(r, p) of the state of the system, expressed in terms of the 
canonical variables (r, p), is a periodic function of the angle variables Φ, and its period in each variable is 2π. It can be 
expanded as a multiple Fourier series: 

 
( , ) ( ) ,iF F e=∑ nΦ

n
n

r p I
                                                                 

(13) 

 
in our case the vector n has three integer components n = (n1,, n2, n3). In principle the sum over the components ni runs 
from −∞ to + ∞, however, in practice it is sufficient to include only a few terms around ni = 0, moreover, for spherical 
systems, the vector n is effectively two-dimensional. 

We take the Fourier transform in time of the equations of motion (1 - 3) and introduce the following Fourier 
expansions based on the method of action-angle variables: 

 
( , ) ( , ) ,ih h eδ ω = δ ω∑ nΦ

n
n

r I
                                                              

(14) 

 
( ) ( )( , , ) ( , ) ,ev od ev od ieδρ ω = δρ ω∑ nΦ

n
n

r p I
                                                      

(15) 

 
, ,( , , ) ( , ) ,r i r i ieδκ ω = δκ ω∑ nΦ

n
n

r p I
                                                             

(16) 

 
, ,( , ) ( , ) .r i r i ieδΔ ω = δΔ ω∑ nΦ

n
n

r I
                                                                 

(17) 

 
Moreover we use the relation 
 

{ }0, ( ) ( ) .if h i f e= ω∑ nΦ
n n

n

I I
                                                                   

(18) 

 
where ωn(I) = Σαnαωα are the eigenfrequencies of the uncorrelated system [8], to obtain from the dynamic equations  
(1 - 3) the system of algebraic equations. By using this set of coupled algebraic equations, we can express the quantities 
δκr,i and δρev,od in terms of the pairing field fluctuations δΔr,i and δV ext . 

The expressions for the quantities δκr,i in terms of the pairing field fluctuations δΔr,i allow us to write the weaker 
self-consistency relation (10) as  

 

11 12 ,0( , , ) ( , ) ( , , ) ( , )r id a d a⎡ ⎤ω δΔ ω + ω δΔ ω δ =⎢ ⎥⎣ ⎦∫ ∫n n nI n I I I n I I 1 ,0( , , ) ( ) ,d b Qη ω δ∫ n nI n I I
           

(19) 

 

21 22 ,0( , , ) ( , ) ( , , ) ( , )r id a d a⎡ ⎤ω δΔ ω + ω δΔ ω δ =⎢ ⎥⎣ ⎦∫ ∫n n nI n I I I n I I 2 ,0( , , ) ( ) ,d b Qη ω δ∫ n nI n I I
           

(20) 

 
The expressions for the functions aik (n, I, ω) and bi(n, I, ω) are given by Eqs. (79 - 83) of [4]. 
Using the 'Ansatz' (11), in self-consistency relations (19 - 20) gives a system of coupled algebraic equations for the 

response functions Rr,i (ω). This system has two kind solutions. If the determinant is non- vanishing, the system of 
coupled algebraic equations (19 - 20) can be solved, giving Rr (ω) = 0 and Ri (ω) = 2Δ/i ω [4]. However there are also 
other solutions corresponding to the roots of vanishing determinant. They give frequencies of collective modes related 
to pairing.  

The self-consistent fluctuations of the pairing-field introduce the possibility of extra collective modes of the system 
induced by the pairing interaction. The possible frequencies of these collective modes are given by the roots of 
vanishing determinant of coupled algebraic equations (19 - 20) that can be written as [4] 

 
2 ( , ) 0.K Lω ω =                                                                          (21) 

 
The dispersion relation (21) has the obvious solution at ω=0 that is related to gauge symmetry [1]. We study the 

possible solutions of the dispersion relation (21) to establish if, for a system with size, density and pairing parameters 
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typical of heavy nuclei, pairing collective modes are to be expected. 
We get an explicit expression of the dispersion relation (21) for the monopole channel by using a simple model of 

nucleus, in which nucleons are confined to a spherical cavity characterized by parameters typical of heavy nuclei [5]. It 
reads  

 

[ ] [ ]2 2
1 2( 0, ) ( ) [( ) 4 ] ( ) 0K L I I2 2= ω = ω − ω − Δ ω =                                               (22) 

with 

2 2 2
0
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E E
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e e
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1 2 2
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E E

∞ −μω =
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ee e
e e

                                                        
(24) 

 

where g(ε) is the single-particle level density for the equilibrium mean field. In our model the equilibrium mean field is 
approximated by a spherical square-well potential of radius R = 1.2A1/3fm (and infinite depth) so that g(ε)∝ε1/2.  For the 
monopole channel we put in the external field QL=0(r) = r2Y00(θ, ϕ). The integrals (23, 24) are the semiclassical versions 
of similar quantities which have been studied in analogous quantum approaches to the problem of pairing vibrations 
[1]. In the quantum theory, the integrals (23, 24) are replaced by sum over discrete nuclear levels. 

The possible solutions of Eq. (22) are complex. The real part of the solution is defined by the minimum of the 
absolute value of the function K(L, ω). In figure (on the left) the absolute value of the function K(L = 0, ω) is shown for 
the monopole channel. We assume A = 208 and the Fermi energy is determined by the parameterization chosen for the 
radius as εF ≈ 33 MeV. The value of μ is practically coincident with that of εF, so we have used μ = εF. The deep dent of 
the quantity K(L = 0, ω) at ω ≈ 2 MeV means that the dispersion relation (22) has an approximate solution at ω ≈ 2Δ 
(the value of Δ  = 1 MeV was used in our calculations). 
 

 
Absolute value of the quantity K(L, ω) for the monopole (on the left) and quadrupole (on the right) channels. 

 

The quadrupole channel is also interesting. The expression of the dispersion relation (21) for the quadrupole 
channel is more complicated than for the monopole one, see [4]. In this case the external field is assumed to be of the 
form QL=2(r) = r2Y20(θ, ϕ). The figure (on the right) shows the absolute value of K(L = 2, ω) for the quadrupole 
channel. The sharp drop of K(L = 2, ω) at ω ≈ 2 MeV is still present. The origin of this dent is the same as that for the 
monopole channel because K(L = 2, ω) contains a part which is proportional to K(L = 0, ω). The small wiggles above 4 
MeV are of numerical origin and have no physical meaning. 

 
4. Conclusions 

 
We have studied the solutions of the semiclassical time-dependent Hartree - Fock - Bogoliubov equations of motion 

for finite Fermi systems in a linear approximation in which the pairing field is allowed to oscillate. The pairing field 
fluctuations are derived from the self-consistency relation.  

The self-consistent pairing-field fluctuations introduce possibility of new collective modes of the system, generated 
by the pairing interaction. We have found out the dispersion relation which determines pairing collective modes. Our 
semiclassical dispersion relation for pairing vibration in heavy nuclei has approximate solution at ω ≈ 2Δ for the 
monopole and quadrupole channels.  

It is known that collective pairing modes in nuclei can be strongly excited by two-neutron transfer reactions. To 
study these processes within the quasiparticle random phase approximation, the response function is used that is related 
to the external field which changes the number of particles in the system. It is of interest to introduce a corresponding 
external field in our semiclassical approach in order to get a suitable response function for studying of collective 
pairing effects. 
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NEW  TYPE  OF  NUCLEAR  COLLECTIVE  MOTION - SPIN  SCISSORS 
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Joint Institute for Nuclear Research, Dubna, Moscow region, Russia 
 

The coupled dynamics of low lying modes and various giant resonances are studied with the help of the Wigner 
Function Moments method on the basis of Time Dependent Hartree - Fock equations in the harmonic oscillator model 
including spin orbit potential plus quadrupole-quadrupole and spin-spin residual interaction. New low lying spin 
dependent modes are analyzed. 
 

1. Introduction 
 

In the paper [1] the Wigner Function Moments (WFM) method was applied for a first time to solve the TDHF 
equations including spin dynamics. The most remarkable result was the discovery of the new type of the nuclear 
collective motion - rotational oscillations of "spin-up" nucleons with respect of "spin-down" nucleons (spin scissors). 
Three low lying excitations of the new nature were found: isovector and isoscalar spin scissors and the excitation 
generated by the relative motion of the orbital angular momentum and spin of the nucleus (they can change their 
absolute values and directions keeping the total angular momentum unchanged). 

In the frame of the same approach ten high lying excitations were obtained: well known isoscalar and isovector 
GQR, two resonances of the new nature describing isoscalar and isovector quadrupole vibrations of "spin-up" nucleons 
with respect of "spin-down" nucleons, and six resonances which can be interpreted as spin flip modes of various nature 
and multipolarity. In the absence of proper residual interactions the last eight modes have very small excitation 
probabilities and the standard shell model energies ( )2 .E = ω δ  

Only spin orbital interaction was taken into account in the paper [1], as the most important one among all possible 
spin dependent interactions because it enters into the mean field. The aim of this work is to study the influence of the 
spin-spin residual interaction on the energies and excitation probabilities of all found modes, especially the low lying 
ones, which are expected to be very sensitive to such forces. 

 
2. Model Hamiltonian and equations of motion 

 
The microscopic Hamiltonian of the model is the harmonic oscillator with spin orbit potential plus separable 

quadrupole-quadrupole and spin-spin residual interactions: 
 

H = Hosc + Hqq + Hss. 
 

The contribution of Hqq to the mean field potential was found in [2]. The analogous problem for Hss can be solved in a 
standard way, with the help of formula (5.34) of the book [3]. 

TDHF equations are solved by the method of phase space (or Wigner function) moments. To this end they are 
rewritten at first with the help of the Wigner transformation [3]. Integrating obtained equations over phase space with 
the weights 

 

W = {r ⊗ p}λμ,{r ⊗ r}λμ,{p ⊗ p}λμ    and 1, 
 

where {r ⊗ p}λμ are irreducible tensors [4], one gets the dynamic equations for multipole moments in the phase space 
which are the collective variables of WFM method. Except quantum numbers λ, μ these variables have also spin 
quantum numbers σ = +,-,↑↓,↓↑ (with ± = ↑↑±↓↓) which they acquire from Wigner functions. 

We are interested in the scissors mode with quantum number Kπ = 1+. Therefore, we only need the part of dynamic 
equations with μ = 1. These equations are nonlinear and are solved in the small amplitude approximation. Imposing the 
time evolution via eiΩt for all variables one transforms dynamic equations into a set of algebraic ones. Eigenfrequencies 
are found as the zeros of its secular equation. Excitation probabilities are calculated with the help of the linear response 
theory. The detailed explanation can be found in [1, 2].  
 

3. Results of calculations and conclusions 
 

The results of calculations with three values of the spin-spin strength constants ( sξ - neutron-neutron and proton-

proton constant, sξ  - neutron-proton one) are given in Tables 1 and 2. The values of constants are taken from the 

paper [5], where the notation sξ  = Ks/A, s sqξ = ξ  was introduced. One can see that spin-spin interaction does not 
change the qualitative picture of excitations described in [1]. It pushes all levels up proportionally to its strength (20 - 
30 % in the case I and 40 - 60 % in the case II) without changing their order. The most interesting result in the isovector 
case concerns B(M1) values of both scissors - the spin-spin interaction strongly redistributes M1 strength in the favour 
of the spin scissors.  
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Table 1. Isovector energies and excitation probabilities calculated for 164Er with the spin-orbit constant 
η = 0.36 MeV and three sets of spin-spin interaction constants: I - Ks = 0 MeV; II - Ks = 92 MeV; q = -0.8; 

III - Ks = 200 MeV; q = -0.5. Quantum numbers (including indices σ =+,-,↑↓,↓↑) of variables responsible for the 
generation of  the present level are shown in first column. 

For example: (1,1)- - spin scissors, (1,1)+- “standard” scissors 
 

(λ, μ)σ Eiv , MeV B(M1), µN
2 B(E2), BW 

 I II III I II III I II III 
(1,1)-  1.61  2.02  2.34 3.54 5.44 7.91  0.12  0.36  0.82 
(1,1)+  2.18  2.45  2.76 5.33 4.48 2.98  1.02  1.23  1.26 
(0,0)↓↑ 12.80 16.81 20.02 0.01 0.01 0.04  0.04  0.13  0.52 
(2,1)- 14.50 18.52 21.90 0.01 0.02 0.34  0.03  0.13  4.29 
(2,2)↑↓ 16.18 20.61 24.56 0.02 0.23 0.03  0.18  3.09  0.44 
(2,0)↓↑ 16.20 22.65 27.67 0.00 0.03 0.00  0.00  0.39  0.02 
(2,1)+ 20.59 21.49 22.42 2.78 2.19 1.77 35.45 30.47 27.43 

 
It is necessary to note also that in the isoscalar case the low lying mode marked by (1,1)+ is practically insensitive to the 
spin-spin interaction. 
 

Table 2. The same as in Table 1, but for isoscalar excitations 
 

(λ, μ)σ Eiv , MeV B(M1), µN
2 B(E2), BW 

 I II III I II III I II III 
(1,1)- 1.73 2.04 2.40 0 0 0 0.65 0.39 1.12 
(1,1)+ 0.39 0.37 0.37 0.24 0.24 0.24 117.90 118.27 117.19 
(0,0)↓↑ 12.83 15.59 18.72 0 0 0 0.31 0.15 0.66 
(2,1)- 14.51 17.40 20.65 0 0 0 0.06 0.03 0.12 
(2,2)↑↓ 16.20 19.43 23.09 0 0 0 0.07 0.04 0 
(2,0)↓↑ 16.22 20.09 24.80 0 0 0 0.02 0.01 0.20 
(2,1)+ 10.28 11.92 13.60 0 0 0 57.78 50.87 66.50 

 
In conclusion, the WFM method is applied for the first time to solve the TDHF equations including spin dynamics 

with the model Hamiltonian consisting of a harmonic oscillator with spin orbit mean field potential plus quadrupole-
quadrupole and spin-spin residual interactions. Two isovector and two isoscalar low lying eigenfrequencies and five 
isovector and five isoscalar high lying eigenfrequencies have been found.  

Three low lying levels correspond to the excitation of new types of modes. For example the isovector level marked by 
(1,1)- describes rotational oscillations of nucleons with the spin projection "up" with respect of nucleons with the spin 
projection "down", i.e. one can talk of a nuclear spin scissors mode. Having in mind that this excitation is an isovector one, 
we can see that the resulting motion looks rather complex - proton spin scissors counter-rotates with respect to the neutron 
spin scissors. Thus the experimentally observed group of 1+ peaks in the interval 2 - 4 MeV, associated usually with the 
nuclear scissors mode, in reality consists of the excitations of the "spin" scissors mode together with the 'standard' [6] 
scissors mode (the level (1,1)+ in our case). The isoscalar level (1,1)- describes the real spin scissors: all spin up nucleons 
(protons together with neutrons) oscillate rotationally out of phase with all spin down nucleons.  

One more new low lying mode (isoscalar, marked by (1,1)+) is generated by relative motion of the orbital angular 
momentum and spin of the nucleus (they can change their absolute values and directions keeping the total angular 
momentum unchanged).  

Two high lying excitations of the new nature are found. They are marked by (2,1)- and following the paper [7] can 
be called spin-vector giant quadrupole resonances. The isovector one corresponds to the following motion: the proton 
system oscillates out of phase with the neutron system, whereas inside of each system spin up nucleons oscillate out of 
phase with spin down nucleons. The respective isoscalar resonance describes out of phase oscillations of all spin up 
nucleons (protons together with neutrons) with respect of all spin down nucleons.  

Six high lying modes can be interpreted as spin-flip giant monopole (marked by (0,0)↓↑) and quadrupole (marked by 
(2,0)↓↑ and (2,2)↑↓) resonances.   

The aim of this work was to demonstrate, that the generalization of the WFM method by including spin degrees of 
freedom allows one to reveal a variety of new types of nuclear collective motion involving spin degrees of freedom. 
Such excitations were, undoubtedly, produced by other methods, but they never were explained in such terms.  

We should mention that we did not include pairing in this work. Inclusion of pairing would have complicated the 
formalism quite a bit. We here wanted to work out the features of spin dynamics in a most transparent way staying, 
however, somewhat on the qualitative side. That is why we don't try to discuss here any possible relations with experiment 
or to compare with the results of other theories. In the light of the above results, the study of all found (low and high lying) 
excitations with pairing included, will be the natural continuation of this work. Pairing is important for a quantitative 
description of the 'standard' scissors mode. The same is expected for the novel spin scissors mode discussed here.  
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Physics Department, Taras Shevchenko National University, Kyiv, Ukraine 

 
Based on a similarity of the Van der Waals and nucleon-nucleon interaction the known thermodynamic relations for 

ordinary liquids are used to analyze the possible decay channels in the proton induced nuclear multifragmentation 
phenomena. The main features of the different phase trajectories in the P-V plane are compared with the experimental 
data on multifragmentation. It allowed choosing the phase trajectories with the correct qualitative picture of the 
phenomena. Based on the thermodynamic analysis of the proton-induced multifragmentation phenomena the most 
appropriate decay channel corresponding to the realistic phase trajectory is chosen. Macroscopic analysis of the 
suggested decay channel is done in order to check the possibility of the mechanical breakdown of the heated system. 
Based on a simple thermodynamic model preliminary quantitative calculations of corresponding macroscopic 
parameters (energy, pressure) are done and therefore the model verification on macroscopic level is held. It is shown 
that on macroscopic level the chosen decay channel through the mechanical breakdown meets the necessary conditions 
for describing the proton-induced multifragmentation phenomena. 

 
1. Introduction 

 
Disintegration when a bigger nucleus breaks into one or several nuclei and some nucleons is one of the two basic 

mechanisms in nature by which nuclei can be formed. The appropriate way to study this phenomenon is the experiment 
with proton-nucleus and nucleus-nucleus collisions. The present study to a large extent was inspired by the growing 
understanding of the reactions in which excited nuclei break up into intermediate size fragments. Such a phenomena is 
observed in collisions at energies higher than the threshold value  ~ 2 4

th
E −  MeV/nucleon [1]. The nature of the IMF 

production in such experiments is of great interest for consequent understanding of the nuclear matter properties and 
progress in the studies of nuclear equation of state [2 - 6]. 

Starting from pioneering works of Finn et al. [7] and up to present days much effort has been put forward to 
investigate multifragmentation in nuclear collisions [1, 8, 9]. Some existing models are related to statistical description 
based on multi-body phase space calculations [10] whereas others describe the dynamic evolution of the systems via 
molecular dynamics [11, 12] The experimental observation of multiple intermediate mass fragments (IMF) is also often 
linked to the nuclear liquid-gas transition [13].  

In spite of a long history and a high number of different approaches used there is still a number of problems left that 
have no explanation. For example, models involving the phase transition have the strong position based on the recent 
works dealing with the bimodality [14 - 16], but at the same time they are insensitive to many initial parameters [17] 
when it is known for ordinary liquids that the phase transition is usually the quality difficult to prepare. The most 
successful models in describing the observed fragment mass distribution nowadays are the statistical equilibrium 
models [18, 19]. They are used for intermediate energy heavy ion collisions in many substantial variations [20]. At the 
same time such models have a number of problems [17, 19].The question with the equilibrium at low freeze-out density 
that lies in the basis of such theories is not confirmed by some microscopic approaches. Another problem is the 
predicted kinetic energy of the fragments being lower than the observed experimental values. Therefore the 
determination of the macroscopic model suitable for the multifragmentation phenomenon and able to solve the existing 
problems in natural way is of particular interest as this issue has not been settled up to now. 

From this point of view it is important that the thermodynamic behavior of the nuclear matter has much in common 
with that of the fluids. The physical reason is the qualitative similarity of the Van der Waals and nucleon-nucleon 
interaction [21]. It allows using the knowledge of the ordinary liquid behavior for revealing the underlying mechanism 
of the nuclear multifragmentation. 

In this work we focus our analysis on the proton-induced nuclear multifragmentation. In subsequent parts of the 
paper we will study different possible phase trajectories of the excited nuclear system at P-V plane. Our aim here is to 
get a qualitative picture of the phenomenon from the macroscopic analysis of the thermodynamic system considering 
the boundedness of the system. And to check the suggested decay channel for any restrictions on the macroscopic level 
(energy, pressure, volume) prohibiting its realization in real experiments. 

 
2. Phase diagram analysis 

 
Analyzing possible phase trajectories of the nuclear system in the Pressure-Volume (P-V) plane one can find two 

different groups of phase trajectories, namely: the single-phase transitions and two-phase transitions. Let us assume our 
system before the collision to be in point L of the phase diagram (Fig. 1). This position suggests either the single-phase 
transition (dashed line) or two-phase transitions (solid line). It is obvious that there could be a mixture of two decay 
channels when different parts of the system are found indifferent areas of the phase diagram.  
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A particularly interesting set of phase trajectories that 
stands up in the study of multifragmentation 
phenomenon is that where the trajectories do not cross 
the binodal (LAC and LGE type curves in Fig. 1) [22]. 
The necessary condition for realizing the above 
trajectories is heating the system to supercritical 
temperature in order to get over the critical point and 
binodal line. This mechanism can be realized either in the 
whole system or in a part of it when the other parts 
follow the different trajectories.  

The next decay mechanism we are going to discuss 
here could be represented by a number of different 
trajectories leading to the metastable region (e.g. LD1, 
LD2-type transitions in Fig. 1). It is a two-phase 
mechanism that can be switched on either by overheating 
under the equilibrium pressure or by liquid stretching due 
to the gas-dynamic expansion of the high pressure regions. 

As for the second group among the two-phase trajectories one should consider spinodal decomposition which means 
the instability of the system to the small fluctuations [23]. Unfortunately there are some peculiarities restricting the 
validity of spinodal decomposition model. Cahn's theory of spinodal decomposition [23] for the changes in free energy 
presents the following: 

( ) ( )
2

2 2
02

1
2

fF c c K c dV
c

⎡ ⎤⎛ ⎞∂Δ = − + ∇⎢ ⎥⎜ ⎟∂⎝ ⎠⎣ ⎦
∫                                                      (1) 

 

And therefore the system is unstable to the Fourier components with 
1/22 2/

2c
f c

K
⎛ ⎞∂ ∂β < β = −⎜ ⎟
⎝ ⎠

 or sufficiently large 

wavelength as it decreases the system free energy when it is in the unstable region. This result shows that for the 
smaller wavelengths there is no decrease in the system free energy. As nucleus is quite a bounded system the question 
arises if it is big enough to have wavelengths needed for the spinodal decomposition? 

As stated in the Introduction we dwelt on the qualitative picture which should be the first step in choosing the most 
appropriate phase trajectory. In the Table 1 pros and cons of different groups of trajectories are compared.  

 
Table 1. Comparison of the decay mechanisms 

 
 Single-phase transitions Metastable boiling Spinodal decomposition 

Pros Most effective one regarding the 
time required.  
Doesn’t require thermalization of the 
system. 
Might be responsible for the high 
kinetic energies of the fragments.  
Can explain IMF + gas of nucleons 
Polydisperse spectrum. 

Might be responsible for the 
high kinetic energies of the 
fragments. 
Can explain IMF + gas of 
nucleons 
Polydisperse spectrum 
 

Can explain IMF + gas of nucleons 
Polydisperse spectra of fragments 
close to the experimental data.  
 

Cons If observed in the whole volume 
condensed fragments come only 
from the recondensation in the 
metastable region. Seems to be 
doubtful for small systems.  

Long process timescale.  
System thermalization required  
Wrong fragments mass spectra 
for bounded systems.  

System thermalization required 
The boundness of the systems 
could lead to the impossibility of 
the small fluctuations to be 
amplified.  
Long process timescale.  

 
Summing up all pros and cons of different decay channels qualitative characteristics we suggest that the most 

appropriate decay channel is the mechanical breakdown of the shell in the single-phase process (in the small inner part 
of the system) that may be followed by the metastable boiling of the shell. 

 
3. Mechanical breakdown 

 
This decay channel corresponds to the LAC or LGE type phase trajectories in the P-V plane for the excited inner 

part of the system and possibly LD1 or LD2 trajectories for the shell (Fig. 1 [24]). In subsequent parts of the paper we 
check this decay channel for any restrictions on the macroscopic level (energy, pressure, volume) prohibiting its 
realization in real experiments. 

Fig. 1. Possible phase trajectories of the nuclear system in 
theproton-induced multifragmentation phenomenon. 
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3.1. Nuclear matter ultimate strength and the breakdown pressure 
 

When analyzing the possible mechanical breakdown of the system within the elasticity theory one should now the 
ultimate strength of the matter which is the quantity defining the maximum tension the matter can withstand without 
braking. 

In our work we have done rough estimates for the nuclear matter ultimate strength based on the study of the 235U 
decay in the approximation of the uniform charge distribution. The idea is that the only destroying force is the Coulomb 
force. We haven't studied Skyrme, surface, etc. terms separately but we rather suggested an integral value of the 
ultimate strength. From our calculations we have got 21 26.2 10 N mσ = ⋅ . 

In our model the necessary pressure P for destroying the shell Δ in dependence on the size R of the heated inner part 
of the system might be found from the elasticity theory and has the form: 

 

 
2 2

2

( )
( )

R RP
R
− − Δ= σ

− Δ
 (2) 

 
3.2. Temperature of the inner part and corresponding pressure 

 
There are different values of the temperature reported in the literature within the range of 5 - 8 MeV [25] Our point 

is that all those calculations are model dependant. For example, many of them use he hypothesis of the equilibrated 
source at freeze-out, when it is not strictly proved [19]. This suggests that there is a possibility of different mechanism 
being responsible for the multifragmentation. We tried to obtain the temperature values that are more or less model 
independent. It should be taken into account that we suggest this temperature not for the whole system, but only for the 
“hot” small inner part. In our article we do an attempt to analyze the INC calculations results and in such a way to 
define the macroscopic parameters of the system.  

In the Table 2 there estimations for the temperatures from the 
two approaches in analyzing the INC calculations data from [26]. 
First is the straight forward calculation not considering the “fast 
particles” when the second considers the energy taken away by 
the “fast particles” (first emitted particles within the 

5 10 fm cτ −∼  [26] that are much more energetic than the latest 
one). 

The obtained temperature values were used to compare the 
pressure in the “hot” inner part of the nuclei with the breakdown 

pressure. For calculating the pressure we used EOS in the following form [27]: 
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As for the parametrization we considered the soft EOS with the incompressibility module K 222 MeV= . The 

parameters used are 0 032112.248, 13988.567, 0.2554, 0.244xt t= −  =  σ =   =  [28]. 
The comparison of the pressure required for the shell breakdown and the possible pressure in the proton induced 

multifragmentation is shown in the Figs. 2 and 3. 

Table 2. Deposited energy 
 

Projectile energy, 
Gev Method * , GeVE   ,ΜeVT   

3.7 
8.1 
3.7 
8.1 

INC 
INC 

INC + fast 
INC + fast 

1.2 
1.4 

0.95 
1.11 

20.5 
22.1 
18.0 
19.7 
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Fig. 2. Nuclear matter pressure from the EOS and the 
outer shell breakdown pressure dependence on 
temperature and density. 

Fig. 3. Nuclear matter pressure from the EOS and the 
outer shell breakdown pressure dependence on 
temperature and evaporation level. 

 
One may see that for the inner part densities in the range 00.8 1ρ = ÷ ρ  it's enough to have the temperature above 

10.8 MeV in order to realize the breakdown of the shell. Comparison with the data from Table 2 suggests that the 
energy deposited into the system in the multifragmentation phenomena experiments is enough for the realization of the 
studied decay channel. It is worth mentioning that in our calculations we treated only a small inner part being 
"thermalized" rather than the whole volume. 

 
Conclusions 

 
1) Not all of the phase trajectories could be realized in nuclear systems because of their size. 
2) Some phase trajectories does not meet the requirements for the time needed for the process. 
3) Spinodal decomposition could not be responsible for the multifragmentation phenomena because of the system 

size. 
4) On macroscopic level the mechanical breakdown of the thermodynamic system in a single-phase process that 

may be followed by metastable boiling of the shell is a good and quite adequate candidate for explaining the proton-
induced multifragmentation phenomena 

5) Analysis of our "thermodynamic" model on macroscopic level shows that there is enough energy in the system 
for the mechanical breakdown of the shell and it possibly allows to resolve some existing controversies in standard 
models (e.g. the question with the equilibrium at low freeze-out density, the problem with the predicted kinetic energy 
of the fragments being lower than the observed experimental values) 
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The original method for the calculation of inertia moment of nucleus at arbitrary frequencies and finite tempera-

tures in framework of cranking model with harmonic oscillator potential is suggested. In the adiabatic case the 
analytical calculations show oscillations of inertia moment depending on chemical potential. Are oscillations moment 
of inertia is increase at spherical limit of deformation and exponentially decrease at increase of temperature 
 

1. Introduction 
 

One of the fruitful approaches considering the rotating nucleus and finite Fermi-systems is the Cranking model  
[1 - 3]. At the same time the most of significant phenomena that appear at collective rotation, are caused by particles 
near Fermi surface, i.e. shell effects appear. This fact allows avoiding the solutions of complicated nonlinear equations 
of cranking model and essentially simplifies the description of the collective nuclear dynamics. All that is possible due 
to possibility of separating the most of physical quantities into smooth (averaged, i.e. the Thomas - Fermi) and shell 
correction (oscillating) parts. In particular, Pashkevich and Frauendorf [5] represent the moment of inertia as the sum 
of smooth and oscillating parts on the basis of shell correction Strutinsky’s method [4]. 

The next important step has been made by Strutinsky and Magner and they have developed the semiclassical 
theory of Gutzwiller [6] to calculate the oscillating components by using fruitful periodic orbit theory [7, 8]. In [9 - 11] 
this method was applied to calculate the shell corrections for the moments of inertia of finite Fermi systems in de-
formed harmonic oscillator potential and was demonstrated the comparison semiclassical calculations with quantum 
mechanical results. Large oscillations depending on chemical potential are shown, decreasing with a deformation from 
spherical to deformed shapes. 

The purpose of this work is analytical investigations of large scale oscillations [11] of inertia moment shell correc-
tions depending on chemical potential at fixed deformations.  

 
2. Analytical calculations moment of inertia oscillating component 

 
In [11] we obtain generalization of Zelevinski’s formula [3] for the inertia moment of quantum harmonic oscillator 

for finite temperatures case:  
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2 2
2( )

( ) ( ) y zx
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Where 1( ) (exp( / ) 1)f x x T −= +  − the Fermi function, ( )( ) 1 / 2N f nω

α ξ αξ
ξ

= ε − λ +∑  ( α = ± ) and λ  − Fermi-energy. 

The oscillating behavior of inertia moment depending on chemical potential is revealed at fixed deformation parame-
ters [11]. It is very interesting to investigate such oscillations analytically. 

In this connection we analyze the dependence of moment of inertia on chemical potential in the adiabatic limit at 
low temperatures. It is assumed that under this limit the angular velocity 0ω →  and spectrum is not depend from an-
gular velocity  

 

( 1) ( 1/ 2),z z x yn n n n nξ ⊥ ⊥ξ ξ ⊥ξ ξ ξε = ω + + ω + = + ,                                     (2) 
 

where x y ⊥ω = ω = ω  at axial symmetry, 1/ 3
0⊥ω = ω η , 2 / 3

0z
−ω = ω η , / z⊥η = ω ω  − deformation parameter. 

From (1) we obtain the following expression for the inertia moment  
 

2 2( ) ( )( ) ( )
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s z zy z z yx
z z z
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⎡ ⎤ω − ω ω + ωΘ = + + −⎢ ⎥
ω ω ω + ω ω − ω⎢ ⎥⎣ ⎦

,                        (3) 

 
where ( )( ) 1/ 2N f nα ξ αξ

ξ
= ε − λ +∑ , sd − spin degeneration. 

The results of numerical calculations of inertia moment (3) for various values of deformations η  at the tempera-
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ture 00,1T = ω  have been presented in Fig. 1. The Figure clearly demonstrates the presence of oscillations in beha-
vior of inertia moment depending on chemical potential, increasing sharply with deformation to spherical shape. In 
this picture for comparison we reduce also quantum mechanical rigid-body inertia moment rig

xΘ  
 

rig 2 2( ) y z
x s s

z

N Nd m f y z dξ
⊥ξ

⎛ ⎞
Θ = ε − λ ξ + ξ = +⎜ ⎟ω ω⎝ ⎠

∑ .                                               (4)  

 

Inertia moment (22) (quantum; QM), its Strutinski’s averaged (QMav), quantum rigid-body inertia moment (23) (RIG 
QM) and its Thomas-Fermi approximation (24) (RIG TF) as function of chemical potential λ for the same values of de-
formation parameter and temperature 00,1T = ω . All moments of inertia in units 0/ ω , λ  − in units 0ω . 

 
Fig. 1 demonstrates that oscillations of rig( )xΘ λ  detached from Thomas-Fermi rigid-body inertia moment 

rig
TF( )xΘ λ : 
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rig 2 2 2 2

TF FTF 2 3 2 3
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mdm r r y z p r⊥
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where ( )2 2 2 2 2
F F( ) 2 ( ) / 2zp r m m x y z⊥⎡ ⎤= ε − + ω + ω⎣ ⎦

, 3 2 3
TF F( ) / (6 )sr d pρ = π -Thomas-Fermi density.  

Large-scale oscillations of full inertia moment xΘ  in comparison with the oscillations of rig
xΘ  at small deforma-

tions can be easily understood from expression (3) that can be rewrited in the following way 
 

2
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2 2
4
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x x q
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ω η −

,                                                                        (6) 

 

where zzq N N ⊥⊥= ω − ω . Accordingly, shell correction xδΘ  is determined by expression: 
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,                                                                   (7) 
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i.e. are determined by shell corrections to the rig
xδΘ  and qδ . The function q  characterize the breaking of statistically 

equilibrium rotation ( x y zx y zN N Nω = ω = ω ) and the presence of even small shell corrections due to multiplier 

2 1η −  in denominator leads to the significant increase of  amplitude of oscillations at spherical limit.  
The oscillating behavior of inertia moment is some analogue of the oscillations of van Alphen-de Haase in elec-

tronic gas, that is the consequence of quantized Landau levels in magnetic field. Similar oscillations of other 
thermodynamic quantities appear in many quantum finite Fermi systems [12] as consequence of discretness of states, 
when temperature becomes order of space /FE Nδ ∼  ( FE  − Fermi energy of the system, N – number of particles) 
between the levels. In this connection now we analyze the oscillations in behavior of inertia moment depending on 
chemical potential using the methods of calculating the oscillating components of the physical quantities of electronic 
gas in magnetic field [13, 14]. 

Now we rewrite the expression (3) in the form  
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( 2sd = ). For extracting the oscillating component in (8) we use the well-known summation formula of Poisson: 
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Now we apply this formula to the sum n⊥  in double-sums in (9) (we assume, that number of quants in direction ⊥  
can be exchanged unlimitedly). At such approach is the sum separated on two integrals and only the second integral in 
(10) gives the oscillating contribution. Then for the oscillating parts of N ±  we have: 
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where N±  denote the oscillating part of N± , and 
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At further integration it is convenient to pass to integration over energy ε . Then we get 
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0

exp 2 /1 2 1exp 1
2 exp ( ) / 1

zn
k z

ikikJ n d
T

∞
⊥±

⊥ ⊥ ⊥

⎛ ε ⎞⎡ ⎤π ε ω⎛ ⎞π ε⎡ ⎤= ± − + ε − − ×⎜ ⎟⎢ ⎥⎜ ⎟⎢ ⎥ ⎜ ⎟ω η ε − λ + ω ω⎣ ⎦⎝ ⎠ ⎣ ⎦⎝ ⎠
∫

 
 

0(2 1) 1zn

⊥ ⊥

⎛ ε ⎞⎡ ⎤ε× ± η −⎜ ⎟⎢ ⎥⎜ ⎟ω ω⎣ ⎦⎝ ⎠
∓ .                                                               (13) 

 
We take the bottom limit equal to zero, because neighbourhood of Fermi surface only important. Therefore the choice 
of bottom limit is arbitrary. Further we pass to the new variable ( ) / Tζ = ε − λ  and replace the bottom limit /T−λ  to 
−∞  (because we suppose, that / 1Tλ >> ): 
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( )
( )

3

0
exp 2 /1 1 1exp 2

2 exp 1 zk z n
ikTTJ ik n d

T T

∞
⊥±

⊥
⊥ ⊥ −∞

⎛ ⎞ π ζ ω⎛ ⎞ ⎧ ⎫λ λ⎡ ⎤ ⎛ ⎞⎡ ⎤= ± π − + ζ ζ + − ε − ω ×⎜ ⎟⎨ ⎬⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎣ ⎦⎜ ⎟ω ω η ζ +⎣ ⎦ ⎝ ⎠⎝ ⎠ ⎩ ⎭⎝ ⎠
∫

 
 

0
2 1

znT T ⊥
λ η⎛ ⎞⎡ ⎤× ζ + ± ε − ω⎜ ⎟⎣ ⎦⎝ ⎠

∓ .                                                            (14) 

 
We take into account that only neighbourhood of Fermi surface is important, we reduce the formula (14) to the 
expression 
 

( )
( )

2

3
exp 2 /1 1exp 2

2 exp 1k z
ikTTJ ik n d

∞
⊥±

⊥⊥ −∞

⎛ ⎞ π ζ ω⎧ ⎫λ λ ⎡ ⎤± π − + ζ⎜ ⎟⎨ ⎬⎢ ⎥⎜ ⎟ω η ζ +⎣ ⎦ω ⎩ ⎭⎝ ⎠
∫ .                                 (15) 

Using the formula 

( )sh1

ie id
e

∞ αζ

ζ
−∞

− πζ =
πα+∫ , 

we finally obtain for kJ ± : 

( )
2

3 2

1 1exp 2
2

sh 2 /

z

k

ik n
i TJ

Tk
⊥±

⊥ ⊥

⎛ ⎞⎧ ⎫λ ⎡ ⎤π − +⎜ ⎟⎨ ⎬⎢ ⎥ω η ⎣ ⎦π λ ⎩ ⎭⎝ ⎠
ω π ω

∓ .                                                (16) 

 

As a result the expressions for sums N±  are: 

 

( )
( )

2

3 21

exp 2 / 2 1Re exp
2sh 2 / z

z
k n

i ikT ikN n
Tk

∞
⊥

±
=⊥ ⊥

⎧ ⎫
π λ ω ⎛ ⎞π λ π⎪ ⎪⎡ ⎤= − +⎨ ⎬⎜ ⎟⎢ ⎥η ⎣ ⎦ω ⎝ ⎠π ω⎪ ⎪⎩ ⎭

∑ ∑∓ .                           (17)  

 
We make up summation over zn  in (17) and deformation parameter η regards as irrational, we have 

 

( )
2 1exp

2 2sin /
z

z
n

ik in
k

⎛ ⎞π ⎡ ⎤− + = −⎜ ⎟⎢ ⎥η π η⎣ ⎦⎝ ⎠
∑ , 

 
and 

( )
( ) ( )

2

3 21

cos 2 /

2 sh 2 / sin /k

kTN
Tk k

∞
⊥

±
=⊥ ⊥

π λ ωπ λ
ω π ω π η

∑∓ . (18) 

 
Substitution (18) to (8) leads to the expression: 
 

( )
( ) ( )

2 2

4 2 21

cos 2 /(1 3 )
( 1) sh 2 / sin /

x
k

kT

Tk k

∞
⊥

=⊥ ⊥

π λ ωπ + η λΘ
ω η − π ω π η

∑ . 

(19) 
 
So, accordingly to (19), inertia moment is really oscillat-
ing function of the Fermi energy λ  with period ⊥Δ = ω . 

We note, that period of oscillations does not depend on 
temperature. The monotonous part of inertia moment (we 
denote it by xΘ ) can be approximated with rigid-body 

Thomas-Fermi moment of inertia (5): rig
TF( )x xΘ ≈ Θ λ . 

Fig. 2. Inertia moment x xxΘ = Θ + Θ , where 
rig

TFx xΘ ≈ Θ  (24) and xΘ  (38), as function of chemical 

potential λ and temperature T at 1.15η = . Moment of 
inertia in units 0/ ω , λ  and T − in units 0ω . 
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At T ⊥>> ω  the amplitude decreases exponentially (as ( )2exp 2 /T ⊥− π ω ) and can be neglected. In Fig. 2 we demon-

strate the dependence of inertia moment x xxΘ = Θ + Θ  (where rig
TFx xΘ ≈ Θ  (5) and xΘ  is determined by (19)) from 

the chemical potential and temperature at 1.15η = . As we see, the oscillations decrease at increase of temperature. 
 

3. Concluding remarks 
 

In this work we investigate the oscillations of the inertia moment of finite Fermi system in the cranking model 
formalism in deformed harmonic oscillator potential and obtain analytical formula for oscillating part of this inertia 
moment. We show that oscillating component as function of chemical potential has period 1/3

0⊥ω = ω η  and does not 
depend on temperature. At given temperature amplitude of oscillations increases sharply at spherical limit and expo-
nentially decreases when temperature enlarges. 
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E1  GAMMA-TRANSITIONS  IN  HOT  ATOMIC  NUCLEI 
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1 Nuclear Physics Department, Taras Shevchenko National University, Kyiv, Ukraine 
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New version of the modified Lorentzian approach for radiative strength function is proposed. Renewed systematics 

for giant dipole resonance (GDR) parameters is given. The gamma-decay strength functions are calculated using 
renewed GDR parameters and compared with experimental data. It is demonstrated that closed-form approaches with 
asymmetric shape of the gamma strength provide the most reliable simple method for description of gamma-decay 
processes. 

1. Introduction 
 

Gamma-emission is one of the most universal channels of the nuclear de-excitation which accompany any nuclear 
reaction. The photoabsorption and gamma-decay processes can be described by means of gamma-ray (radiative) 
strength functions (RSF) [1]. These functions are involved in calculations of the observed characteristics of most 
nuclear reactions. They are also used for investigation of nuclear structure (nuclear deformations, energies and widths 
of the giant dipole resonances, contribution of velocity-dependent force, shape-transitions, etc.) as well as in studies of 
nuclear reaction mechanisms.  

Dipole electric (E1) gamma-transitions are dominant when they occur simultaneously with transitions of other 
multipolarities. Isovector Giant Dipole Resonances (IVGDR or GDR) are strongly displayed in E1 gamma-transitions 
in processes of photoabsorption and gamma-decay of the atomic nuclei [1 - 3]. It provides possibility to obtain GDR 
parameters from investigations of the E1 gamma-transitions. A comprehensive experimental database of updated values 
of the GDR parameters with estimations of their uncertainties (one-sigma standard deviation) was presented in [3], that 
is especially important for nuclear reaction codes for the reliable modelling of E1 gamma-ray cascades in highly excited 
nuclei as well as for the verification of different theoretical approaches used to describe GDR resonances.  

In this contribution, a new version of modified Lorentzian approach for RSF [1, 3] is proposed with the use of the 
renewed GDR width systematics. Different Lorentzian-type models of E1 strength functions [1] are tested by 
comparison of experimental data with theoretical calculations. 

 
2. GDR parameters with uncertainties and systematics 

 
The values and corresponding uncertainties of the Lorentzian-like model parameters were presented in Ref.[3] from 

a fit of the theoretical photoabsorption cross sections to the experimental data for 131 isotopes from 10B to 239Pu nuclei 
(262 entries) and 9 elements of natural isotopic composition (14 entries). The GDR component of the photoabsorption 
cross section was calculated within standard Lorentzian (SLO) model or within simplified version (SMLO) of the 
modified Lorentzian approach MLO1 [1, 3]. This compilation updates and extends the RIPL-3 database contained in 
files gamma/gdr-parameters&errors-exp-SLO.dat and gamma/gdr-parameters&errors-exp-MLO.dat [1].  

In this contribution, the values of GDR parameters and their uncertainties from [3] are used to obtain renewed 
systematics of GDR parameters. The expression for new systematics for GDR width are taken in the following form (in 
units of MeV): 

 

, 1 , 2 ,r j r j dyn r j ja E a EΓ = ⋅ + ⋅β ⋅ ⋅ γ ,                                                        (1) 
 

where 1 2,a a  are constants, ,r jE  and ,r jΓ  are GDR energy and width for vibration along j -axis respectively, 

( )1.6

0 /j jR Rγ = , with 0,jR R  for nuclear radiuses along j  axis and for radius of equivalent spherical nuclei. 

Parameters of quadrupole dynamical deformation dynβ  were determined from systematic [5]: 
1

7/3
2

1224 /dyn A E +
−β = , 

where 
12

E +  is energy of the first collective 2+ state. The systematic 
1

5/6
2

65 / (1 0.05 )shellE A E+
−= +  was used in the absent 

of experimental data on 
12

E +  with shellE  for shell correction energy calculated by the Myers - Swiatecki mass formula 

[1]. The 2χ  method was used to fit parameters for spherical and axially deformed nuclei. The value , 1 (MeV)r jΔΓ =  
was taken as GDR width uncertainty. The values of constant and their uncertainties 1 20.255(20), 0.370(83)a a= =  
were obtained by the fitting within SLO model. Similar systematics is obtained also for the SMLO model. 

The comparisons of the GDR widths with systematic (1) are presented in Fig. 1. 
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a b 
Fig. 1. Mean GDR widths as a function of mass number (a) and GDR energies (b) calculated by the use of SLO model: 
open circles - renewed GDR parameters [3]; crosses - parameters obtained by the systematic (1). 

 

As one can see from Fig. 1, the values of GDR 
widths within renewed systematic are in good agreement       
with experimental GDR parameters for the middle-
weight and heavy atomic nuclei. Fig. 2 demonstrates 
contribution of the fragmentation component ,fr jR =  

( )1 , ,1 /r j r ja E= − Γ into the full GDR width. It can be 
seen that the contribution of the fragmentation 
component to the full width value can be up to 40 
percent. 

 

3. Verification of simplified RSF models 
 

In order to test simplified RSF models [1], the 
gamma-decay radiative strength functions are calculated 
and compared with experimental data. The renewed 
GDR parameters were used: the SMLO parameters [3] 
were taken for calculations within MLO models (MLO1, 

MLO2, MLO3), and parameters of SLO model were applied for other models (SLO, the enhanced generalized 
Lorentzian, EGLO, and generalized Fermi-Liquid model, GFL). Variants 1 - 3 of MLO model give similar trend for 
photoabsorption cross sections and, therefore, only the MLO1 calculations are shown in the Figures. 

On a base of the systematic (1) for the GDR width, we propose new expression for description of the energy 
dependent width: 

( )1 2 ,( , ) ( )j j dyn r j jE U b a E U a Eγ γΓ = ⋅ + + ⋅β ⋅ ⋅ γ ,                                            (2) 
 

where Eγ  and U – energy of the gamma-rays and excitation energy respectively. Parameters 1jb =  in the absence of 
experimental data on GDR width ,r jΓ  and they are found from the condition , ,( , 0)r j r jE E UγΓ = = = Γ  in the opposite 
cases. The calculations of the MLO model with this expression for energy dependent width are named below as MLO4.  

The comparison of the different forms for RSF with the experimental data is shown in Figs 3 - 5.  
Fig. 3 shows the dipole gamma-decay strength functions for 124Te  and 150Sm  within different RSF models in 

comparison with experimental data from [6, 7]. The calculations were performed for excitation energy nU S= . 
The Fig. 4 shows dipole gamma-decay strength functions for 150Sm and 171Yb within different RSF models in 

comparison with experimental data from [8,9]. The experimental data from [8, 9] are averaged with the excitation 
energy U  by the following form: 

m

m

m 4

m
m

1 ( , ) , 1 4,
4

( )
1 ( , ) , 4 ,

U

f i i

aver U

f i i
E

f E U U E dU E
U

f E
f E U U E dU E U

U E
γ

γ γ γ

γ

γ γ γ
γ

⎧
= − < ≤⎪ −⎪= ⎨

⎪ = − < ≤⎪ −⎩

∫

∫
 

where m 8 MeV nU S= ≈ , nS -neutron separation energy. This averaging on U  is resulted from measurement method 
used in [8, 9]. 

 

Fig. 2. Ratio ( ), 1 , ,1 /fr j r j r jR a E= − Γ  of fragmentation 
component to the total GDR width for different nuclei. 
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a b 
 

Fig. 3. The gamma-decay strength functions within different RSF models 
for 124Te  (а) and 150Sm  (b): nU S= . Experimental data are taken from [6, 7]. 

 

a b 
 

Fig. 4. The gamma-decay strength functions within different RSF models 
for 149Sm (a) and for 171Yb (b). The experimental data are taken from [8, 9]. 

 
In Fig. 5 results of the calculations for the 90 Zr  and 100 Mo  nuclei are compared with experimental data from [10]. 

The calculations were performed for excitation energy nU S= . 
 

a b 
 

Fig. 5. The gamma-decay strength functions within different RSF models 
for 90 Zr  (а) and 100 Mo  (b): nU S= . Experimental data are taken from [10] 

 
We see from these Figures that RSF models with asymmetric shape (EGLO, GFL, MLO1, SMLO, MLO4) give 

better description of the experimental data than the SLO model in the low-energy region, which predict a vanishing 
strength function at zero gamma-ray energy. The results of the calculations of gamma-decay RSF within EGLO, GFL, 
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MLO, MLO4 and SMLO models are all characterized by a non-zero limit. It can be also noted that different variants of 
the MLO (SMLO) approach are based on general relations between the RSF and the nuclear response function [11]. 
Therefore, they can potentially lead to more reliable predictions among different simple models. 

The Table presents the ratio 2 2( ) / (SLO)modelχ χ  of chi-square deviations of the theoretical RSF of gamma-decay 
from experimental data. The average values of the ratio for approximately 40 nuclei with 25 < < 200A  were obtained. 
As one can see from this Table and Figures, asymmetric RSF gives better agreement with the experimental data at least 
in approximation of axially-deformed nuclei which is adopted in presented calculations. On the whole, proposed variant 
of the MLO model (MLO4) leads to the best description of the experimental data. 

 

The average ( )2 2
=1

( ) / (SLO) /n
i ii

model nχ χ∑  ratio of chi-square deviations 

of the theoretical RSF of γ -decay from experimental data.  
n  - cumulative number of nuclei ([6,7]: = 38n , [8,9]: = 41n , [10]: = 7n ) 

 

Exp.Data n Model 
EGLO GFL MLO SMLO MLO4 

[6, 7] 38 1,22 0,91 0,98 1,01 0,89 
[8, 9] 41 0,18 0,17 0,11 0,11 0,13 
[10] 7 2,22 2,11 1,16 1,71 1,20 

 

a b 
Fig. 6. The excitation function of Fe( , )nat n γ  and 183 184W( , ) Wn γ  reactions using different RSF models. 

The experimental data are taken from EXFOR data library for panel a and [12] for panel b. 
 

Fig. 6 shows excitation function of the Fe( , )nat n γ  and 183 184W( , ) Wn γ  reactions calculated by the use of different 
RSF models. The cross section calculations were performed by the use of EMPIRE 3.1 Rivoli code [13]. It should be 
mentioned that in these calculations, gamma-decay widths were normalized on their experimental values at the neutron 
binding energy. The difference in the calculations of excitation function by the different RSF models is growing in for 
heavy nuclei. It can be seen from Fig. 6, that calculations within the RSF models with asymmetric shape in general give 
better agreement with the experimental data for middle-weighted and heavy nuclei. 
 

4. Conclusions 
 

The overall comparison of the calculations within different simple models and experimental data shows that the 
EGLO and MLO (SMLO) approaches with asymmetric shape of the RSF provide a universal and rather reliable simple 
method for estimation of the dipole RSF over a relatively wide energy interval ranging from zero to slightly above the 
GDR peak. In generally, new version of MLO model (MLO4) leads to best description of the experimental data as for 
gamma-decay and for photoexcitation functions.  

Reliable experimental information is needed for more accurate determination of the temperature and energy 
dependence of the RSF. It would give possibility to investigate the contributions of the different mechanisms 
responsible for the damping of the collective states and provide more reliable test of the closed-form models of the E1 
RSF. 
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SYSTEMATICS  STUDIES  OF  (n, n’p + d)  REACTION  CROSS  SECTIONS  
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A new semi-empirical formulae for the calculation of the (n, n’p) and (n, n’p + d) cross section at 14.7 MeV neutron 

energy are obtained. The pre-equilibrium exciton and evaporation models allow establishing these new formulae by 
using the Droplet model of Myers and Swiatecki to express the reaction energy Q. The systematics behavior of the 
different terms of the Droplet model involved in reaction energy expressions was checked individually before choosing 
the pertinent terms and setting up the formula. Fitting these formulae to the existing cross section data, the adjustable 
parameters have been determined and the systematics of the (n, n’p + d) and (n,d) reactions have been studied. The 
predictions of these formulae are compared with those of the existing formulae and with the experimental data and give 
a better fit to the data than the previous comparable formulae. 
 

1. Introduction 
 

The data for gas production via neutron induced reactions are of great importance in the domain of fusion reactor 
technology, particularly in the calculation of nuclear transmutation rates, nuclear heating and radiation damage due to 
gas formation. In order to determine unmeasured data, model theory calculation and systematic predictions are useful 
for estimating this quantity. 

However, since these 14 MeV neutron induced cross sections for different nuclei vary rather smoothly with their N 
and Z values, several semi-empirical relations have been proposed, for example, to systematise the (n, p) and (n, α) 
reactions [1 - 4]. The relation for the (n, n’p + d) reaction proposed by Forrest [2] with four parameters and based on the 
evaporation model, is at present the best of all the existing formulas, because it results in the lowest value of χ2, when 
used in fitting the (n, n’p + d) experimental data of different nuclei.  

The aim of this work is to develop a semi-empirical formula, which depends only on the mass and charge numbers, 
in order to calculate the (n, n’p + d) reaction cross section for 14.5 MeV neutrons. The pre-equilibrium exciton and 
evaporation models [5 - 6] show an essentially dependence of the (n, n’p + d) cross section on the reaction energy Q. 
However the use of the effective reaction energy deduced from the Myers and Swiatecki [7] mass formula allows us to 
realize an analysis, based on the experimental data, of the (n, n’p + d) cross sections dependence to the different terms 
of the Droplet model involved in Q(n, n’p + d) before choosing the pertinent terms and setting up the formula. 

In this work, we derive an analytical expression with seven parameters that includes the pre-equilibrium 
contribution, to study the systematics of (n, n’p + d) reaction cross sections and determine the values of the parameters 
through least-squares analysis of the existing (n, n’p + d) cross section values for different nuclei. We analyze its 
predictive value and compare it with the existing formulae. 

 
2. Formalism and model parameters 

 
Let us consider the reaction A(n, b)B with many of the symbol definitions given as follows:  
En: the neutron kinetic energy; 
Sn: neutron separation energy; 
E = En + Sn: the excitation energy of the compound nucleus; 
Sb: emitted particle separation energy; 
Eb: emitted particle kinetic energy; 
U = E - Eb - Sb: the excitation energy of the residual nucleus. 
On the basis of Weisskopf - Ewing evaporation model the cross sections of the emitted particle is given by [8]:  

 

'

,eq a b
nb CN

b

F
F

σ = σ
∑

                                                                           (1) 

 
where a

CNσ  is the compound nucleus (CN) formation cross section through the entry channel (a) and Fb represents a 
quantity that is proportional to the partial decay width Γb of the compound nucleus for the emitted particle through the 
decay channel (b) calculated via the detailed balance theorem:  

 

2
0

2 (2 1) ( )
bE S

bb
b b inv b b

mF I E U dE
−

= + σ ρ∫ ,                                                      (2) 

 
where Ib and mb are respectively the spin and the reduced mass of the emitted particle from the compound nucleus, 

ρ(U) is the level density of the residual nucleus B at an excitation energy U.  Σ indicates the sum over all the decay 
channels b'. One can easily derive the expression of the evaporation cross sections [1 - 2, 9] σnb as 
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exp( ) exp( )eq n nn n b b nb b
nb CN CN

b

m S S V Q V
m T T T

− −σ = σ − = σ ,                                         (3) 

 
where Qnb is the (n, b) reaction energy, Vb is the coulomb energy for charged emitted particle and T is the nuclear 
temperature assumed to be equal for particle and neutron emission.  

On the other hand, the contribution of the pre-equilibrium emission based on the exciton model in his closed form, 
allow to write the energy spectrum of the emitted particle as [10] 

 

2 3
3

(2 1) ( 1, )
( , )

pre b
nnb b b inv b
CN n

nb

d S m E n U
dE gE n E=

σ + σ ω −= σ τ
π ω∑ ,                                             (4)  

 
Where ω(n, E) is the exciton state density, g is the level density parameter defined in the uniform spacing model and τn 
is the life time of the n exciton state. 

The expression of the exciton state density used here is given by [11]: 
 

1

( , )
! !( 1)!

n ng En E
p h p h

−

ω =
+ −

                                                                    (5) 

 
where p and h are number of excited particles and number of excited holes in an exciton state n respectively, they are 
related to n by: n = p + h. 

With substitution of ω(n, E) given by Eq. (5) in Eq. (4) we obtain the follow expression of the emitted particle 
energy spectrum for the pre-equilibrium component: 

 
2

2 3
3

(2 1) ( 1)
npre b

nnb b b inv b
CN n

nb

d S m E U p n
dE gE E

−

=

σ + σ ⎛ ⎞= σ − τ⎜ ⎟π ⎝ ⎠
∑ ,                                          (6) 

 
where the summation is taken over the exciton number n.  

The major contribution to the pre-equilibrium cross sections is essentially due to the exciton number n = 3. With 
using the sharp cutoff of the inverse cross section 2 (1 / )b

inv b bR V Eσ = π − , the pre-equilibrium cross sections can be 
derived after integrating over the emitted particle energy: 

 
2

32 3

(2 1) (1 / ) 4
n nb

b

E Q
pre n b b b b b n nb b
nb CN b

V

S m R V E E E Q E dE
gE E

+ + π − + −⎛ ⎞σ = σ τ⎜ ⎟π ⎝ ⎠∫ .                             (7) 

 
The integration leads to: 
 

2 3

32 3 2

(2 1) ( ) 4pre n b b n nb b
nb CN

S m R E Q V
gE

+ π + −σ = σ τ
π

.                                                        (8) 

 
The cross sections due to the equilibrium (Eq. 3) and pre-equilibrium (Eq. 7) emission can be given now as: 

 

3
1 2exp( ) ( )n nb b

nb CN n nb b
Q V E Q V

T
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                                                  (9) 

 

with     1
(2 1)
(2 1)

b b

n n

m I
m I

+β =
+

 and 
2

2 32 3 2

(2 1) 4b bI m R
gE

+ πβ = τ
π

, 

 

where 
max

2

0

(2 1)n
CN T

=

σ = π +∑
 
around 14 MeV neutrons energy, the transmission coefficients T  for waves of orbital 

angular momentum max≤ /R=  (with 1 / ck= ) involved in the interaction are close to unity, we can thus write the 
compound nucleus cross section as follows: 

 
/

2

0

(2 1)
R

n
CN

=

σ = π +∑ ≃ 2( )Rπ +                                                 (10) 

with 1/3
0R r A=   at 14 MeV neutron 0r≅   and n

CN Rσ ≈ σ that can be written as 
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2 1/3 2
0 (1 )R r Aσ = π +  with r0 = 1.2 fm                                                      (11) 

 
Now, by using the Droplet model of Myers and Swiatecki [7, 2] Qnd can be expressed as 

 
Qn, n’p + d = d1S1 + d2S2 + d3S3+ d4B1 + d5B2 + d6B3+ terms                                    (12) 

 
with relatively small contributions ignored; 
S1 = (N - Z + 0.5)/A, the usual asymmetry term found; 
S2 = (N - Z + 0.5)/A4/3, the surface asymmetry term; 
S3 = [(N - Z)4 - (N - Z + 1)4]/A3, the asymmetry anharmonicity term; 
B1 = (2Z - 1)/A1/3, the usual Coulomb term; 
B2 = (2Z - 1)/A, the Coulomb diffuseness term; 
B3 = (2Z - 1)A1/3, the Coulomb volume redistribution term. 
By substituting the formula of equation (12) in the expression of the (n,n’p + d) cross section we obtain: 

 

1
1 1 2 2 3 3 4 1 5 2 6 3

3
2 1 1 2 2 3 3 4 1 5 2 6 3

exp ( )

( ( )

d
nd R

n d

S S S B B B V
T

E S S S B B B V

β⎧ ⎫⎡ ⎤α + α + α + α + α + α − +⎪ ⎪⎢ ⎥σ = σ ⎣ ⎦⎨ ⎬
⎪ ⎪β + α + α + α + α + α + α −⎩ ⎭

.                            (13) 

 

Before setting up the relation for the σn,d we checked the behaviour of these terms against the ratio σn,d / σR for 
37 nuclei (Figs. 1 - 3), where the experimental values of σn,d cross sections were  taken from EXFOR[] data 
compilations and were presented in Table 1. The values of σR were calculated with Eq. (11). In our search for a formula, 
we have classified the target nuclei into two groups according to the sign of 1ξ +  where n pS Sξ = −  is the difference 
between neutron and proton separation energies (see Fig. 1). We note that for the group with 1ξ > − , the Figs. 2 and 3 
show a quadratic dependence of ln(σnd/σR) on the asymmetry term S1 = (N - Z + 0.5)/A and linear dependence on the 
usual Coulomb term given by B3 = (2Z - 1)/A1/3. For the same group, the dependence of pre-equilibrium cross section 
on (Qnd)3, via the asymmetry term S1, is illustrated in the Fig. 4. For the group with 1ξ < −  the quadratic dependence of 
ln(σnd/σR) on the surface asymmetry term is presented in Fig. 5.  
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Fig. 1 σnd cross section as function of the asymmetry term S1. 
 
On the basis of the above analysis we can replace the linear dependence of Qn,d on the asymmetry term by a 

quadratic one in the first member of Eq. (13) describing the equilibrium contribution. While for the second member of 
Eq. (13) describing the pre-equilibrium component, we are retained the dependence of Qn,d on the asymmetry term. 
Then, with the dependence of σnd on Vd/T and Vd neglected and in order to develop the systematics for the (n, n’p + d) 
reaction cross section at 14.5 MeV the following expressions were obtained and given in mb unit as: 

 
2 3

1 2 1 3 1 4 5 11/3 2
' 2

6 7 2

exp( ) ( ) 1
(1 )

exp( ) 1nd n p

C C S C B C C S
A

C C S+

⎧ + + + + ξ > −⎪σ = + ⎨
+ ξ < −⎪⎩

,                    (14) 

 
1/3 2

1 2 1 3 2(1 ) exp( )nd A C C S C Sσ = + + + ,                                                  (15) 
 

where Ci (i = 1, ... 7) are free parameters that could be found by using the fit of an experimental (n, n’p + d) and (n, d) 
cross sections at 14.5 MeV. 
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Fig. 2. Values of the ratio ( , ) /n d Rσ σ

 
for 1ξ > −  group showing the quadratic dependence of ln(σnd/σR) 

on the asymmetry term obtained from EXFOR data and Eq. (14). 
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for 1ξ > −  group showing the dependence of ln(σnd/σR) 

on the usual coulomb term obtained from EXFOR data and Eq. (14). 
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on the asymmetry term obtained from EXFOR data and Eq. (14). 
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Fig. 5. Values of the ratio ( , ) /n d Rσ σ

 
for 1ξ < −  group showing the quadratic dependence of ln(σnd/σR) 

on the surface asymmetry term obtained from EXFOR data and Eq. (14). 
 

3. Fitting of the systematic parameters 
 

The results fitting of the parameters of Eq. (14) to the experimental data are listed in the Table 1. The comparison 
between the experimental and the calculated data is shown in Fig. 6.  
 

Table 1. The parameters Ci of different systematics with their Σ and χ2 resulting from the fit 
to the 37 experimental (n, n’p + d) cross sections 

 
Formule 
Equation Zone ∑  2χ  1C  2C  3C  4C  5C  6C  7C  

This work 1ξ > −  169.96 6.79 -16.164 -
1425.109 2.076 1.070 -

4.425   

Eq. (14) 1ξ < −  2.26 0.45      3.668 -3739.391 

 Total 172.22 5.74        

Eq. (15) All 
nuclei 169 5.48 1.175 -44.34 52.99     

Qaim 1ξ > −  706.80 25.24 121.886 -30.374      

Eq. (17) 1ξ < −  28.47 4.74   1679.866     

 Total 735.27 21.62        
Forrest 
Eq. (16) Total 209.91 6.36 449.916 0.654 48.061 99.810    

Konobeyev 
[15] (n, d) 

All 
nuclei 183.73 7.98 1.146 -0.003 -4.33     
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Fig. 6. Ratios of the experimental cross sections to the cross sections calculated with Eq. (14) 

and parameter of the Table 1. 
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4. Comparison with others systematics 
 

Among the various relations proposed to describe the (n, α) cross section, the formula established by Forrest [13], 
for nuclei with 40 ≤  A ≤  200, was considered to be the best systematic with the minimum χ2:  

 
1/3 2

1 2 3 4( 1) (1 tanh( 1))exp( )nd C A C C S C fσ = + − ξ + − − .                                          (16) 
 

Qaim [14] has proposed a formula that considers only the asymmetry term and is given as follows: 
 

1 2

3

exp( ) 0
( 0) 0

nd

nd

C C S
C

σ = ξ >⎧
⎨σ = × σ ξ > ξ <⎩

,                                                      (17) 

 
where ( ) /S N Z A= −  is the asymmetry term. 1 /f A=  

The parameters Ci (i = 1, 2, 3, 4, 5, 6, 7) for previous relations are given in Table 2. The predictions of formula (14) 
are compared with those obtained from expressions (16) and (17) by using the same experimental values of Table 1. 
The results are given in Table 2. We note that the chi-squares obtained with expression (14) shows significant 
improvement compared to the relations of Forrest [13] and Qaim [14].  

The ratio of the experimental cross sections from Table 1 to the cross sections calculated through Eq. 14 is presented 
in Fig. 6. It should be noted that in our case the ratio of experimental to calculate data is more concentrated around the 
ratio equal to 1 and the all of the scatter points are included in the interval between the ratio equal to 0.5 and 3. 
However, we feel that the difference between experimental calculated cross sections results from the possible 
systematic errors in the measured (n, n’p + d) values, the approximate character of Eq. (14) and the finer nuclear 
structure effects  that the phenomenological formulae ignore.  
 

5. Conclusion 
 

This work attempts to derive a new phenomenological formula to systematize (n, n’p + d) cross section values. For 
our case an important improvement in description of the (n, n’p + d) cross section has been obtained. This improvement 
is due to the simultaneous introduction of the pre-equilibrium process and the effective reaction energy deduced from 
the droplet model of Myers and Swiatecki. The new formula has been tested for 37 nuclei with 40 ≤  A ≤  200. It shows 
an improvement in describing the (n, n’p + d) data compared with the existing relations.  
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Over the past several years various preequilibrium model approaches for nuclear reactions were developed. 
Diversified detailed experimental data in the medium excitation energy region for nucleus are needed for reasonable 
choice between these theoretical models. Lack of experimental data in this energy region does essentially limit the 
possibilities for analysis and comparison of different preequilibrium theoretical models. For photonuclear reactions this 
energy region extends between bremsstrahlung energies nearly 30 - 100 MeV. Experimental measurements and 
estimations of isomer ratios for products of photonuclear reactions with multiple particle escape on antimony have been 
performed using bremsstrahlung with energies 38, 43 and 53 MeV. Method of induced activity measurement was used. 
For acquisition of gamma spectra we used HPGe spectrometer with 20% efficiency and energy resolution 1.9 keV for 
1332 keV gamma line of 60Co. Linear accelerator of electrons LU-40 was a source of bremsstrahlung. Energy resolution 
of electron beam was about 1% and mean current was within (3.8 - 5.3) µA.  
 

1. Introduction 
 

Using high energy gamma-quanta as projectiles in nuclear reactions has some essential advantages for study of 
nuclear structure and nuclear reaction mechanisms. Indeed, gamma-quanta do not introduce large angular momentum 
into compound nucleus and additional contribution to excitation energy of compound nucleus due to binding energy of 
projectile is absent. In addition, the precise nondiscrete control of the gamma-quanta energy is possible. 

Characteristics of photonuclear reactions are well studied in the energy region of Giant Dipole Resonance (GDR) 
and above the pion-producing threshold (PPT). The energy region between GDR and PPT (from about 30 to about 
100 MeV) was studied to a smaller extent both theoretically and experimentally. The reason is due to small values of 
photonuclear reaction cross sections in this energy region and limited availability of high intensity quasi mono-energetic 
gamma ray sources with well controlled gamma-quanta energy. 

During the last several years essential progress has been achieved in development of the new theoretical models for 
the photonuclear reactions and in improvement of the existing ones in the considered energy region. The quasi-deuteron 
model was further improved [1], some new pre-equilibrium models have been developed for description of the multi-
particle emission [2 - 3]. Permanently growing interest in Accelerator Driven Systems and progress in the design of 
high intensity quasi mono-energetic gamma-quanta sources [4 - 5] also stimulates study of the photonuclear reactions 
above the GDR energy region. Very limited experimental data for the photonuclear reactions in the energy range (30 - 
100) MeV for testing newly developed and available theoretical models was the major motivation for the present work. 

The main purpose of this study is to obtain the experimental isomer ratios for nuclei 118m,gSb, 116m,gSb as the products 
of the 121Sb(γ, 3n)118m,gSb and 121Sb(γ, 5n)116m,gSb reactions.  

 

2. Methodology 
 

De-excitation time of nuclei by the γ-cascade irradiation usually does not exceed 10-12 s [6]. In some cases transitions 
between levels of nucleus are suppressed due to the large difference of angular momentum of these levels involved and the 
nucleus can live long enough in a specific state called the isomer state. Usually these isomer state doesn't have large 
excitation energies and its angular momentum differs from a spin of the ground state by a few units of . 

The isomer or ground levels with large values of spin are populated mainly from highly excited states with large 
spins values. Population of isomer or ground levels with smaller values of spin can occur mainly from highly excited 
states with small values of spins. Therefore investigations of relative populations of the isomer and ground states [7 - 8] 
can be very useful to derive spins of highly excited levels and to study the de-excitation mechanisms via gamma 
emission. 

For mono-energetic gamma beam with energy E the isomer ratio is determined as the cross sections ratio 
( )
( )
Em
Eg

σ

σ
, 

where ( )Egσ  is the cross section of the photonuclear reaction leading to the ground state, ( )Emσ  is the cross section 

for the same nucleus leading to the isomer state. Also the isomer ratio is often determined as a ratio of the cross section 

Hσ  for state with higher spin to the cross section Lσ  for state with lower spin: 
 

( )
( )

EH
EL

σ
ξ =

σ
.                                                                                  (1) 
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If a gamma beam is non-monoenergetic (this is the case for experiments with bremsstrahlung sources), the isomeric 
yield ratio is then being determined as: 

 

( )max
Ymd E
Yg

= ,                                                                              (2) 

 

where the reaction yield is given by 
 

( ) ( )
max

,, , max,

E
Y N E W E E dEm g m gt m gEthr

= σ ⋅∫ ,                                                  (3) 

 

Nt - number of the target nuclei; ,Ym g - reaction yield for nucleus in the isomer (m) or ground (g) state; maxE - 

maximal gamma energy; ( ), maxW E E  - bremsstrahlung spectrum; ( )Eiσ  with i = m, g – the reaction cross section 

for nucleus to be formed in meta-stable (ground) state for gamma energy E , iEthr , i = m, g – the energy threshold of 

the reaction leading to the meta-stable (ground) state. 
Production of isomeric pair and its decay can be described by the following differential equation system: 

 
dNm Y Nm m mdt
dNg Y N p Ng g g m mdt

⎧ = − λ ⋅⎪⎪
⎨
⎪ = − λ ⋅ + ⋅λ ⋅⎪⎩

,                                                         (4) 

 
where iN  - population of i-state (i = m – isomer state, i = g – ground state); Yi  - reaction yield according to (3); mλ , 

gλ - decay constants for isomer and ground state; p – branching factor (transition probability from isomer to ground 

state) [9 - 10]. The equation system is valid under such conditions: gamma-quanta flux is time invariable; contribution 
from interfering reaction may be considered as negligible; simple decay scheme, when the isomer level decays by 
gamma transition to the ground state in competition with β-decay and the ground state decays by β-decay branch. 

Solution of system (4) is: 
 

3 6 9

52 8

( )5 71 8 3 4 8 3 6

Sm YmC fm
Sg YgC fg

Ym

⎧ = Λ Λ Λ⎪ ⋅ ε ⋅⎪
⎪⎪ = Λ Λ Λ +⎨ ⋅ ε ⋅⎪
⎪+ Λ Λ Λ + Λ Λ Λ + Λ Λ Λ⎪
⎪⎩

,                                            (5) 

 
where iS , i = g, m – photo-peak area (in the gamma spectrum of the activation products), coefficient C includes 

self-absorption factor, true coincidence effects of cascade gammas and other effects; ε  - full efficiency of gamma 
detection for the analyzed gamma-line; fi , i = g, m – quantum yield of gamma-line for і-state decay (transition 

probability for this line); coefficients jΛ , j = 1,9 are defined by 1t , 2t , 3t , - irradiation time, cooling time and 

measurement time, respectively: 
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As a result, the following expression is obtained 
 

F Y X Ym g′ ′= + ,                                                                             (6) 
 

where F and X are defined as  
 

52 8

SF
fg

=
ε ⋅ Λ Λ Λ

( )5 71 8 3 4 8 3 6 3 6 9

52 8

fm
fgX
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Λ Λ Λ
,                 (7) 

 
with S S Sg m= +  peak area sum, , ,m g m gY CY′ =  - values, proportional to reaction yields.  

In this particular case isomer yield ratio was calculated by fitting the experimental data (X, F) using expression (6). 
Experimentally, the method of induced activity was applied to obtain the isomer ratios. Irradiations of Sb target have 

been carried out with bremsstrahlung endpoint energies within the region (38 - 53) MeV. Linear accelerator LU-40 
(Research and Development Complex “Accelerator” NSC KIPT) was used as a source of fast electrons [11]. Instability 
of electron beam intensity was within 2 %. Inner monitor of electron beam was calibrated by values from Faraday cup 
of the magnetic analyzer, placed at the accelerator outlet. The tantalum converter with 1.05 mm thickness was placed on 
the exit window of the accelerator facility, close to which the cylindrical aluminium gamma absorbers (thickness 5.5 
and 10 cm) were installed. Diameter of beam spot on the conversion target was less than 9 mm. Energy of electron 
beam was determined using magnetic analyzer and was double checked in the low energy region by considering the 
photonuclear reaction thresholds. A distance between tantalum converter and absorber was 2 cm, between tantalum 
converter and target – 20 cm. We used metallic antimony target with natural isotopic abundance to study the reaction 
121Sb(γ, 3n)118m,gSb and the reaction 121Sb(γ, 5n)116m,gSb. Irradiation time for every sample was 5 min. Then within (3 - 
8) seconds the irradiated sample was moved with pneumatic transfer system to the measurement area. HPGe detector 
with the energy resolution <2.0 keV for 60Co γ-line 1332 keV was used to acquire the instrumental gamma-ray spectra 
of the activation products as a set of serial measurements with various time periods. Cooling times varied from 5 s to 
few hours. Distances between sample and detector (dozens centimetres just after irradiation and few centimetres at the 
end of measurement period) were chosen to optimize both statistics and time restrictions when large contribution of 
interfering reactions took place, minimum distance was restricted by condition of negligible contribution of cascade 
gammas summing. Efficiency calibration of spectrometer was carried out for each detector-to-sample distance. The 
efficiency-energy dependence in double logarithmic scale showed a good quality and linearity in the energy range of 
interest, with deviations between experimental data and linear fitted values not exceeding 2 %. 

 

3. Results and discussion 
 

Isomer ratios were obtained as ( ) ( )
( )

H

L

Y E
IR E

Y E
γ

γ
γ

= , where ( )HY Eγ  is the reaction yield for the state of final nucleus 

with larger angular momentum (meta-stable state), ( )LY Eγ  is the reaction yield for the state of final nucleus with 
smaller angular momentum (ground state). We used the decay scheme of the 116m,gSb and 118m,gSb nuclei from [6].  
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Gamma-ray spectra from the antimony activities. The analytical gamma lines used for determination of the isomer 
ratios are indicated separately (left). Fitting line for experimental points (X, F) of antimony 116m,gSb nuclei decay 
(reaction 121Sb(γ, 5n)116m,gSb) (right). 
 

Examples of spectra from the induced activities for the antimony target are shown in Figure (left). The gamma line 
1293,5 keV (common line for EC + β + decay of the ground and isomer states) were used to obtain the isomer ratio for 
116m,gSb and the gamma line 1097 keV (γ-decay of the isomer state) was used to account contribution of 116m,gIn 
(reaction 121Sb(γ, nα)116m,gIn). 

One can see (Figure, right) the fitting result of the decay line in presentation (X, F) according to Eqs. (6, 7). 
Gamma transitions and corresponding lines with the energies 1050.7 keV (EC + β+ decay of the isomer state) and 

1229.7 keV (common line for decay of the ground and isomer states) were used to calculate the isomer ratio for 118m,gSb 
(reaction 121Sb(γ, 3n)118m,gSb). 

The gamma lines 1293.5 keV (common line EC + β+ decay of the ground and isomer state) were used to obtain the 
isomer ratio for 116m,gSb (reaction 121Sb(γ, 5n)116m,gSb). The gamma line 1097 keV (γ-decay of the isomer state) were 
used to account contribution of 116m,gIn (reaction 121Sb(γ, nα)116m,gIn). 

All obtained experimental values of the isomer ratios, corresponding reactions and characteristics of investigated 
nuclei are presented in the Table. 

 
Reactions, the bremsstrahlung energy end-points Eγmax, spins of the target nuclei (It), 

spins of the meta-stable (Im) and ground (Ig) states and the experimental isomer ratios 
IR = YH/YL, obtained in experiments 

 
Reaction Eγmax, MeV It Im Ig IR 

121Sb(γ, 3n)118m,gSb 38 5/2+ 8- 1+ 0.14 ± 0.04 
43 5/2+ 8- 1+ 0.14 ± 0.01 

121Sb(γ, 5n)116m,gSb 53 5/2+ 8- 3+ 0.25 ± 0.03 
 

The uncertainties given in table 1 include contributions from photopeak efficiency calibration, abundance, geometry 
configuration and intensities of gamma-rays (photopeak areas). Statistical uncertainties of photopeak areas made the 
main contribution to total uncertainty of result. Also number of experimental points of F,X dependency and range of X 
determination influenced total experimental error. These values were limited by experimental conditions. 
 

4. Conclusion 
 

Experimental values of  the isomer ratios are obtained for 118m,gSb and 116m,gSb nuclei as products of the photonuclear 
reactions 121Sb(γ, 3n)118m,gSb and 121Sb(γ, 5n)116m,gSb, using bremsstrahlung endpoint energies in the region from 33 to 
53 MeV. To correct deriving of isomer ratio for 116m,gSb one must account the contribution of 116m,gIn from reaction 
121Sb(γ, nα)116m,gIn. 
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Photonuclear reactions with escape of neutrons for some target nuclei are often accompanied with proton emission. 

To derive isomer ratios for the products of 54Fe(γ, np)52m,gMg reaction one has to take into account the interfering 
contribution of beta-decay for products of corresponding photoneutron reactions 54Fe(γ, 2n)52m,gFe and 54Fe(γ, n)53m,gFe. 
Bremsstrahlung with end-point energies within 32,8 - 43,6 MeV generated by electron linear accelerator LU-40 was 
used for irradiation of targets. Analytical solution for differential system of 4 equations was derived and used for correct 
estimation of contribution for all interfering reactions. 

 
1. Introduction 

 
Using high energy gamma-quanta as projectiles in nuclear reactions has some essential advantages for study of 

nuclear structure and nuclear reaction mechanisms. Indeed, gamma-quanta do not introduce large angular momentum 
into compound nucleus and additional contribution to excitation energy of compound nucleus due to binding energy of 
projectile is absent. In addition, the precise nondiscrete control of the gamma-quanta energy is possible. 

Characteristics of photonuclear reactions are well studied in the energy region of Giant Dipole Resonance (GDR) 
and above the pion-producing threshold (PPT). The energy region between GDR and PPT (within 30 ÷ 100 MeV) was 
studied to a smaller extent both theoretically and experimentally. The reason is due to small values of photonuclear 
reaction cross sections in this energy region and limited availability of high intensity quasi mono-energetic gamma ray 
sources with well controlled gamma-quanta energy. 

During the last several years essential progress has been achieved in development of the new theoretical models for the 
photonuclear reactions and in improvement of the existing ones in the considered energy region. The quasi-deuteron model 
was further improved [1], some new pre-equilibrium models have been developed for description of the multi-particle 
emission [2, 3]. Permanently growing interest to Accelerator Driven Systems and progress in the design of high intensity 
quasi mono-energetic gamma-quanta sources [4, 5] also stimulate study of the photonuclear reactions above the GDR 
energy region. Very limited number of experimental data for the photonuclear reactions in the energy range 30 - 100 MeV 
for testing newly developed and available theoretical models was the major motivation for the present work. 

The main purpose of this study is to obtain the experimental isomer ratios for nuclei 52m,gMg as the product of the 
54Fe(γ, np)52m,gMg reactions and compare them with predictions of the modern theoretical models. 

 
2. Theoretical background and experimental techniques 

 
De-excitation time of nuclei by γ-cascade irradiation usually does not exceed 10-12 s. In some cases transitions 

between levels of the same nucleus are suppressed due to the large difference of angular momenta for these levels 
involved and the nucleus may remain long enough in a specific state called the isomer state. Usually such isomeric 
states have not large excitation energies and its angular momentum (named as a spin in the text below) differs from spin 
of ground state by a few units of . 

The isomer or ground levels with large values of spin are populated mainly from highly excited states with large 
spin values. Population of isomer or ground levels with smaller values of spin can occur mainly from highly excited 
states with small values of spins. Therefore investigations of relative populations of the isomer and ground states [6, 7] 
can be very useful to derive spins of highly excited levels and to study the de-excitation mechanisms via gamma 
emission. 

For mono-energetic gamma beam with energy E the isomer ratio is determined as the ratio of cross 

sections
( )
( )
Em
Eg

σ

σ
, where ( )Egσ  is the cross section of the photonuclear reaction leading to the ground state, ( )Emσ  

is the cross section for the same nucleus leading to the isomeric state. Also the isomer ratio is often determined as a 
ratio of the cross section Hσ  for state with higher spin to the cross section Lσ  for state with lower spin: 

 
( )
( )

EH
EL

σ
ξ =

σ
.                                                                               (1) 

 
If gamma beam is non-monoenergetic (that is the case for experiments with bremsstrahlung sources), the isomeric 

yield ratio is determined as: 
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( )max
Ymd E
Yg

= ,                                                                          (2) 

 
where the reaction yield is given by 

 

( ) ( )
max

,, , max,

E
Y N E W E E dEm g m gt m gEthr

= σ ⋅∫ ,                                                    (3) 

with Nt - number of the target nuclei; ,Ym g - reaction yield for nucleus in the isomer (m) or ground (g) state; maxE - 

maximal gamma energy; ( ), maxW E E  - bremsstrahlung spectrum; ( )Eiσ  with i = m, g – the reaction cross section 

for nucleus to be formed in meta-stable (m) or ground (g) state for gamma energy E , iEthr , i = m, g – the energy 

threshold of the reaction leading to the meta-stable (ground) state. 
For some target nuclei photonuclear reactions with multiple escapes of neutrons are accompanied by proton 

emission. To study the products of these reactions one has to take into account an interfering contribution of beta-decay 
for products of corresponding photoneutron reactions. Often contribution of beta-decay from precursor nuclei in isobar 
chain (52m,gFe) is essential.  

Production of isomeric pair, precursors from interfering reactions and its decay can be described by the 
following differential equation system (see Fig.1): 

 

( )

( )

( )

( )

dN Am Y t NAm Am Amdt
dN Ag Y t N p NAg Ag Ag AmAg Am Amdt
dNBm Y t N p N p NBm Bm Bm AmBm Am Am AgBm Ag Agdt
dNBg Y t N p N p N p NBg Bg Bg AmBg Am Am AgBg Ag Ag BmBg Bm Bmdt

⎧
= − λ⎪

⎪
⎪
⎪ = − λ + λ
⎪
⎨
⎪ = − λ + λ + λ⎪
⎪
⎪

= − λ + λ + λ + λ⎪
⎩

           (4) 

 
where iN  - population of i-state (m - isomer state, g – ground 
state) of nuclei A and B; , , , ;i Am Ag Bm Bg=  Yi  - reaction 

yield according to (3); iλ - decay constants for isomer and 

ground state; p – branching factor (transition probability from 
one level to other level).  

Analytically solving this system the experimental values of 
isomer ratios were obtained by us. 

Experimentally, the method of induced activity was applied 
to obtain the isomer ratios. Irradiations of 54Fe targets have been 
carried out with bremsstrahlung endpoint energy 32,8, 38,3, 
43,6 MeV. Linear accelerator LU-40 (Research and 
Development Complex “Accelerator” NSC KIPT) was used as a 
source of electrons [8]. Instability of electron beam intensity 
was within 2 %. Inner monitor of electron beam was calibrated 
by values from Faraday cup of the magnetic analyzer, placed at 
the accelerator outlet. The tantalum converter with 1.05 mm 

thickness was placed on the exit window of the accelerator facility, close to which the cylindrical aluminium gamma 
absorbers (thickness 5.5 and 10 cm) were installed. Diameter of beam spot on the conversion target was less than 9 mm. 
Energy of electron beam was determined using magnetic analyzer and was checked in the low energy region by reaction 
thresholds. A distance between tantalum converter and absorber was 2 and 4 cm, between tantalum converter and target 
– 20 and 30 cm (depending on electron energy). We used highly enriched 54Fe targets. These target samples enriched by 
isotope 54Fe (enrichment 99.85 %) were formed as metal disks of iron 10 mm in diameter and 236 mg mass for first 
sample (215 mg for second one). Then within 3 - 8 s the irradiated sample was moved by pneumatic transfer system to 
the measurement area. HPGe detector with the energy resolution 1.9 keV for 60Co γ-line 1332 keV was used to acquire 
the instrumental gamma-ray spectra of the activation products as a set of serial measurements with various time periods. 
Distances between sample and detector (dozen centimetres just after irradiation and few centimetres at the end of 

Fig. 1. General cheme of isomer nucleus (B) decay 
with interfering contribution of precursor nucleus 
(A) of isobaric chain. 
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measurement period) were chosen to optimize both statistics and dead time/pile-up effects due to large contribution of 
interfering reactions. Minimum distance was limited by condition of negligible contribution of cascade gammas 
summing. Efficiency calibration of spectrometer was carried out for each detector-to-sample distance.  
 

3. Results and discussion 
 

Examples of spectra from the induced activities for the 54Fe targets are shown in Fig. 2. 
 

 
Fig. 2. Gamma-ray spectra from the induced activities in the target enriched in 54Fe. The analytical gamma lines which 

were used for determination of the isomer ratios are indicated separately. All values of Eγ are presented in keV. 
 

Reaction, the bremsstrahlung energy end-points Eγmax, spins of the target nuclei (It), spins of the meta-stable 
(Im) and ground (Ig) states and the experimental isomer ratios IR = YH/YL, obtained in experiments 

 
Reaction It Im Ig Eγmax, MeV IR 

54Fe(γ, np)52m,gMn 0+ 2+ 6+ 32,8 0.123 ± 0.005 
38,3 0.124 ± 0.005 
43,6 0.146 ± 0.09 

 
Our subject if interest was isomer ratio of nucleus 

52m,gMn, reaction product of 54Fe(γ, np)52m,gMn. However, 
due to reaction 54Fe(γ, 2n)52Fe the nucleus 52Fe as 
precursor of 52Mn in isobaric decay chain may cause a 
significant contribution in population of isomer and 
ground levels of 52m,gMn. Using solution of equation 
system (4) we derived isomer ratios for 52m,gMn taking 
into account contribution of 52Fe. We used for isomer 
ratio calculation the 1434 keV gamma line, which is 
generated during decay of both isomer and ground state 
of 52m,gMn nucleus. Gamma-line 168.7 keV (due to decay 
of 52Fe ground state) is used to take into account a 
precursor contribution. Isomer state of 52Fe with spin-
parity 12+ was not populated (it is confirmed by absence 
of decay gamma lines with energies 621.7 keV, 
869.9 keV, 929.5 keV, 1416.1 keV). Using gamma line 
with energy 377.7 keV from 52m,gMn isomer transition is 
not correct, because in decay of 53Fe as a product of 
54Fe(γ, n)53Fe reaction with larger cross section, the 
interfering gamma line with energy 377.9 keV does 
overlap with 377.7 keV. Nuclides decay data for this 
work were taken from ENSDF database [9]. 

 
Fig. 3. Isomer ratios of yields for 52m,gMn from reaction 
54Fe(γ, np)52m,gMn. Solid line – calculation with using 
code TALYS, filled circles – experimental data obtained 
in this work, squares – experimental values from ref. [11]. 
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All obtained experimental values of the isomer ratios, corresponding reactions and characteristics of investigated 
nuclei are presented in the Table. 

The uncertainties given in the Table include contributions from photopeak efficiency calibration (2 %), 
abundance(<1 %), geometry configuration (2 %) and intensities of gamma-rays (3 %, excluding case for 43.6 MeV). 
Statistical uncertainties of photopeak areas were the mojor contributors to total uncertainty of result. We used code 
TALYS [10] for theoretical calculations of isomer ratios for investigated nucleus (Fig. 3). Optimal default parameters 
were applied for calculation. 

As one can see from Fig. 3 our experimental data are in rather good agreement with theoretical calculation results 
comparing with other experimental data given in Ref. [11]. 
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Reaction of the deuteron breakup on 12C nucleus at zero angle and the energy of 56 MeV is considered in the 
framework of the diffraction nuclear model using the generalized three-dimensional profile functions. Geometrical 
parameters of the model are determined by fitting the experimental data on elastic scattering of protons with the energy 
of 20 MeV on 12C. Calculated dependence of the deuteron breakup differential cross section on the energy of emerging 
proton desribes the experimental data much better than alternative approaches. Relative contributions of the Coulomb 
and nuclear interactions are analyzed as well as the magnitude of the effects, related to accounting of the longitudinal 
component of the transferred momentum, is estimated. 
 

1. Introduction 
 

Investigation of the reaction of deuteron breakup by atomic nuclei in wide energy range provides valuable 
information on both the mechanism of reaction and the nature of interaction of the complex particles with nuclei. 

Even in early studies it was shown that to describe the various characteristics of the process of the deuteron breakup 
requires the inclusion of both the nuclear and Coulomb interactions.  

Recently, theoretical studies of (d, np) reaction developed in two ways. At relatively low energies of the incident 
deuterons ( 8 20dE −∼ MeV) various modifications of the method of distorted waves [1 - 3] are used. Application of 
this method leads to a rather complex numerical calculations, during which one has, as a rule, to introduce a number of 
additional simplifying assumptions. 

In that case, where the wavelength of the relative motion of the colliding particles is small compared to the 
characteristic size of the interaction region, the diffraction model is widely used [4 - 6].  

Despite the fact that for the fulfillment of the diffraction approximation validity criterion the incident deuterons must 
have energies greater than the height of the Coulomb barrier, taking into account the Coulomb interaction appears to be 
essential for the correct description of the observed characteristics of the breakup process [7, 8]. 

Diffraction theory of interaction of complex particles and nuclei used in the studies cited above, suggests that each 
nucleon, which is part of the deuteron scattered by the force center, leads to a phase shift that is associated only with the 
transfer of the transverse momentum. This assumption is valid for deuteron elastic scattering at small angles. In the case 
of inelastic process, including the breakup process, a certain longitudinal momentum can also be transferred to the 
deuteron’s nucleon. This fact leads to the incoherence of the breakup process, which therefore cannot be described by a 
profile function corresponding to the elastic scattering. The calculations of the angular correlations in the reaction 
3He(p, 2p)d at the proton energy of 156 MeV [9] have shown the importance of these effects. 

It is therefore of interest to examine the process of deuteron breakup by atomic nuclei in the diffraction 
approximation taking into account the longitudinal and transverse components of the transferred momentum. 

 
2. General formalism 

 
In the diffraction approximation, the deuteron breakup amplitude can be written as 

 

( ) ( ) ( ) ( )2 3 *( , ) exp ,
2

d
f i f i

ikF d B i d r⊥= Ψ Ω Ψ
π ∫ ∫Q p Q B r B r r ,                                       (1) 

 
where dk  is the deuteron momentum in the laboratory frame; Q  is the momentum transferred to the nucleus; p  is the 
momentum of the relative motion of the nucleons, released as a result of the reaction; B  is a two-dimensional vector, 
the modulus of which determines the impact parameter of the deuteron center of mass. Complete wave functions of the 
initial and final states of the two nucleons are given by the following expressions: 

 

( ) ( ) ( )0 1. 01,2 1,2i S M T= =Ψ = ϕ χ ζr ,                                                             (2) 
 

( ) ( ) ( ) ( ) ( ){ }
1 21/2 1/2 1/2,1/2 1/2, 1/21 2 1 2

2f m m
a

−Ψ = ϕ χ χ ζ ζp r                                          (3) 

 
Here ( )0ϕ r  and ( )ϕp r  are spatial components of the wave functions of the two-nucleon system, 1/2 jmχ  and 1/2 jμζ  

are the spin and isospin functions of the nucleons, correspondingly; a  is antisymmetrization operator. 
Following [9], if we take into account noncoherence of the process of nucleon scattering by the force center, the 

complete profile operator ( ),Ω B r , included in (1), can be expressed in terms of the profile operators of separate 
nucleons forming deuteron as follows 
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( ) ( ) ( ) ( )1 2 1 21 2 1 2
1exp exp exp exp
2z z z ziQ z iQ z iQ z iQ zΩ = Ω − + Ω − − Ω Ω − + −⎡ ⎤⎣ ⎦ ,                       (4) 

 
where the “hat” over letters means that the corresponding quantities are the matrices in isospin space of both nucleons. 

Thus, the mechanism of the process under study consists in the diffraction scattering of the center of mass of the 
neutron-proton system, whereas the process of the breakup in the interaction with the nucleus, which changes the 
character of the relative motion of the proton and the neutron, is incoherent and is accompanied by the transfer of 
longitudinal momentum. 

Taking Coulomb interaction into account is carried out on the basis of the principle of the additivity of phase shifts: 
 

( )1 exp
c cc

j j j jj j j ji iΩ = − χ + χ π = ω + ω − ω ω                                                      (5) 
 

where 1 / 2(1 )j jzπ = + τ  is the proton state projection operator, jχ  and 2c
jχ ≡ σ  are nuclear and Coulomb phase shifts, 

correspondingly.  
Neglecting the spin and isospin dependence of the profile functions, calculating the corresponding matrix elements 

and taking the Jacobi coordinates ( )1 21 / 2= +R r r , 1 2= −r r r , we obtain a spatial profile function as the sum of the 
Coulomb and nuclear-Coulomb profile functions: 

 

( ) ( ) ( ), , ,c NcΩ = Ω + ΩB r B r B r ,                                                                 (6) 
 

( ),cΩ B r =
2

2 2[1 ]
ziQ zi

e e
⎛ ⎞σ + −⎜ ⎟
⎝ ⎠−

bB
,                                                                   (7) 
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2

2 2, [ ( ) ( ) cos( ) ( ) ( ) cos( )]
2 2 2 2 2 2

ziQ zi
z z

Nc
Q z Q ze e

⎛ ⎞σ + −⎜ ⎟
⎝ ⎠Ω = ω + + ω − − ω + ω − +

bB b b b bB r B B B B  

 

( )sin( ).
2 2

zQ zi+ ω − bB                                                                          (8) 

 
Finally, we get the amplitude of (d, np) reaction as a sum of two terms, responsible for the Coulomb and nuclear-

Coulomb breakups: 

( ) ( ) ( ) ( )2 3 *
0( , ) exp ,

2
d

c Nc
ikF d B i d r F F⊥= ϕ Ω ϕ = +

π ∫ ∫ pQ p Q B r B r r .                                  (9) 

 
As the wave functions of the neutron-proton system, the following model wave functions that satisfy the 

orthogonality condition are chosen: 

( )
3/4

2
0

2exp( ), ,N r N γ⎛ ⎞ϕ = −γ = ⎜ ⎟π⎝ ⎠
r  

 

( ) ( )
2

2exp ( )exp( ), ( ) 8 exp
4
pi f p r f p

⎛ ⎞
ϕ = − −γ = −⎜ ⎟γ⎝ ⎠

p r pr .                                        (10) 

 
3. Amplitude of the Coulomb breakup 

 
By a simple change of two-dimensional integration variable in (9), we find with the help of (7): 
 

( ) ( )2 2 ( ) 3 * 2
0( , ) e (1 )

2

i
i i Bd

c
ikF d B e d r e⊥

−σ= − ϕ ϕ
π ∫ ∫

Qr
Q B

pQ p r r .                                      (11) 

 
The first integral in (11) can be regarded as the amplitude of the elastic scattering of a point-like charged particle in 

the Coulomb field of the nucleus. In what follows, this amplitude is represented as a product of the amplitude of elastic 
scattering of protons with momentum / 2dk  on point-like center in the Born approximation 

 
2

02( , ) exp[2 ( ln )], ,
2 2
d d d

c p
d p

k nk kQ Ze mf Q i n n k
Q k k

= − σ − = =                                    (12) 

 

( 0σ  is the Coulomb scattering phase, Q  is the total transferred momentum) and the charge formfactor, which takes 
finitness of the nucleus dimensions into account: 
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0

4( ) ( )sin , (0) 1.F Q drr r Qr F
Q

∞π= ρ =∫                                                          (13) 

 
Choosing the density of the charge distribution in the nucleus in the form of 

 
2 2

( )/ 1 3 1
0 0 2

4( ) [1 ] , [ (1 )]
3

r R a ar e R
R

− − −πρ = ρ + ρ = π +                                             (14) 

 
( R  is the charge radius of the nucleus), we get the following expression for the charge formfactor: 
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The second integral in (11) takes into account the fact that the position of the charge in the deuteron does not 

coincide with its center of mass, and after calculation leads to the following expression: 
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Thus, the Coulomb breakup amplitude used in the calculations becomes: 
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Note that since the deuteron breakup reaction has a threshold (the minimal transferred momentum is ,min 2 /z dQ m k= ε ), 
the amplitude of the Coulomb breakup has no singularity. 

 
4. Amplitude of the nuclear-Coulomb breakup 

 
The amplitude of nuclear breakup with the Coulomb distortion can be written as: 
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It includes the calculation of five-dimensional integrals of oscillatory functions. Therefore, in order to simplify the 
calculation of the matrix elements with respect to the deuteron coordinate r , we expand the profile function  ( )ω −B b  
in a series of variable b , which is valid for sufficiently heavy nuclei, when the nucleus radius is much larger than the 
radius of the deuteron: 
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Later in the calculation of the amplitude of the Coulomb breakup (17), all of the terms of the expansion in the 

nuclear-Coulomb amplitude for simplicity will be calculated with Gaussian functions (10). This allows one to carry out 
the calculations analytically. The contributions to the amplitude (18) of the zero, first and second orders of the 
expansion are denoted as (0)F , (1)F , (2)F . After integrating with respect to the variable r  and the azimuth angle of two-
dimensional vector B , the amplitude of the nuclear-Coulomb breakup can be represented as: 
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where / Q=Q Q  is a unit vector, 
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shorter: 
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J  is Bessel function. In order to obtain the Coulomb phase ( )Bσ , the quasiclassical relation between an angular 
momentum and an impact parameter 1 / 2 / 2dl k B+ =  as well as the equation arg (1 )l l inσ = Γ + +  are used. The 
integration in the amplitudes is carried out numerically with the profile function chosen in the Fermi form with the 
imaginary surface part: 
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where the parameters g , R  and a  characterize the geometric dimensions of components of the nucleon profile 
function. 

The Table shows the parameters of the nucleon 
profile function (19) obtained from the comparison 
with experiment for the description of both the elastic 
scattering of protons on 12C at the energy of 20 MeV 
and the deuteron breakup reaction at 56 MeV. 

 
Our calculations show that the cross section of elastic 

scattering cannot be agreed with the experiment, if only 
one term is used in the profile function (19). This can be 
seen from Fig. 1: each term of the profile (V- or S-type) 
gives a deep minimum in the cross section, which is not 
observed in the experimental data.  

 
5. Deuteron breakup cross section 

 
The differential cross section of the deuteron breakup 

is expressed in terms of the amplitude (9) using the 
relation 

 
33

2
3

1 ( , )
(2 ) ( )

p n

p n p n

mk kd F
d d dE K

σ =
Ω Ω π ⋅

Q p
k K

,   (20) 

 

where the wave vector of the relative motion of the 
nucleons in the deuteron p  and the wave vector of the center of mass of the deuteron taking into account the recoil K  
are expressed in terms of wave vectors of escaping neutron and proton in the laboratory frame as 
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The available experimental data on the breakup of the deuteron by nuclei [10], when the products of the deuteron 

breakup escape at zero angle with respect to the momentum of the deuteron, allow a detailed comparison of our theory 

Parameters of the profile function (19) for various processes 
 1g  1R  1a  2g  2R  2a  
(d, pn) –1,29 2,72 0,53 0,87 2,58 0,55 
(p, p) 1,36 2,72 0,53 3,10 2,58 0,55 
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Fig. 1. The cross section of the elastic scattering 
of deuteron on carbon. 
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and an experiment. Numerical calculations of the cross section of the deuteron breakup are carried out for carbon nuclei 
at the energy of 56 MeV. Despite the fact that this energy is higher than the Coulomb barrier, the contribution of the 
Coulomb breakup is crucial by the magnitude of the cross section as well as by the shape of the energy spectrum of 
escaping protons. 

 
Fig. 2 shows the results of calculations of the energy 

spectrum of the protons with Gaussian functions in the 
case of a zero escape angle of the reaction products. Note 
that at these energies the main peak is dominated by the 
Coulomb breakup mechanism, which also leads to the 
appearance of the second maximum of the cross section 
with a lower magnitude, which corresponds to the 
experiment. 

The effect of longitudinal transferred momentum ZQ  
is noticeable, contributes in the “right” way, though not 
significant. In the spectrum region where the energy of 
the proton and neutron are close to each other, the curves 
are practically the same, that is the effect disappears, 
which is easily explained by the kinematical specifics of 
this experiment: the nucleons are flying forward with 
similar energies (almost as a whole) and the momentum 
transfer is close to its threshold value, which is very little. 
On the wings of the spectrum, when the energies of the 

nucleons are very different, the effect of longitudinal transferred momentum is manifested most. Note that at higher 
energies the role of the effects associated with the transfer of longitudinal momentum, especially in the asymmetric 
geometry, increases. 
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Relative yields of the (γ, α) reactions could serve as a probe to verify the theoretical models which assume total 

alpha clustering, or multiquark objects in heavy nuclei. A deficit of data on the (γ, α) process probability must be 
covered in relatively simple activation experiments. Five concrete reactions are distinguished because they provide 
favorable conditions for detection of the low-probability reaction branch – (γ, α). The following requirements must be 
satisfied: the target species available in an enriched form, the convenient properties of the product activity, and 
reasonably soft background restrictions. In the present experiment with bremsstrahlung at Ee = 23 MeV, new results are 
successfully obtained for (γ, α) reactions in two cases and upper limits are deduced for three others. Much lower 
probability of (γ, α) compared to (γ, p) reactions is proved. Alpha-clustering in heavy nuclei is not supported. 
 

1. Introduction 
 

The status of nucleons within a nuclear matter isn’t yet well clarified point despite great interest since the decades. 
Simplest assumption that nucleons conserve their individual properties, same as in vacuum, was under criticism from 
different points of view. There is known a spectrum of ideas: on necessity to replace the nucleons by quasi-particles, on 
interacting bosons inside the nucleus and on complete alpha-clustering in nuclear matter. Over recent decade, an idea of 
short range nucleon-nucleon correlations with formation of a quark bag attracts an attention, and it is tested in reactions 
at GeV energies [1]. The mentioned above models also find some application and reach a success in simulation of 
different processes. The additional tests in experiments are yet relevant. We propose now to use the reactions induced 
by photons at moderate energy of about (20 - 25) MeV. Electromagnetic radiation perturbs the nucleons in a target 
nucleus only slightly unlike the influence of strongly interacting projectiles. The product particles are released by the 
electromagnetic field, and the yield of different reactions may serve as a probe of bonds and correlations between 
nucleons within the heavy target nucleus. 

Recently, there are presented [2] the evidences for regular threshold dependence of the photon-induced reactions. 
Relative yields were systematized versus the (Ee - Eth - Bc) parameter containing an excess of the end-point energy Ee 
above the sum of reaction threshold Eth and the Coulomb barrier Bc for particle emission. The different-reaction yields 
are normalized to the yield of the most abundant (γ, n) reaction and they show a systematic growth with the increase of 
the mentioned threshold parameter. A common behavior of the neutron and proton yields confirms the similar 
mechanism of the release by electromagnetic field including both the compound and direct emission patterns. The 
multiparticle reactions dominate at Ee ≥ 40 MeV due to the sequential mechanism and they could not be involved in 
common systematic together with the elementary processes of nucleon emission. The exclusion is obviously revealed 
for the (γ, d) reaction [2], despite possible contribution from (γ, pn) sequential emission. 

For light targets, the (γ, α) reaction was since many decades under the scope of the astrophysics relevant studies. 
However, the literature data is poor for medium-weight and heavy targets. Cross sections of electro and photonuclear 
reactions were measured in [3, 4] for 58Ni and 60Ni targets. Recently, the abundant yields of the (γ, α) products have 
been reported in [5, 6] for antimony and mercury targets, respectively. The great specific activity of 195mPt has been 
deduced in [6] due to the 199Hg(γ, α) reaction at Ee = 30 MeV. Strictly speaking, this not a confirmation of the great 
reaction yield, just an indication that the 195mPt nuclide supplies a significant part of the total Pt production when the 
mercury target is exposed to photons. 

In [5], the yield of 121Sb(γ, α)117In reaction is reported in a value near 0.8% of the (γ, n) yield. This looks too high, 
significantly higher the result of [3]. For Ni target in [3], the yield of alphas was observed at a level by 20 times lower 
the (γ, p) yield, i.e. about 10-4 in comparison to the rate of (γ, n) reaction. In our measurements [7], the 181Ta(γ, α)177Lu 
reaction was observed and the yield was appeared to be ≈ 0.7·10-5 in ratio to the (γ, n) abundance. Due to such 
scattering of results over different publications and also due to the general lack of reliable data, one may conclude a 
necessity to explore relative yields of the bremsstrahlung induced reactions, especially, for (γ, α) reactions in the weakly 
studied domain of heavy targets. Comparison of the nucleon and alpha emission rates must be productive for 
conclusions about the nucleon-nucleon correlation status, or at least, to probe an idea of complete alpha clustering in 
heavy nuclei. Experimental data for (γ, n) and (γ, p) yields were compiled in [2] and the novel regularities were 
deduced. 
 

2. Results 
 

Inspecting the Nuclide Chart from A =100 to 208 we have tried to find the most promising cases for detection of the 
(γ, α) reaction by activation method with γ-spectroscopy measurements of the induced activity. The mass numbers of 
potential targets correspond to the domain of heavy nuclides but out of the alpha radioactive nuclide range. The best 
five cases are selected for experimental tests in bremsstrahlung irradiations with MT-25 microtron of FLNR, JINR at 
end-point energy of 23 MeV. The activities listed in Table 1 are chosen because they are characterized by the relatively 
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intense γ-lines convenient for detection at moderate halflives. The major problem of such experiments would be a 
presence of the background radiation generated by the isobaric nuclides due to the same transition at the same daughter 
nuclide but after ε- instead of β–-decay.  
 

Table 1.  Encounter data for the (γ, α) -reaction experiment 
 

Target Abundance % Product Halflife of 
ß–-decay 

Major γ line, 
keV 

Internal 
background 

Origin of the 
background 

109Ag 48.2 105Rh 35.4 h    318.9 105Ag; 41.3 d 107Ag(γ, 2n) 
113Cd 12.2 109Ag 13.7 h      88.0 109Cd; 463 d 110Cd(γ, n) 
119Sn 8.6 115Cd 53.4 h    527.9        –          – 
181Ta 100 177Lu 6.47 d    208.4        –          – 
193Ir 62.7 189Re 24.3 h    245.1 189Ir; 13.3 d 191Ir(γ, 2n) 

 
This internal physical background couldn’t be excluded by a better shielding of the detector, or so. In two cases at 

Table 1, the background is absent and they must be considered as the best for reliable detection of the (γ, α) reaction and 
for the yield estimate. For other targets, the experimental conditions must involve the enriched target isotopes because 
the background is created typically in reactions with the complementary isotopes present in a target. In our experiment, 
the targets of natural isotopic composition have been exposed to the bremsstrahlung generated with 23 MeV electron 
beam in 3mm W converter. The activated target was located downstream the converter, after 15 mm Al radiator to stop 
the electrons. 

The metal target foils of natural isotopic composition were taken typically in a full weight of (0.2 - 0.5) g, and the 
highly-enriched materials were not used because of relatively high cost. Past irradiation during about 5 hours at the 
electron beam intensity of 10 μA, the induced activity measurements were continued over one week and in some cases 
even longer up to one month. The gamma spectra were taken using HP Ge detector with energy resolution better 1.8 
keV by the 60Co lines. The set of standard sources was used for energy and efficiency calibration of the detector. Series 
of spectra measurements were resulted in observation of the γ-lines belonged to the products of (γ, α) reactions in Sn 
and Ta targets, despite a great activity of other radio-nuclides produced in more abundant reactions. A number of 
produced 115Cd and 177Lu atoms could be evaluated from the measured γ-line intensities using the standard procedure 
for gamma spectra processing, the decay schemes from Nuclear Data Sheets, and the mathematics formalism for 
account of the accumulation and decay factors for the radioactive products. At the same γ-spectra, there were observed 
the activities produced in (γ, n) reactions. Finally, the (γ, α) reaction yield is calibrated to that of the (γ, n) reaction, and 
the ratio is reduced in Table 2. 
 

Table 2. Experimental results for the yield of (γ, α) reactions 
 

Target Product Threshold parameter 
(Eth + Bc), MeV 

Relative yield 
(γ, α)/(γ, n) 

Importance of 
background 

natAg 105Rh 13.56    ≤ 3.5·10–4 Yes 
natCd 109Pd 14.32     ≤ 2.4·10–4 Yes 
natSn 115Cd 15.31  (2.9 ± 0.4)·10–5 No 
natTa 177Lu 14.51  (0.70 ±0.12)·10–5 No 
natIr 189Re 15.84     ≤ 2.8·10–4 Yes 

 

Accurate measurements were carried out also for other targets listed in Table 2, but the (γ, α) yields in Ag, Cd and Ir 
targets could only be estimated in a form of the upper limit. This is due to the presence of internal background as was 
explained above. The backgrounds could be eliminated if use the well enriched targets. The additional experiments with 
purified by orders of magnitude sensitivity might be requested. Nevertheless, one can see in Table 2 that the yields of 
115Cd and 177Lu products of the (γ, α) reactions are now successfully measured, and they are as low as ≈ 10–5 of the (γ, n) 
reaction abundance. For three other cases, the upper limits near 10–4   additionally confirm the low value of the order of 
10–5 for (γ, α)-to-(γ, n) ratio.  For 177Lu, the present experiment shows well agreement with the earlier results of [7]. It 
must be mentioned that both 115Cd and 177Lu nuclides may exist in a form of high-spin isomers: 11/2– and 23/2–, 
correspondingly. Their activities couldn’t be detected now because of much lower yields due to the spin factor [2]. 
Isomers contribute an insignificant addition to the total (γ, α) yield, and even the standard deviation must be left without 
changes in Table 2. 

Finally, a conclusive result of the present measurements appears in relatively low probability of the (γ, α) reaction  
(≈ 10–5) and this is established reliably for the group of reactions with medium-weight and heavy (A > 100) targets. 
Definitely, the experiments could be continued applying the highly-enriched targets to replace the upper limits with the 
accurate values for three reactions mentioned above. It is clear that other cases also could be experimentally explored to 
incorporate more data into the phenomenology of the (γ, α) reaction yields. Possible candidates for activation 
measurements are listed in Table 3. Some of them could be pretty convenient in real experiments, for instance, because 
of the background absence in 4 cases, and some others not as attractive due to the long halflife of the (γ, α) product and 
necessity to use the highly-enriched target materials. The perspectives are yet promising. 
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Table 3. Additional possibilities for detection of the (γ, α) reaction 
 

Target Abundance, % Product Halflife  Eγ, keV Background 
115In       95.7 111Ag         7.45 d     342 111In from (γ, 2n) 
137Ba       11.2 133Xe         5.25 d       81 133mBa from(γ, n) 
143Nd       12.2 139Ce         138 d     166           – 
145Nd        8.3 141Ce         32.5 d     145 141Ce from (γ, n) 
153Eu       52.2 149Pm         53.1 h     286 149Eu from(γ, 2n) 
160Gd       21.9 156Sm           9.4 h     204           – 
163Dy       24.9 159Gd         18.5 h     364 159Dy from (γ, n) 
176Yb       12.8 172Er         49.3 h     610          – 
176Lu         2.6 172Tm         63.6 h    1094 172Lu from(γ, 3n) 
187Re       62.6 183Ta          5.1 d     246 183Re from(γ, 2n) 
203Tl       29.5 199Au         75.3 h     158           –  
207Pb       22.1 203Hg         46.6 d     279 203Pb from (γ, n) 

 
3. Discussion 

 
A role of (γ, α) reactions in nucleosynthesis at stellar conditions is out of discussion here because such special topics 

must be developed and described elsewhere. We are interested for the nuclear-physics conclusions. When many 
reactions are studied, it would be possible to follow the variation of the (γ, α) yields with Z and A of a target nucleus 
and also to look for the shell-structure manifestations in the observed yields. At the moment, the results are not as 
developed to establish these regularities. However, in general, the low probability of α emission from excited nucleus 
must be explained within some realistic interpretation. 

There was clear from [2] that nucleon emission (γ, n) and (γ, p) yields both satisfy a common regularity in account 
of the Coulomb barrier for proton emission. The yield depends on the “threshold” parameter (Ee - Eth - Bc) that was 
defined above in the Introduction. For α emission the similar approach could be applied, but the regularity is not 
confirmed. High binding energy of α-particle makes the effective threshold practically the same for alphas and protons. 
The numerical values of effective threshold (Eth + Bc) are given for studied (γ, α) reactions in Table 2. The Coulomb 
barrier was calculated using well known Bass equation [8]. The scale of (14 - 15) MeV corresponds also to a typical 
value for (γ, p) reactions similarly to (γ, α). But the yields are very different being lower for alphas by two-three orders 
of magnitude. 

The typical (γ, p) yields are measured now additionally and the results are given in Table 4. Comparison of the data 
reduced in Tables 2 and 4 clearly demonstrates that the (γ, α) yields are by orders of magnitude lower than that for (γ, p) 
reactions. 
 

Table 4. Measured yields of  the (γ, p) reactions 
 

Target Reaction Product Halflife Eγ, keV (γ, p)/(γ, n) 
natCd 112Cd (γ, p) 111Ag 7.45 d 342 (1.15 ± 0.15)10–2 

 113Cd (γ, p) 112Ag 3.12 h 617 (1.00 ± 0.15)10–2 
 114Cd (γ, p) 113Ag 5.37 h 299 (0.98 ± 0.15)10–2 

natSn 118Sn (γ, p) 117gIn 43.2 min 553 
(4.9 ± 0.5)10–3 

  117mIn 116 min 315 
natHf 178Hf (γ, p) 177gLu 6.65 d 208 (1.8 ± 0.4)10–3 

 
In the Figure, the alpha-emission and nucleon-emission yields are compared for Sn and Ta/Hf targets exposed to the 

bremsstrahlung at Ee = 23 MeV. The data of Table 4 and of [2, 7] are in account after averaging of the yields measured 
with several target isotopes for the (γ, p) reaction. Error bars are not greater the size of points. The (γ, n) yield is taken 
equal unity being a reference point for the calibration. The values of effective reaction threshold (Eth + Bc) are also 
shown in the figure by triangles connected with a solid line. Despite practically similar threshold values for (γ, α) and 
(γ, p) reactions, the suppressed probability of (γ, α) is evident for both targets. Higher mass number of alphas compared 
to protons may influence the probability of penetration through the barrier, but in our case, the processes well above the 
barrier are detected. Indeed, both for protons and alphas, the parameter (Ee - Eth - Bc) exceeds a value of (8 - 10) MeV. 
Therefore, a subbarrier penetration factor couldn’t be used as a real reason for explanation of the much lower 
α-emission probability. 
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After all, one must assume that the pre-formation 
factor regulates the yield of (γ, α) reaction. Unlike to 
protons ready for release, the alpha particle might be 
formed at the first stage of the reaction and, then, emitted 
if energy is enough. As follows from Figure, the 
probability of pre-formation should be as low as of about 
3·10–3. This conclusion contradicts the ideas of a 
complete alpha-clustering inside the nuclear matter. 
Clusters may permanently exist in light nuclei, but not in 
A > 100 species. Another point is open for additional 
analysis, namely, the idea of nucleon-nucleon 
correlations with formation of the quark bags instead of 
the nucleon gas (liquid) in the bound nuclei. Without 
theoretical calculations, it would be difficult to make a 
solid conclusion, whether our results cancel the idea on 
multiquark objects inside a nucleus or just mean some 
restricted probability for short-range nucleon-nucleon 
correlations. The theoretical analysis was performed for 
reactions at GeV energies [1], but the (γ, α) reaction at 
low energy was not yet theoretically studied in this look. 
 

4. Summary 
 

Possibilities for detection of (γ, α) reactions in 
relatively simple activation experiments were analyzed 
and some favorable cases are distinguished. When the 

experiment is performed at relatively low photon energy, the measurements could be informative to clarify a status of 
nucleons in the heavy nucleus. Yields of five (γ, α) reactions are measured with bremsstrahlung beam at the end-point 
energy of 23 MeV, and pretty low probability of about 10–5 is deduced for the (γ, α)-to-(γ, n) yield ratio. The conclusion 
follows that the models describing a nucleus as construction built of α-clusters are not supported. Probably, the pre-
formation factor for alphas must be in account. Short-range nucleon-nucleon correlations leading to formation of 
multiquark objects (quark bags) in nucleus could also influence the (γ, α) probability. This point must be additionally 
analyzed in theory for conclusive simulation of the experimental data. 
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On the basis of covariant diagram technique and the concept of nucleus - as an elementary particle, observables for 

the reaction of the two-particle photodisintegration of the  were calculated. The only functional parameter is the 
vertex structure function which describes the "collapse" of a helium-4 nucleus and the nucleon remnant or two 
deuterons, which exhausts these reaction channels. The interaction of a real photon is determined by the values of the 
charges of the particles, since the electromagnetic form factors are calculated in the photon point -	 = 0. 

As the edges of the strong interaction we use the results in which microscopic calculations are based on the 
expressions for the missing vertices. Inseparability of the electric charge from the particle’s mass allows us to 
coordinate with the conservation laws of energy-momentum and charge in the interaction so that the requirement of 
gauge symmetry is automatically satisfied. The covariant amplitude of the process is the sum of pole diagrams and 
regular part required to keep the dynamic EM current. 

A close fit of theoretical calculations and experimental measurements on differential and total cross sections for 
these reactions was obtained. 

 
1. Introduction 

 
At the previous conference in 2010 we proposed an approach [5, 6] that describes the photodisintegration processes 

of light nuclei into fragments using generalized Feynman rules. At the same time, it is necessary to follow the 
requirements of general covariance and dynamically take into account the requirement of gauge invariance. The only 
(unknown) parameter is the vertex that describes the collapse of strongly interacting particles. The dependence of the 
vertex from the space-like four-momentum of fragments allows us to keep invariance of the approach irrespective of its 
explicit form. The approach is based on bringing into consideration the theory of fiber spaces, in which a vector-
potential of the electromagnetic field provides a connection. Due to the fact that the electric charge cannot be separated 
from the mass, consequently, it is not an independent quantity, describing the movement of particles in the base space it 
is necessary to consider additionally the movements in associated charge space. As the result of these operations it was 
succeed to harmonize the effect of 4-momentum and charge conservation laws in the amplitude of processes. 

Several points that are infusion into the theory by new approach, or, to be more precise, by the regular part of the 
amplitude, should be noted. 

Momentum distributions of the components in various non-local fields of matter are individual and contain 
information about the steady-state interactions in a coupled system. They also reflect coupled spatial and time evolution 
of a system during the whole energy and structure range. The information for each non-local field is determined by the 
degree decreasing of the momentum distribution function, its rate of change and the nature of the curve’s curvature (its 
convexity or concavity). 

Another established property of the generalized gauge-invariant pole amplitude, which occurs independently of the 
explicit form of vertex function is related to the degree of its increasing or decreasing. The relative sign between the 
pole and regular parts in the amplitude is fixed by the conservation of a total electromagnetic current requirement. If the 
vertex function of the strong interaction is constant, then the regular part in the amplitude turns into a zero and the pole 
part is determined by Yukawa asymptotic behavior - a constant that is divided by the pole. For decreasing functions its 
derivative is negative. This fact changes the sign in the amplitude for the regular part, making the sign equal to the sign 
of the pole part. In this case, the contribution from the regular part to the total cross section is constructive (positive 
interference).In the case, when the vertex function increases with the argument increase, its derivative is positive and 
the contribution to the cross section is changed to the destructive. 

Conclusion is that the regular component of the generalized pole amplitude is a dynamic measure of the bound state 
non-locality and shows how "quickly" the structural formations of the initial level of matter structure lose their identity 
upon transition to the other scale of spatial and temporal localization. 

The regular component of the amplitude introduces an additional dependence from the vertex function in the form of 
its derivative. It was established that for the electric dipole splitting contribution from the regular part to the full 
amplitude at low energies is determined by the derivative of the strong interaction vertex. Contribution regular part to 
the total amplitude is determined by the second derivative of the strong interaction’s vertex, if the electric dipole 
transition is absent (splitting into two identical fragments). 

 
2. ( , ) , ( , ) 	  

 
So, let’s start to explore the two-particle photodisintegration processes of the helium-4 nucleuses using the new 

approach. Firstly, we consider the following reactions: ( , ) and ( , ) . 
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The matrix element of these processes, which are corresponding to the set of diagrams, is shown in Fig. 1. 
 

 

Fig. 1. Set of diagrams. 
 ℳ = ( ) ( ), , , ( ), ( ) = ( ), 
where ( ) = ( + )− ( ) , 

 ( ) = ( ) ( ̂ + )− ( ) , 
 ( ) = ( ) ( − )− ( ), 
 ( ) = − ( ) + − ( ) , 

 

q, H, p, Tare4-momenta of particles. Electromagnetic currents are defined in the standard way: ( ) = ( + ) ,( ) = ( + ) , where ( ) and ( ) are the charge and anomalous magnetic moment of the particle N(T);  is 
thecharge of the . 

Relative 4-momenta that characterize the vertex 	 → in the pole diagrams: 
 = − ( ) = ( ) − , 

 = − ( ) , = + ( ) . 
 

Quantities ( )	 	 ( ) are defined as 
 ( ) = − ( ) , 										 ( ) = + ( ) . 

 
The vertex function G describes the virtual collapse 	 → and due to 

the relativistic invariance depends on the square of the relative four-
momentum. 

Vertexfunctions ( ) ≡ (− ), ( = , , ) depend on the appropriate 
arguments. 

We note that in the case ( ) = ( ) = ( ) =  we have: ( ) = 0, 
and therefore the sum of pole diagrams is gauge-invariant. 

We parameterized the vertex function as in [1] for further calculations. And 
that will finish determination of the problem quantities. 

Fig. 2 shows the parametrization of G-function depending on the relative 
momentum of the fragments.Defining all the quantities in the problem, we 
calculate the observed and compared with experimental data, without changing 
any of the previously fixed variables. 

Fig. 3 shows the dependence of the differential cross section ( , )  
from the photon energy at	angles	 = 90° (E is a photon energy in a laboratory 
system). The obtained data are in a close fit with experimental ones. It is 
obvious,  according  to  the results, that the generalized pole amplitude’s contri- 

 

Fig. 2.The energy dependence 
of G-function [1]. 
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Fig. 3. Dependence of the differential cross section ( , ) of photon energy at	angles	 = 90°. Experimental data ⋆ - [4], ⨀ - KPTI. 

 
bution does not give a satisfactory description of experimental data.The description is improved by taking into account 
an additional mechanism – the regular part of the amplitude.We can see the essential role of the regular partconsidering 
almost all photon energies. 

Fig. 4 presents six pairs of the angular spectra at fixed energies. The experimental angular distributions are well 
described by this model at any considered energy interval. 

 

  

Fig. 4. Angular dependence of differential cross sections for reactions ( , )  
in energy range = 22.5 ÷ 75.0 MeV.† - KPTI data. 

 
In Fig. 5 the red solid line indicates dependence of total cross sections forreactions ( , )  fromphotonenergy 

in the range of 20÷44 MeV taking into account all the diagrams. Dash-dotted and dotted lines describe the accounting 
of pole diagrams and the regular one, respectively.It is evident that the required agreement with experimental data is 
achieved only when we account both of inputs. Accounting only the pole diagrams does not provide an adequate 
description of experimental data. 
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Fig. 5. Dependence of total cross sections for reactions ( , )  
from photon energy in the range 20÷44 MeV. Experimental data [3]. 

 
3. ( , ) 	  

 
The process ( , )  is characterized by the factthat, due to isospin selection and particles identity in the final 

state, the electric dipole moment is suppressed and the process realizes mostly due to quadrupole γ-ray absorption. 
Therefore, this channel is of considerable interest to study the nature of the quadrupole transition. Most 
theoretical papers that investigate this reaction have non-relativistic nature. In our paper the problem of ensuring 
the gradient invariance of amplitude was solved by choosing the next reaction mechanism: to the known field-
theoretic row the contact diagram is added. This diagram takes into account multiparticle effects, including the 
electromagnetic interaction with the "strong interaction carriers". 

Rooting from this approach, the amplitude, which satisfies the principles of relativistic and gradient 
invariance, is determined by the sum of the pole and contact diagrams (Fig. 6). 

 

 

Fig. 6. Set of diagrams for the ( , ) reaction. 
 

The matrix element pole part of these diagrams is characterized by two electromagnetic vertices  ( → ), ( → )	and the strong one - ( → ). It is easy to write down the matrix elements 
corresponding to the pole s-, t-and u-channel diagrams by defining appropriate vertices that were obtained. It is 
also easy to obtain the matrix element which corresponds to the contact diagram and is presented in the integral form: 

 ( ) = (2 + )− ∗( ) ∗( ) ( ; , )	, 
 ( ) = ( , , ) 1− ∗( ) ∗( ) ( ; , ), 
 ( ) = ( , , ) 1− ∗( ) ∗( ) ( ; , )	, 
 ( ) = ∗( ) ∗( ) × ( − ; − , ) + ( − ; , − ) , 
 
where = ( + ) , = ( − ) , = ( − )  are Mandelstam variables, 	  are hadrons’(which we 
consider as equal) and the nucleus target’s masses respectively. 

The differential cross section of the ( , )  process in case when −ray is polarized in an arbitrary way: 
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= ( ) | || | 	 . 
 

In the above-mentioned model, the full amplitude of the ( , ) 	process is determined by the next sum: 	 ( ) + ( ) + ( ) + ( ). Fig. 7 shows differential cross section angular dependence of the ( , ) 	 
process at photon energies in lab system = 40	MeV. A qualitative description of the experimental angular 
distribution was obtained: the correct location of the cross-section minimum at = 90° and maximums at = 45°, 135°. 

 
  

Fig. 7. Angular dependence of the differential cross 
section of the process ( , )  at = 40 MeV in 
lab system.Experimental data: ⨀ - KPTI, ×-[2]. 
 

Fig. 8. Dependence of the total cross section for the 
process ( , )  from photon energy. Solid line – 
calculations with the full amplitude of the process; dashed 
– no contact diagram. Experimental data – [2]. 

 
Fig. 8 illustrates dependence of the total cross section for the process ( , )  from photon energy. In general 

terms, the description of the total cross section (see Fig. 8) significantly better than non-relativistic calculations. From 
Fig. 8 also follows that in the whole energy range of γ-ray the role of the contact diagram is significant. 

 
4. Conclusions 

 
Calculations made and comparisons with experimental measurements have shown that a generalization of the 

Feynman rules for the description of photonuclear processes is working. New look at the theory of electromagnetic 
processes on compound systems allowed to reproduce the results, which were postulated by the previous model, 
without any problems. The special role is given to the construction of a regular part of the amplitude, which determines 
the gauge-closed matrix element. It means that the structure of the matrix element that satisfies the requirements of 
covariance and the fundamental requirement of gauge symmetry has been adapted to the description of various 
processes. Issues related to the studying of inter-nuclear dynamics need individual microscopic solution. 
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The results of the development experimental researches of problems of radiation protection of powerful industrial 

techniques are presented. 
 

The projection of new and modernization of existing radiation technique of enterprises always causes conflict 
situations "cost of the installation – its accordance to standards." The last strictly regulate certain parameters of 
radiation technique concerning the compliance primarily with ecological requirements and radiation safety. The 
analysis of the situation shows that these requirements substantially put back wide industrial usage of radiation for the 
production of goods and services. The situation is very actual in market economy, where the rotation rate of working 
capital determines the effectiveness of business. Objectively – radiation technologies, because of the excess of formal 
requirements, can not be spread in the environment of small or medium business due to economic arguments. They are 
also unacceptable for large business, because of the involvement of controlling social institutions. As the result, real 
economy doesn't receive huge profits because of technical inability to fulfill modern advanced scientific and energy-
efficient production methods, bright representatives of which are radiation technologies.  

The main problem of radiation technologies is high cost of biological radiation protection. It is equipped according 
to standardized methodologies [1, 2] for obtaining standard indicators of influence on the environment near buildings 
with operating technique. Taking into account the amounts of expenses, the construction of buildings with radiation 
protection means may exceed in several times the cost of radiation technology itself. These expenses are included into 
the cost of products, and such production becomes unprofitable and unattractive for the enterprise. 

The most prevalent way of reducing the cost of the building is to use natural factors for the absorption of undesirable 
γ-radiation. The absorption of radiation with air is used mostly – the ceiling of the building protects only against 
meteorological factors – rain, temperature etc., and only back side walls of buildings have estimated thickness.  

This variant was researched for the experimental technological radiation installation of KINR NASU [4] (with 
4 MeV electron accelerator and power in the beam of 5 kW), and the industrial technological line of materials 
irradiation with electron accelerator of the energy of 2 MeV and beam power of 20 - 40 kW [6]. 

During the creation of the powerful INR installation there were doubts and fears of possible unacceptable high 
levels of scattered γ - irradiation outside the building. In the calculations simple formula [3] of expected intensity 
(quantity) of scattered γ-irradiation around the radiation installation was used, for example, of immersed in water or soil 
(the standard method of protection of isotope radiation technique of previous generation). 

 
Ip = 6,6 · 101 Qe-0,042h e-0,001r  МеV/cm2 · s, 

 
where h and r are in cm. 

In such constructions the effect of quadratic reduction of the value of irradiation flux to the ceiling is used. With this 
purpose, the walls of the building have a significantly increased height. Then, by means of choosing the thicknesses of 
overlap, its scattering into the surrounding area outside the building is made. 

Pre-estimations, obtained according to recommendations for isotope generators show that in specific correlations of 
the activity of irradiation source and characteristics of scattering factors, γ-irradiation, diffused in the air, may create 
rather high levels of radiation at significant distances from radiation technical means.   

In order to determine whether it is appropriate to consider these effects for the certification of radiation technique of 
electrophysical type (here – electron accelerators with small 5 - 25 mm.mrad. beam emittances) special researches of 
radiation fields of accelerators of different types and at different distances from the outer surface of the walls in the 
most unfavorable modes of irradiation were conducted. It is worth mentioning, that measurements of indicated 
parameters near electrophysical pulse technique is a difficult problem, because during the operation, for example, of 
resonance accelerators, the generation of electrons is simultaneously accompanied with the generation of 
electromagnetic interferences in the wide range of frequencies. Taking into account extremely high sensitivity of 
dosimetry devices and peculiarities of their construction, these interferences may significantly distort indicators of 
devices, and during their processing, the experimenter should carefully estimate the reality of received and interpreted 
results. These effects are better to be modeled in advance, for example, to make measurements during the minimum 
intensity of the beam (with "dark" current, and then at different levels of its intensity) to create special measuring 
devices, which can control the content of any associated effects. 

With this purpose on the 4 MeV accelerator of INR radiation installation special system of measurements with the 
slot device [5], detector of SIF power and control channel of radiation measurements with certified ionization chamber 
and standard apparatus was created. By means of them it is possible to make the wide range of special measurements in 
advance, firstly of electromagnetic interferences and to calibrate dosimeter means before beginning the modeling of 
researched processes. 

On the 4 MeV accelerator is was specifically modeled by setting in the reaction chamber  different equipment, what 
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led to the emergence of intensive flows of inhibitory γ- irradiation from electrons' conversion and its subsequent 
multiple scattering. An additional contribution to the formation of intense radiation fluxes was also made with the 
special setting of the accelerator for the widest range of generating the beam of electrons (lower threshold of less than 
2 MeV – closer to isotopic installations based on Со60 for the possibility of binding the results to previous researches). 

On the first stage of researches the construction of ceiling was typical and did not provide significant absorption of 
irradiation. As it was expected (taking into account horizontal direction of the beam movement, its geometry and 
calculated diagram of the direction of petals of inhibitory irradiation in the reaction chamber of INR installation), the 
distribution of undesirable γ-irradiation in the space near the corps of the installation had a dramatically uneven 
character. For measurements the area of the surrounding space with the greatest intensity of γ-rays was chosen. Thus the 
real picture of the distribution of radiation fluxes (minimal detected energy of γ-rays of 50 keV) near the room of the 
installation was obtained, which is reflected on the graph 2 (Fig. 1). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1. The distribution of scattered γ-irradiation in the area adjacent to the radiation installation. 
 

There was a deviation of the distribution law from the normal (quadratic) one. Near the corps, the distribution of 
intensity of γ-irradiation has a peak at the distance of about 2 - 4 m. At longer distances the distribution of the radiation 
field gradually becomes common and at the distance of 23 m from the corps its distribution corresponds to the quadratic 
law. Depending on specific conditions (including weather), this distribution changed significantly. But this fact 
indicated the presence of the perceptible component of ionizing radiation in the received signals of dosimetric devices. 
Though high level of collateral electromagnetic waves influenced the quality of researches, but preliminary calibration 
allowed to reduce their impact on the results of dosimetric measurements significantly. The comparison of calculated 
and actual distribution with theoretical one showed that obtained function is a superposition of the quadratic law and the 
distribution of γ-quantums, scattered with air. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2. The scheme of modernization of the overlap of the accelerator's room. 
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As this installation is located on the INR sanitary protection area, the indicated factor was not an obstacle for its 
practical use. Already at the distance of 30 m from the outer wall surface the intensity of the additional γ-irradiation 
from the installation became lower than the natural background on the territory. But taking into account the following 
practical use of such technique in the real production, the possibility of the improvement of the installation for its 
location on the territory of an active enterprise was researched, where the availability of a special sanitary protection 
zone is not provided. 

The possibility of setting additional more simplified means for the improvement of radiation protection of the 
installation on the overlap of the corps was researched, including experimental researches. Their construction took into 
account the factors of back-scattered inhibitory γ- irradiation and blocked only the surface of the ceiling above the 
reaction chamber (Fig. 2). 

Moreover, the construction of the overlap provided the installation of the additional equipment on it for 
technological researches of technique and materials for nuclear power plants. This equipment provides an additional 
radiation protection of structural character due to the absorption of undesirable γ-irradiation with the material, of which 
it is made (iron, copper, etc.). To improve the effectiveness of the protection, the corners of the overlap construction are 
made overhung and of the materials with high index of energy albedo. The results of the following (after the completion 
of the corps) measurement of the radiation field on the adjacent territory are shown on the curve 1 (see Fig. 1). It turned 
out that after the modernization of the overlap, actual decrease of the intensity of γ-irradiation on adjacent territories 
corresponds to the square one, and the power of the dose of γ-irradiation on external walls of the installation coincides 
with the calculations and meets NRPU and MSRU requirements [2].  

Similar researches were carried out for radiation technique with vertical direction of motion of the beam (the beam 
is directed to the floor of the reaction chamber (Fig. 3).  

 

 
Fig. 3. The scheme of the location of the ILU accelerator in technological rooms of RADMA. 

 
The object of researches was resonant industrial electron accelerator ILU-6 at 2 MeV with the beam power of 

20 kW of the State Enterprise RADMA IFC NASU. Like the previous case, this accelerator is a powerful source of 
megavolt electrons which are accelerated with the energy of high-frequency generator. On the ILU accelerators the 
power of RF generator reaches 120 kW in the impulse. The efficiency of the unit of acceleration is declared at the level 
of 25% of the power of RF generator. The difference between ILU-6 and "Electronics" accelerator is in frequency, 
duration and amplitude of impulses. In both cases, the greater proportion of LF power generators is not used for 
electrons' acceleration, and is utilized of in special absorbers, and is scattered in the environment. RF irradiation due to 
the appropriate choice of frequency of the generator on the stage of the projection of this technique (according to 
current norms) is not the environmental problem. 

The problem for current exploitation of the installation were too high indicators of radiation control devices (the task 
of which was finding and controlling radioactive isotopes) which were perceived as high radiation level on adjacent 
territories. 

The analysis of the results of special researches of the division of these fields, which is carried out taking unto 
account previous experience in RTU INR, showed that the character of their distribution does not meet parameters of 
the distribution of ionizing radiation. The formation of high levels at considerable distances from the corps with their 
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periodic duplication during further increase of the distance indicated that the problem can not be considered the 
consequence of the influence of ionizing irradiation. Such phenomena are likely to belong to RF oscillations and are 
known in the radiotechniques as interference pattern near industrial radio stations. The possibility of local 
contamination was also excluded (industrial accelerators do not lead to the formation of induced radioactivity), and the 
level of researched fields depended on the work of the installation. 

The researches were carried out by measuring the distribution of ionizing radiation fields in technological rooms of 
the installation, and then, with the connection to previous measurements, irradiation on adjacent territories were 
researched. For measurements the same slot device was used, as the described one [3]. He was placed in 3 symmetric 
points of the technological room of the accelerator. In one of them, the device was moved in vertical space, and the 
distribution of irradiation fields on 3 levels (cross sections) was measured. The family of diagrams of the direction on 
intense sources of different irradiation near the accelerator was obtained. Fig. 4. provides the general picture of the 
distribution of irradiation. 

 

 
 

Fig. 4. Topography of the distribution of irradiation of the industrial accelerator ILU-6 
of enhanced power in the technological room. 

 
These figures show that the most intense irradiation fluxes are observed from the walls of the room and auxiliary 

equipment of the accelerator. Using traditional methods of experimental physics for the analysis of this picture, we can 
state that the actual contribution of ionizing irradiation (pikowave range of electromagnetic irradiation) is insignificant 
here, and rather lower than the intensity of irradiation of low-frequency range from the equipment of the accelerator. 
This is also confirmed by the fact that the most intense sources of irradiation (from the real geometry of measurements) 
are the matching device of RF generator ("megaphone") and the apparatus of the injector (powerful impulse source of 
high voltage). The vivid evidence of this is the high level of signal from dosimetry devices even when the injector of the 
accelerator was disconnected, and actual level of possible flow of electrons (the beam) decreased to the value of "dark 
current" as a result of cold electrons' emission (less than 0,01 - 0,1 % of the average beam current). The same was 
observed during measurements of intensity of irradiation on the adjacent territory of the installation – the intensity of 
measured fields remained practically unchanged at any beam current regulations. From theoretical considerations, any 
change in beam current should be fixed as the change in radiation background, and could not remain unnoticed even in 
scattered fields of inhibitory irradiation. But the fact, that such decrease in measurements, which were made, is not 
observed, indicates that the choice of vertical position of the accelerator and the output of the beam into deep floor is 
the most profitable way to reduce the effects of the influence of secondary irradiation of working industrial radiation 
technique on the environment. With the appropriate choice of the room construction (considering that secondary 
inhibitory irradiation forms in the reaction chamber the radiation field of cardioid form with noticeable petals of 
intensive reverse irradiation (120 - 1450), inhibitory irradiation practically doesn't penetrate into the technological room 
of the accelerator and does not create significant problems in terms of radiation safety of the personnel and the 
environment. 

If it is necessary (for example, for the improvement of metrology process and the reliability of functioning of the 
devices of technological installation management), low frequency oscillations can be reduced with any known methods 
of the absorption or reflecting them directly to the accelerator's room, and are not the subject of researches because 
there are numerous instructional materials on these issues. But if there exists the necessity to improve systems of 
radiation protection (on the installations of increased power, or structurally created as super powerful sources of 
inhibitory gamma irradiation) it is necessary to modernize the construction of walls of technological rooms in order to 
flatten intensities within the technological room of their absorption and to reduce the reflectivity of constructions and 
walls. Such measures are the simplest to be made with methods of facing the room with absorbent materials which are 
effective for pikowave range of irradiation. 

Such possibility was proved experimentally on the radiation installation with electron accelerator of 4 MeV. The 
peculiarities of scattering of inhibitory irradiation of wide energetic spectrum on various materials were researched – 
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organic glass (plex - 1.1 g/cm3), marble (1.8 g/cm3), iron (7 g/cm3), lead (11 g/cm3), concrete (2.2 g/cm3). The results of 
these measurements are presented as the family of curves in Fig. 5. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 5. Space-angular distribution of intensity of reflected and scattered inhibitory γ-radiation 
of wide energetic spectrum of the linear accelerator of 4 MeV from the constructive of various materials. 

 
The obtained results enable to optimize the choice of structural materials for the construction of the elements of 

radiation protection of new technique. For example, these data show the unreasonableness of facing angles in labyrinths 
with steel angles or marble tiles. The reflections of γ-rays from them have almost identical patterns. Therefore in the 
projection of these units it is unreasonable to be guided solely with structural considerations. However, it is clear that it 
is also unreasonable to use aluminum in constructions which are inside radiation-loaded rooms. This leads to the 
formation of intense flows of reverse scattered irradiation. The material with high hydrogen content is promising for the 
elements of radiation protection – fro example, organic plastics (organic glass, PVC, PPL, etc.) or water. These 
materials provide minimum indexes of reverse scattering of γ-quanta and will be useful for facing reaction chambers 
and sharp corners of transport labyrinths. And lead, common protective material which has high index of multiplicity of 
weakening of γ-irradiation, simultaneously provides insignificant level of reverse scattering. 

In general it was found out that in the construction of radiation protection it is possible to use various materials and 
thus to receive necessary parameters of elements and systems of biological radiation protection. 

From the measurements we can state the following:  
1. Increased indicators of typical industrial radiation monitoring devices on the adjacent to industrial 

electrophysical installations territories are the radiation problem (for example, as it happens in the case of installations 
with isotope generators of irradiation). 

2. From the technical point of view – horizontal position of the accelerator is technologically more attractive, but is 
accompanied with more collateral irradiation and requires additional measures of its compensation. 

3. Vertical position provides the reduction of the problem of collateral irradiation, though due to complications of 
the technology of the installation usage. 
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THE  IMPROVEMENT  OF  KINR  NASU  EXPERIMENTAL  BASE  AND  METHODS 
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The ways of the improvement of technical base of the INR of NAS of Ukraine for functional researches, and new 
technologies of control over the state of the equipment on NPPs are discussed. The scientific work is completed in the 
department of radiation technologies within the national program of the enhancement of the reliability of nuclear 
energetic and the prolongation of exploitation terms of nuclear power installations.  

 
Jobs on the formation of modern experimental base for radiation researches are being held in the INR of NAS of 

Ukraine for more than 20 years. During this period the unique radiation technique was created [1 - 3]. Complex 
researches of degradation processes in materials and equipment were completed on this technique. The substantial list 
of radiation and chemical, radiophysical and electrophysical processes in materials and structural elements of NPSs' 
equipment was determined, which are important in control over the degree of equipment's aging and, respectively, its 
reliability [4 - 5]. The obtained results helped find optimal ways of further development of radiation technique of the 
INR of NAS of Ukraine and to formulate technical requirements to the additional specialized equipment for further 
improvement of radiation research methods, primarily for the determination of resource capabilities of NPPs' materials 
and equipment [6 - 7].  

It was found out that of all the variety of the equipment it is possible to identify certain groups according to the 
characteristics of radiation resistance. 

Organic compositions are the most sensitive to radiation. Mainly, they are used in constructions of NPSs’ electrical 
and technical equipment. Their checkouts are appropriate to be made already in the first stage of the realization of the 
program by means of complex control over functional suitability (qualification). In these checkouts it is necessary to set 
the reliability of equipment's functioning in stationary, transient and emergency modes, as well as the influence of 
unfavorable external factors. In the list of the last ones, it is important to study the processes on the surface of products 
and their influence on the reliability of functioning. 

Such are different isolators, cables and electrotechnical equipment. Objectively this group makes the main part of all 
the equipment on the NPP. Recent results of the exploitation showed that there is the tendency to an increase of 
incidents on this equipment, and to an increase of their meaning in the exploitation of nuclear power installations [8]. 
According to exploitation data of Ukrainian NPPs, dysfunctions of electrical equipment already reached 60% of all 
incidents. That’s why an important task is to prevent these dysfunctions and to reveal the possibilities of their 
occurrence in advance (what is much better). The researches of radiation-induced processes on the surface of 
electrotechnical equipment play the main role in this problem solving. Accordingly, the creation of radiation technical 
means for such researches is an actual engineering problem. 

The INR is interested in the expansion of actual researches and in the enhancement of the effectiveness of the usage 
of existing experimental technique [9, 10]. Recently numerous developments of new technical means for fundamental 
and applied researches in the branch of radiation physics, radiobiology, and radiation technologies were made. Among 
them there are experimental researches of effects and processes in electrotechnical insulating materials under the 
influence of various components of radiation field. The researches were carried out for the determination of the 
coefficients in differential equations which describe the state of the equipment and its components under γ- and 
β-irradiation. It was found out that unlike the traditional idea of functional identity of the influence of different types of 
radiation on the organics [11], in fact, the formation of defects substantially depends on ionizing irradiation type [12].  

 
 
 
 
 
 
 
 
 

   

a b c d 
Fig. 1. Photos of destroyed samples of electrical equipment after the influence of ionizing irradiation. 

 
Fig. 1, a shows the effect of the complete destruction of styrene insulation under γ-irradiation. The process of the 

formation of local internal defects in the organics under β-irradiation is shown in Fig. 1, b. The results of the destructive 
influence of radiation on PVC insulation of conductors are shown in Fig. 1, c. The destruction of rubber sealing 
elements under irradiation in mixed radiation field is clearly visible in Fig. 1, d. This indicates that all the components 
of radiation field are strong factors of intensive aging of the irradiated equipment and enhance known processes of 
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"normal" aging, which are traditionally considered during the exploitation of the equipment in ordinary objects. Having 
the information about the peculiarities of radiation-induced degradation processes, it is possible to formulate reliable 
models of aging of the equipment on nuclear power installations.  

The results, obtained in new radiation researches, significantly expand knowledge of these processes. The researches 
confirmed that the dysfunction of products which contain organic materials, is a multi-component process, and is 
determined with the cumulative influence of various factors (radiation, temperature, etc.). It is shown, that the main 
component of radiation aging are secondary electrons which emerge as the result of the influence of ionizing irradiation. 

Table 1 summarizes obtained experimental results. They show that for the formation of reliable expert conclusions 
about the state of the equipment it is necessary to control more extended list of parameters. In particular, it is clear that 
radiation factors (unlike ordinary power objects) play a decisive role in the whole complex of unfavorable factors on 
NPP. They significantly accelerate the degradation of functions of the equipment, and therefore their determination and 
consideration is a decisive argument of its qualification for the eligibility to work on the NPP. 

Table 1. 
 

 
The necessity of the consideration of the destruction processes under secondary irradiation, which enhances the 

influence of direct ionizing irradiation on materials of the constructions and promotes the electrification of the surface 
of cables and the equipment, was also determined. The analysis of obtained information and special theoretical studies 
indicate that we should expect a significant contribution of low energy γ- and β-irradiation (less than 0.5 MeV) to the 
overall destructive processes. 

It is problematic to separate the component of the degradation from the radiation of low energies of the previous 
cycle of studies in the INR of NASU on the radiation installation with electron accelerator on the average energy of 
4 MeV. It is also impossible to use the data from other information sources, because the research of the degradation of 
functions of the equipment under the influence of ionizing irradiation of low energies has not been conducted till 
nowadays because of the lack of necessary technical base.  

Fig. 2 shows a typical spectrum of bremsstrahlung [10], which is possible to be obtained on a typical electrophysical 
source of electrons. The experiments with different methods and technique of the conversion of electrons on brake 
targets showed that it is impossible to obtain continuous spectrum of irradiation in the range 0.1 - 5 MeV which is 
necessary for rapid radiation checkouts. Therefore, the installation technically meets basic requirements of functional 
checkouts of the equipment of NPPs only in high-energetic sphere of energetic spectrum of ionizing irradiation which is 
typical for nuclear objects – except for the low-energy sphere (accented in Fig. 2). The most perspective way of solving 
this problem is the creation of additional means and further modernization of technical base of radiation experiments in 
the INR. 

With this purpose the ways of the development of the structure of the existing experimental installation of the INR 
NASU were worked out, on the basis of the accelerator with energy of 4 MeV with its technical equipment. One more 
electrophysical source was included into its structure (electron accelerator up to 0.5 MeV and of beam power no less 
than 20 kW), which covers all necessary spectrum of ionizing irradiation. In such configuration, radiation complex of 
the INR will certainly meet the main requirements of rapid checkouts – the reproduction of the conditions of the  
 

Factors of influence Results of the influence on exploitation indexes of the equipment 

Ionizing irradiation (up to 10 MeV) 

Radiation aging: deepens the occurrence of irreversible processes (suture, 
destruction, saturation changes); leads to radiolysis of the air and materials 
of polymers (cable coverings etc.), electrification of the surface of power 
cables, radiation heating etc. 

Secondary irradiation (up to 0.5 MeV) Electrification of cables' and equipments’ surface: electrical characteristics 
of the equipment deteriorate; 

Radiation heating 
Increase of the temperature of materials: accelerates the degradation of 
properties of construction elements; the resource of the equipment 
decreases; 

Electric and magnetic fields 
The distribution of absorbed doses in materials is changed: electrical 
conductivity of dielectrics is increased; the course of radiation-chemical 
processes is changed; 

High temperatures Accelerate the oxidation reactions: the speed of corrosion increases; 

High (low) pressure The oxidation processes are accelerated: cable coverings rapidly degrade; 
mechanical loadings increase;   

Chemically-active components of the 
environment 

Accelerate the oxidation processes: lead to the destruction of the covering 
of cable products and electrical equipment under the influence of oxygen, 
ozone, nitric acid, etc. 

Decontamination solutions Contribute the destruction of materials: mechanical properties of the 
equipment are reduced; the aging of cable covering is accelerated;  

Humidity Stimulates active oxidation: nitric acid is formed on the surface of the 
equipment. 
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Problems of the formation of radiation fields on electro-physical technique 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2. Typical spectrum of bremsstrahlung of electrons' accelerator of 4 - 5 MeV. 
 

exploitation of NPP's equipment. Accordingly, this will provide opportunities to research radiation-stimulated 
degradation processes of NPP's equipment in the low energetic range of irradiation and to compensate the lack of 
information about its behavior on real nuclear energetic objects. To implement this way of modernization, it is 
necessary to choose an optimal source of irradiation of this energetic sphere, to input it technically into the existing 
experimental radiation complex (installation) and to create a stand for functional checkouts on its basis. 

Researches of the market of such technical means showed that real industry produces a wide range of accelerators 
on low energies. The results are shown in Tables 2 and 3.  

Table 2. 
 

Accelerator or generator type Energy, MeV Average power in the beam, kW 
Electron-4 0.5 10 
Aurora-2 0.5 25 
Cascade generator CGE-2.5 2.5 2.5 
Three-phase electronic accelerator TPEA-3 0.4 75 

 
Table 3. 

 

Model Accelerating voltage, 
kV 

Beam current, 
mA 

Length of the outlet, 
cm 

Beam power before the outlet, 
kW 

1. Electrocurtain plants (with extended hot cathod and ribbon beam of electrons ) 
CВ175/30/5  
CВ175/50/5  
CВ225/50/15  
CВ225/100/10  
CВ275/50/5  
CВ275/100/5  
Pilot 200 

175 
175 
225 
225 
275 
275 
200 

45 
75 
300 
400 
125 
250 

30 
50 
50 

100 
50 

100 
45 

7.9 
13 
67 
90 
34 
69 

2. Electrocure plants (with acceleration tube and scanned beam ) 
SВ300/30/20  
SВ300/50/30 
SВ300/65/40  
SВ300/80/50 
SВ300/95/60  
SВ300/110/70 
SВ300/125/ 80 
SВ300/140/90 
SВ300/155/100 

300 
300 
300 
300 
300 
300 
300 
300 
300 

25 
37.5 
50 

62.5 
75 

87.5 
100 

112.5 
125 

30 
50 
65 
80 
95 

110 
125 
140 
155 

7.5 
11 
15 
19 

22.5 
26 
30 
34 

37.5 
3. Electropulse plants 

Electropulse-208 200 2.5 15 0.5 
Dynametrons (RD, USA) 

Dynametron 400 100 183 40 
Dynametron 550 50 91.5 27.5 
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Table 2 shows the accelerators of Russian producers, and Table 3 – of American companies. Almost all of them 
provide necessary radiation and technical characteristics as sources of irradiation and are suitable for the modernization 
of the experimental base of the INR NASU. 

Electron accelerators of this range of energies differ with a variety of the construction and the range of the power of 
beams, and thus promote a selection of the optimal type of the installation for our usage. 

Price indexes for such technique are stabilized in the world now [13, 14]. Depending on the configuration of 
technical means, which are used in the construction of such accelerators, their cost varies from $10 - 20 per 1 kW of the 
beam. Calculations show that taking into account available technological rooms and engineering communications, the 
suggested resupply of the experimental complex of the INR with electrophysical source of 0.5 MeV will cost only 
$200000 - 400000 and won't require additional expenses for radiation protection (Fig. 3). 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3. KINR radiation research complex. 
 

The results of researches and workouts, presented above, lead us to the following conclusions. 
1. It is important to ensure maximum reproduction of the equipment operating conditions, especially concerning 

radiation factors, in order to obtain necessary metrological parameters during the qualification of the equipment of NPPs.  
2. In the list of the equipment of NPPs a big group of the equipment is separated for which the most important 

negative factors of accelerated aging is gamma- and β-irradiation. This equipment is currently the most numerous in the 
list of the equipment of NPPs. There is permanent tendency of the increase of their contents. Producers of the 
equipment switch to production technologies with the usage of composite materials with high content of organic 
materials. Therefore, the emphasis in the organization of the qualification in the early stages should be done on the 
creation of stands for such equipment.  

3. The simplest way of achieving this goal – the organization of functional researches of critical equipment of NPPs 
– is the creation of a radiation stand on the basis of two electron accelerators on different energies, which provide the 
possibility to obtain a continuous spectrum of irradiation in the range of energies, typical for industrial nuclear energetic 
installations.  

4. The analysis of the existing and available electrophysical sources reveals technical possibility of completing 
such a stand with various necessary sources of electrons in the range from 0.1 to 10 MeV, which is not only 
scientifically substantiated, but also meets the requirements of the general and radiation safety for their implementation.  
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In the fusion-fission reactions the same compound system can be formed by the different combination of the target 

and projectile ions. The investigation of the yield of such reactions can give the information about the mechanism of the 
fusion-fission process. In the present work we have calculated the energy and the mass-energy fission fragment distribu-
tion, fusion cross section, evaporation residue formation cross section and the multiplicity of light particles evaporation 
in the reactions 48Ca + 142Nd and 40Ar + 144Sm in which the compound nucleus Hg is formed. The calculated results are 
compared with the available experimental data  

 
1. Introduction 

 
The analysis of the potential energy surface of heavy nuclei (A>200) calculated with account of the shell structure 

[1] shows the presence of the two fission valleys, the one corresponds to the symmetric fission and another to the 
asymmetric fission fragments. By decreasing the mass number only symmetric valley survive. In [2] it was mentioned 
that the yield of the asymmetric mode is not observed already by the fission of 201Tl and 198Hg. Nevertheless the old [2] 
and the recent [3] investigations of the fission of nuclei with A < 200 show the two humped structure of the fission 
fragments mass distribution. The mass asymmetry of the distribution is rather small, / 1.1H LA A  for 198Hg and 

/ 1.25H LA A  for 180Hg. This effect is caused by the shell effects at the bottom of the fission valley. The theoretical 
description of this effect allows to check how accurate are the models used for the fission process.  

In the work of Alma-Ata group [2] the 
reactions with alpha-particles 194Pt(α, f) and 
protons 197Au(p, f) were studied. In the present       
work we study the reactions with heavy      
incoming ions 48 142 190Ca Nd Hg+ ⇒  and 
40 144 184Ar Sm Hg+ ⇒  and will try to clarify 
whether the asymmetry effect in the mass dis-
tribution will be present by the fission of Mer-
cury isotopes. For the relatively light com-
pound nuclei, like Hg isotopes, the saddle-to-
scission path is very short. The mass distribu-
tion of the fission fragments is formed practi-
cally at the ridge between the ground state and 
the “fission valley”. The words fission valley 
are in inverted commas because in this case 
the valley is almost absent, instead of valley 
there is a sharp fall off of the potential energy 
(Fig. 1). For the actinide nuclei, on the con-

trary, there is a long descent along the fission valley from the saddle till the scission point. In the reaction with very 
light projectiles only small angular moments of relative motion contribute to the reaction cross section, thus, the influ-
ence of the rotation on deformation energy surface can be neglected. 
 

2. The dynamical model for the approaching stage 
 

In the approaching phase of the projectile and target the distance between their centers of mass is denoted by r . The 
shape of the surface of both nuclei is described in terms of Cassini ovaloids, which are defined in parametric way as [1]:  

 

1/24 2 2 2 1/2 2 2
0 0 0

1/24 2 2 2 1/2 2 2
0 0 0

1( ) ( 2 (2 1) ) (2 1) ,
2
( )( ) ( 2 (2 1) ) (2 1) .
2

s x R sR x s R x s

sign xz x R sR x s R x s

ρ ⎡ ⎤= + − + − − −⎣ ⎦

⎡ ⎤= + − + + − +⎣ ⎦

                                (1) 

 
Here Sρ  and z  are the cylindrical coordinates of the point on the nuclear surface and x  is a parameter given on the 

interval [-1, 1]. The 0R  is the radius of spherical nuclei with the same volume. The parameters 2
0 /s Rα ≡  fixes the 
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Fig. 1. The map of the liquid drop potential energy 188Hg. The white 
line is ridge line. The ground state corresponds to α = 0 and α1 = 0. 
The scission (zero neck radius) happens at α = 1, for any α1. 
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deformation of the target )( tα  or projectile )( pα . These are the two additional collective variables which specify the 
shape of the system. In calculations we assumed that the target and projectile are oriented arbitrary. 

The dynamics of the collision is described by the Langevin equations for , ,t pr α α variables: 
 

( , ), ( ),

( , ), ( ).

jr j
r r r

jj

jr ji i i
i i i

i i jj

dr dp F r pp m K K t
dt dt r m D

d d F r pK K t
dt D dt m D

⎡ ⎤π∂ α⎢ ⎥= = − + + + ξ
∂⎢ ⎥⎣ ⎦

⎡ ⎤πα π π ∂ α⎢ ⎥= = − + + + ξ
∂α⎢ ⎥⎣ ⎦

∑

∑
                                         (2) 

 
In (2) i attains the value t (target) or p (projectile), { , }p tα = α α . The ( )r tξ  and ( )i tξ are the normal distributed ran-

dom forces.The m  is the reduced mass, F is the Helmholz free energy of the target and projectile, 2 ,potF V aT a= −  

being the level density parameter. The potential energy potV  includes the energies of Coulomb CV  and nuclear GKV  

interaction [4], the rotational energy rotV  and the deformation energy of the target and projectile 
 

, .pot Coul GK rot def def LDM shellV V V V E E E E= + + + = +                                            (3) 

 
The deformation energy was calculated within macroscopic-microscopic approach [5, 6] as the sum of the liquid 

drop deformation energy plus the shell correction The dependence of the shell correction on the excitation energy (tem-
perature) was parameterized in the form 

2

( 0) T a
shell shellE E T e γ−= = . The parameters γ  and a  were taken the same as 

in [7, 8]. The friction and mass parameter for the r − motion were defined in the same way as in [9],  
 

1 1 .
2 41 1 1

i0 j0r r i ri0
i r j r ij i

i i j

R RRK = K , K = K +δ K
α + (α + )(α + )

 

 
The mass parameters iD  and the friction coefficients iK  related to the variation of the shape of the target and pro-

jectile were calculated within the linear response theory and locally harmonic approximation [10, 11]. 
The equations (2) were integrated numerically starting from the initial value inr r=  until the ions would touch at the 

touching point touchR  or, after reaching some minimal value (larger than touchR ), r  would start to increase and reach 

inr  again. As it was shown earlier, due to the random force some ions cannot reach the touching point even if they over-
came the fusion barrier (the maximum of the potential energy (3)). The value of touchR  is defined by the rela-
tion 1 2 , ,( ) / 2touch d tar d proR R R a a= + + + , where 1R  and 2R  are the radii of the target and projectile and , ,,d tar d proa a  

are the diffuseness of their density distribution. We have checked that the increase of inr  does not change the results of 
calculations but increases substantially the computation time. Besides inr  at the initial moment the kinetic energy of 
incoming ions and the angular moment L  are fixed.  

Due to the action of random forces, we get not the strictly defined quantities at the touching point but the distribu-
tions. The calculations have to be repeated many times until the results become stable with respect to the number of 
trajectories. By trajectory we mean here the dependence of r  on time for a given initial conditions. 

On each integration step we calculate the dissipated energy by the kinetic energy loss, 
 

22
.

2 2
ir

dis CM
ii

pE E V
m D

π= − − −∑                                                                    (4) 

 
The dissipated energy defines the temperature (excitation energy) of the system at the touching point. 
The touching probability ( )T L  is calculated as the ratio of the number of trajectories, that reached the touch-

ing point touchN , to the total number LN  of considered trajectories, ( ) /touch LT L N N= . Besides the touching probabil-

ity by solving equations (2) we find the potential energy of the system, the excitation energy and the deformation of the 
target and projectile at the touching point. These data are used as the initial conditions for the description of evolution of 
the compact system. 
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3. The results of numerical calculations 
 

One of the main characteristics of the fission fragments 
which specify the type of reaction is the distribution of the 
fission fragments in kinetic energy. In Fig. 2 we show the 
calculated kinetic energy distribution of the fission frag-
ment and its width for the reaction 
40 144 184Ar Sm Hg+ ⇒ . There is nothing unusual about 
this Figure. The distribution in the kinetic energy is well 
approximated by the parabola. The large fluctuations at the 
end of interval are due to the pure statistics. The increase 
of the mean value of the kinetic energy compared with the 
data from [2] is probably due to the fact that we consider 
here lighter isotope of Hg. Besides, in the case considered 
here the compound nucleus has rather large excitation 
energy what can lead to the increase of the pre-scission 
kinetic energy.  
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Fig. 3. Left: The mass distribution of the fission fragments in the reaction 40Ar + 144Sm. The energy of ions is equal to 27 MeV. 
Right: The same for the reaction 48Ca + 142Nd at the same energy of incoming ions. 

 

In Fig. 3 we show the mass-distributions of the fission 
fragments at fixed multiplicity of emitted neutrons. By the 
evaporation of no or one neutron the influence of shell 
effects is not so large and the potential energy can be well 
approximated by its liquid-drop part. In this case the mass 
distribution of the fission fragments is symmetric and 
rather flat. This corresponds to the presence of only one 
fission valley. By the evaporation of larger number of 
neutrons the excitation energy of the composite system is 
substantially reduced and the role of shell effects is get-
ting larger. In Fig. 4 we show the deformation energy of 
188Hg which is formed after the evaporation of two neu-
trons from 190Hg. Due to the shell effects on the potential 
energy surface the two minima appear placed symmetri-
cally with respect to 1 0α = . The deformation region  

0

20

40

60

80

100

60 80 100 120

128

132

136

140

144

148
 

σ2 E
 (M

eV
2 )

E
ki

n (M
eV

)

M (u)
Fig. 2. The kinetic energy distribution of the fission 
fragments in the reaction 40Ar + 144Sm (left scale) and 
the width of distribution (right scale). The excitation 
energy at the saddle point is equal to 27 MeV. 
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Fig. 4. The deformation energy surface of 188Hg 
for few values of the excitation energy. 

The fission barrier height is equal to 17.4 MeV. 
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displayed in Fig. 4 corresponds to the area in the square in Fig.1.  
The shell structure leads to the asymmetric peaks in the mass distribution. This is seen quite well for the case of 

three neutrons evaporation; see Fig. 3, when the compound system looses almost all its excitation energy. 
Thus, like in the case of reactions with light incoming particles [2], in reactions with heavy ions the mass distribu-

tion of the fission fragments contains the mass-asymmetric peaks despite the fact that the deformation energy at the 
saddle is mass-symmetric. Note, however, that the mass distribution is mass-asymmetric only when the number of emit-
ted neutrons is large.  

 
4. Conclusions 

 
• The two step model for fusion-fission reactions, proposed earlier by the authors, is used for the description of the 

fission fragments distribution of two Mercury isotopes formed in the reactions 48 142 190Ca Nd Hg+ ⇒  and 

40 144 184Ar Sm Hg+ ⇒ . 
• We have shown that symmetric deformation at the saddle point results in the mass-asymmetric distribution of 

fission fragment at low excitation energy due to the shell effects in the fission valley. 
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TRANSURANIUM  ELEMENTS  PRODUCTION  IN  PULSE  NEUTRON  FLUXES 
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A model of the transuranium isotopes production under conditions of pulse nucleosynthesis in a neutron flux with 
densities of up to ~1025 neutron/cm2 is considered. The pulse process allows us to divide it in time into two stages: the 
process of multiple neutron captures (t < 10–6 s) and the subsequent β-decay of neutron-rich nuclei. The modeling of the 
transuranium yields takes into account the adiabatic character of the process, the probability of delayed fission, and the 
emission of delayed neutrons. A target with a binary composition of 238U and 239Pu, 248Cm, and 251Cf isotopes is used to 
predict the yields of heavy and superheavy isotopes.  
 

1. Introduction 
 

Transuranium elements production in nature takes place in powerful neutron flux, owing to reactions of multiple 
neutron capturing (radiation capturing) followed by β-decays. This process of rapid nucleosynthesis (the r-process) is 
realized, e.g., in the explosions of supernova stars, where neutron density exceeds 1020 neutron/cm3 at temperatures of 
~109 K [1]. Pulsed nature of the process of nucleosynthesis flowing supernovae explosions and lasting a few seconds 
assumes time-dependent external conditions – neutron flux and temperature. Model that describes the dynamic process 
of nucleosynthesis was developed earlier [2, 3]. 

Under artificial conditions, the r-process is realized in nuclear explosions, which produce neutron fluences above 
1024 neutron/cm2 in a time of ~10–6 s. Transuranium isotopes (up to 255Fm) were found for the first time in the “Mike” 
thermonuclear explosion in 1952 [4]. At that time, studies were performed in the United States to examine the 
possibility of synthesizing transuranium elements under the conditions of nuclear explosion (the “Plowshare” program). 
The most complete data on transuranium yields up to A = 257 were obtained in the “Par” experiment [5]. In order to 
increase yields of transuranium isotopes and to search for isotopes with mass numbers A > 257, experiments were 
conducted that produced high fluences of neutrons. In the “Hutch” tests, a maximum fluence of 2.4 · 1025 neutrons/cm2 
was achieved [6], but no isotopes with A > 257 were found. Nuclides created during pulse nucleosynthesis are very 
neutron-rich and fast decaying. Analysis of the nuclides composition, however, is completed about 2 days after 
nucleosynthesis; in this time, nuclei with high numbers of neutrons are decayed [6, 7]. 

In modeling the r-process under astrophysical conditions [1, 8], we must consider the (n, γ)-reaction of radiation 
capture and the inverse (γ, n)-process; induced and spontaneous nuclear fissions; the β-decay of neutron-rich nuclei 
accompanied by processes of delayed neutron emission (β, n) and delayed fission (β, f) [9]; and so on. To perform 
calculations, we must establish neutron and neutrino fluxes, temperature conditions, and the parameters of more than 
3000 nuclei. In the experimental pulse process, the model description of the synthesis of heavy elements allows 
important simplifications: processes of radiation neutron capture and β-decay are strongly separated in time [(t(n, γ) ≈ 
≈ 10–6 s)<< tβ], which can significantly limit the range of nuclei involved in the r-process. 

 

2. Binary adiabatic model 
 

In modeling the r-process under artificial conditions [10, 11], i.e., nuclear (thermonuclear) explosions significant 
simplification were made because the processes of neutron capture and beta-decay are separated in time. This model of 
heavy nuclides creation under the condition of pulse nucleosynthesis in intensive neutron flux [11] is used for 
calculation of transuranium elements production. As starting isotopes in the first stage the binary composition of 238U 
and 239Pu was used along with the mixture of another uranium and (or) plutonium isotopes or other composition of 
initial nuclei on the next stages of calculations. Transuranium yields were obtained additively from independent 
solutions of nucleosynthesis equations. Half-life periods, probability of emission for one and two delayed neutrons 
(DN), probability of delayed fission (DF) for neutron-rich isotopes were calculated taking into account the β-strength 
function, which obtained from the finite-Fermi system theory [12]. 

The production of transuranium elements under the conditions of nuclear (thermonuclear) explosions can be 
described by the system of equations for concentrations n

zN : 
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where z and n are the charge and the number of neutrons of the nucleus; λβ, λα, and λf are the rates of β- and α-decays 
and spontaneous fission; σn,γ, σn, 2n , σn, 3n, and σn, f are the respective cross-sections of the reactions; and F(E, t) is the 
neutron flux. 

We shall further simplify the model taking into account the features of the process over time and the contribution 
from reactions. The chain reaction proceeds for ~10–7 s [13], and the duration of multiple radiation captures of neutrons 
does not exceed 10–6 s [14]. The contribution from β- and α-decays and spontaneous fission are negligibly small, since 
the respective rates λβ, λα, and λf are much smaller than the rate of n-capture λn,γ. We can ignore the contribution from 
reactions (n, f); (n, 2n), which have a higher energy threshold with respect to the (n, γ) reaction. In the simplified 
scheme (a static model) a neutron flux with a given energy in the range 20 - 30 keV is presumed.   

The scheme for transuranium isotope creation in intense (explosive) neutron fluxes (the r- process) is shown in 
Fig. 1, as compared to the slower (s process) trunsuranium creation that occurs, e.g., in nuclear reactors. 

 

Further development involves introducing dynamic 
elements to this static model, which accounts for the 
change in radiation capture cross-sections over the time 
(~10–6 s) of multiple neutron capture conduction. After 
the completion of chain fission (~10-7 s), matter scatters 
quickly [13]; in the range of the r-process we are 
interested in (~10–6 s), the increase in the volume of 
highly heated plasma leads to fast cooling of the 
substance involved in the motion. The falling 
temperature of the target material determines the cross 
section of neutron capture σn,γ relative to current time. 
The dependence of temperature on time for the time 
interval [tA–tB] is determined by the range (T1–T2) of 
decrease in temperature, and it is assumed that the radial 
expansion velocity of a heated substance is constant in 
the interval [tA–tB], and the dependence of temperature on 
volume is adiabatic [10, 15, 16]: T = (const/V)γ – 1. 

In our calculations, it was assumed that the initial 
volume conformed to a sphere with radius R0 = 5 cm [17] 
and the adiabatic index γ ranged from 1.5 to 2.0 [18]; a 
reduction in (T1 – T2) temperature [16] was fixed in the 
range from 60 to 1 keV. 

 
3. Losing factor 

 
Following pulse nucleosynthesis, neutron-rich isotopes 

undergo β-decay, upon which two processes leading to a 
change in concentration are possible: (β, n)-delayed 
emission of neutrons, and (β, f)-delayed fission. These 
processes lose isotopes in isobaric chains with the constant 
mass number A and, as a result, the distribution of the 
isotope yield according to the mass number A changes 
considerably to the end of the r-process. The losing effect 
summarized by the isobar chain gives a relative reduction 
in concentrations for a given A and is expressed as the 
L(A) coefficient (the losing factor, where L(A) ≤ 1) and the 
concentration of isotopes with given A, calculated at the 
moment of the end of multiple captures, must be 
multiplied by the factor R(A) = 1 – L(A). 

Fig. 2 shows the resulting coefficients of the drop in 
concentrations L(A) and contributions from the (β, n) and 
(β, f) processes to L(A) coefficients. In calculations with 
the initial isotope 238U, the losing factor LU(A) increases 
at A = 252, 254, 256, 258 (i.e., at even А isotopes. In this 
case, the main contribution comes from the (β, f) 
processes on even A neptunium isotopes, which explains 
the observed abnormality in the yields distribution.  

Spontaneous fission was not considered in our 
calculations of L(A), but it is significant for mass number A ≥ 256 of isotopes 256Cf, 258Fm, and heavier nuclei [19]. For 
the initial isotope 239Pu, the LPu(A) factor is substantial for A > 260 and is systematically smaller than the LU(A) factor, 
since uranium and neptunium isotopes are excluded from the calculations. Data on the binding energy of neutrons and 

 

Fig. 1. Scheme of actinide creation in artificial slow 
(s-process) and rapid (r-process) nucleosynthesis: 
□ – nuclei with T1/2 ≥ 1 year; – nuclei with T1/2 < 1 year; 
+ – predicted neutron_rich nuclei from the NDS JAEA 
data base (Japan); the line denotes the path of the 
s process at a flux density of neutrons ~ (1014 - 1016) 
neutron/(cm2 s). 
 

Fig. 2. Losing factor L(A) (%) in isobaric chains for initial 
isotopes of U and Pu. For uranium, the dotted line is the 
contribution from delayed fission; the dashed line is the 
contribution from delayed neutron emission; and the solid 
line is the summed effect. For plutonium, the bold line 
(shaded portion) is the summed effect. 
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fission barriers from [20, 21] were used in our calculations of the L(A) coefficients. 
In the case of a plutonium target, the losing factor is very small for neutron-rich isotopes with A < 260. The LU(A) 

and LPu(A) factors for the initial irradiated uranium and plutonium isotopes differ strongly, and in Fig. 2 this is 
explained by the different amounts of nuclides participating in the formation of the losing factor. 

 
4. Even-odd anomaly 

 
The calculations for the yields of transuranium isotopes are shown in Fig. 3, relative to the experimental yields 

measured in the “Par” test, where all yields up to  A = 257 were obtained for the first time [5]. The results were normalized 
using nuclide yield with А = 245, as in [5]. The calculated data up to A = 270 were obtained in an integral neutron flux of ~ 
6 · 1024 neutron/cm2 for a uranium-plutonium target with the initial concentration 238U(95%) + 239Pu(5%). In the 
experimental yields with  A > 250, the effect of even–odd inversion was observed as a break at A ≈ 250 in the characteristic 
saw-toothed yields, and as inversion of the yields at A > 250 (see Fig. 3).  

 

 
Fig. 4. Ratio of calculated to experimental values of 
isotope yields in the “Par” test for mass numbers A = 245 - 
- 257: ○- calculated results for the model with 238U as a 
single isotope in the target; × - calculated results with 
allowance for the losing factor for the adiabatic model 
with 238U as a single isotope in the target; + - calculated 
results (solid line) for the model with the binary target 
(238U, 95%; 239Pu, 5%) in which losing factor is ignored;  
◊ - calculated results for the model with the binary target 
and with the losing factor.  

Fig. 3. Isotope yields in the “Par” experiment: 
○ – experimental data; x – calculation results without 
consideration of the process dynamics; the dashed line 
denotes the fitting of the calculated isotope yields by the 
function: Y = exp(-1.442A + 354.56). 

 
To explain the even–odd effect in the model, the influence of the delayed processes – DF and DN is considered as a 

correction due to the L(А) losing factor, which increases for the even А of nuclides as А rises (see Fig. 3) and acts in the 
right direction, approaching the calculated results for experimental concentrations [11, 22] registered after fissions. The 
model was further complicated by the simultaneous inclusion of two isotopes, 238U and 239Pu [11], in the composition of 
the initial target. It should be noted that the dependences of the calculated yields on A for 238U and 239Pu are in opposite 
phases (as are the respective cross sections of (n,γ)-reactions), which improves agreement with the experimental data in 
the region of the inversion effect at A > 250.  

The resulting yields calculations for “Par” experiment are presented in Fig. 4 (the horizontal dashed line at the level 
of unity corresponds to complete agreement with the experimental data) as relations to the experimental data for the 
initial target concentration 238U(95 %) + 239Pu(5 %) and losing factors LU(A) and LPu(A). 

So we can explain the even-odd anomaly mainly by influence of beta-delayed fission and in smaller part, by 
influence of plutonium impurity in starting isotopes. 

 
5. On the possibility of the formation of super-heavy elements by a pulse of neutrons 

 
Including heavier chemical elements in a target during neutron nucleosynthesis could be a promising way of 

synthesizing heavy and superheavy elements. Yields of heavy nuclides were therefore evaluated for the inclusion of 
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small additives of 248Cm and 251Cf isotopes (available during reactor operation) into the initial uranium target. In our 
calculations, the losing factor L(А) was incorporated without the inclusion of spontaneous fission. It should be noted 
that the L(А) factor is in this case smaller than for the abovementioned uranium and plutonium, since the number of 
nuclides taking part in β-decay is smaller. 

The inclusion of small masses of curium into the seed mixture with 238U (Fig. 5) enables us to increase the yields of 
isotopes with mass numbers A > 250 by an order of magnitude at a 0.5% concentration of 248Cm, and up to two orders 
of magnitude at concentrations of ~5 %. Introducing small doses of 251Cf into the 238U mixture strongly increases the 
yield at A = 253, 254, 255. 
 

At a concentration of 0.001 % 251Cf there is thus a 
fivefold increase in the yield of isotopes with the mass 
number A = 253. As can be seen from Fig. 5 using Cm 
isotope additives at small concentrations in a target 
mainly consisting of uranium does not have a great effect 
on transuranium nuclides as does a U + Pu binary target. 
The same is for and Cf isotope [23]. In order to enhance 
the effect, the concentration of additives should be far 
higher, which does not make much sense in experiments 
with a destructible target. 

 
6. Conclusion  

 
The binary model of transuranium elements 

production in pulse neutron fluxes is developed. The 
calculations of the transuranium isotopes yields up to     
A = 280 in pulsed neutron fluxes of high intensity in the 
adiabatic binary model were performed with start 
isotopes: 238U, 239Pu, 248Cm and 251Cf. Comparison of 
yields calculations up to A = 257 for binary targets with 
experiment data were carried out to “Par”, “Barbel” and 
“Mike” thermonuclear explosions.  

Evolution of the nucleosynthesis model from one to 
two-component model allowed to improve the agreement 
of calculation results with experimental data of 
thermonuclear tests “Par”, “Barbel” and “Mike” (USA). 
The calculations were performed for different 
proportions between initial concentrations of uranium 
and plutonium isotopes.  

Experimental data on the yields of transuranium in nuclear explosions revealed anomalous odd-even effect, which 
manifests itself in the mass number A > 250, which is explained by the delayed fission process, calculations with which 
leads to better agreement with experiment. The agreement of the calculated isotopes yields with the experimental data is 
up to 50 %. 

The “eating away” effect – the losing effect, which gives the relative decreasing of the concentration of nuclei with 
fix A and which is due to the emission of delayed neutrons and delayed fission - the processes leading to changes in the 
concentrations of β-decay of short-lived intermediates formed nuclei with large neutron excess. It is shown that the 
L(A)-effects associated with the observed even-odd inversion in yields for the transuranium nuclides with A > 250. 

It is shown that nuclei with A ≈ 270 can be obtained in the "Par" experiments with the yields ~ 10-22 using a uranium 
target, and – with the yields ~ 10-18 ÷ 10-20 using binary U + Pu and U + Cm targets. Heavier nuclei with A ≈ 280 can be 
obtained with a yields ~ 10-29 ÷ 10-31 using binary U + Pu and U + Cm target. Such low concentrations can not be 
detected by modern experimental methods. Moreover, these nuclides decay rapidly. 

So the calculations were carried out up to the values of A = 280. It was obtained that the isotopic relations of some 
transuranium elements, for example - curium, depends on the value of the pulse neutron flux. This may be an indicator 
of the pulse component in cases of extreme accidents at the nuclear power stations. 
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Fig. 5. Comparison of the calculated yields Y for 
(U + Cm) and (U + Pu) targets at a flux of 6 · 1024 
neutrons/cm2. Curves: 1 - “Par” exp. data; 2 - 6 – 
calculations using various targets; 2 - 238U(100 %); 
3 - 238U(95 %) + 239Pu(5 %); 4 - 238U + 248Cm(0.1 %); 
5 - 238U + 248Cm(0.5 %); 6 - 238U + 248Cm(5.0%). 
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BETWEEN  PROTONS  AND  NUCLEI  FROM  LOW  UP  TO  INTERMEDIATE  ENERGY 
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A new model of the bremsstrahlung emission which accompanies proton decay and collisions of protons off nuclei 
in the energy region from the lowest up to intermediate has been developed. This model includes spin formalism, 
potential approach for description of interaction between protons and nuclei, and operator of emission includes 
component of the magnetic emission. In the problem of the bremsstrahlung during the proton decay in the first time a 
role of the magnetic emission is studied using such a model. For the 146Tm nucleus it is studied the following: (1) How 
strongly does the magnetic emission change the full spectrum? (2) At which angle is the magnetic emission the most 
intensive relatively electric one? (3) How intensive is the magnetic emission in the tunneling region? It is shown that the 
model is able to describe well experimental data of the bremsstrahlung in collisions of protons off the 12C and 64Cu 
nuclei at the incident energy Tlab = 72 MeV (at the photon energy up to 60 MeV), the 9Be and 208Pb nuclei at the 
incident energy Tlab = 140 MeV (at the photon energy up to 120 MeV). 

 
1. Introduction 

 
According to theory of collisions of protons off nuclei, interactions between two nucleons play a leading role. Two 

nucleons interaction is based in relativistic models of collisions. But, consideration of nucleus as medium allows 
including space distribution of nucleons, as non-locality of quantum mechanics. What is more fundamental, interaction 
between different point-like nucleons of the nuclear medium or quantum effects of non-locality in it? 

Models with nucleon-nucleon interaction should be the most accurate, if the collective effects caused by interactions 
between nucleons are small. But, we know that this is not so at low energies. If to analyze bremsstrahlung emission in 
collisions of protons off nuclei, then there are indications that two-nucleon interactions give the largest intensity. But, 
we find that many-nucleons effects arise at increasing of energy of the emitted photons. 

Properties of the bremsstrahlung accompanying scattering of protons off nuclei have been studied well (see review 
[1, 2]). But, as it pointed in [3], properties of the nuclear bremsstrahlung emission in nucleon-nucleus and nucleus-
nucleus collisions (especially, in intermediate energy region up to 150 MeV / nucleon) have been studied worst of all. 
This causes our interest in use of the optical potentials [4]. But, in study of the bremsstrahlung, which accompanies α-
decay (see [5] and reference therein), spontaneous fission (see [6] and reference therein), ternary fission [7], collisions 
of nucleons, ions and nuclei off nuclei [2, 3] at non-relativistic energies, the emission caused by the magnetic moment 
of the fragment moving relatively the nucleus has not been taken into account. Microscopic models provide a powerful 
formalism for many-nucleons interactions. But, we see that magnetic emission was not studied in such models [8]. 

The magnetic emission is connected with magnetic momentum and spin of the fragment, interacting with nucleus. 
Attempt to take such aspects into account leads to matrix form of equations and many-component wave function (see 
[9], p. 32 - 35, 48 - 60). However, such aspects are included in relativistic models of collisions of nucleons between 
themselves and with nuclei at intermediate energies (based on Dirac equation). Note two lines of intensive 
investigations, Refs. [10] and [11], where main emphasis was made on construction of correct relativistic description of 
interaction between two nucleons. It could be interesting to obtain the model, combining spin formalism of interacting 
fragments (with magnetic momentum) and potential description of interactions. The problem of the bremsstrahlung 
during collisions of protons off nuclei and proton decay covers these lines. In Ref. [12] the bremsstrahlung during 
proton-decay was studied. However, here the magnetic emission caused by the magnetic moment of proton was not 
included. In order to clarify its role, a model with such aspect is needed. Main aim of this paper is construction of such a 
model. 

 
2. Model 

 
We shall start from generalization of Pauli equation for A + 1 nucleons of the proton-nucleus system in laboratory 

frame (starting from Eq. (1.3.6) in [9], p. 33). In center-of-masses frame hamiltonian is 0
ˆ ˆ ˆH H W= + , where Ŵ  is 

operator of emission of the bremsstrahlung photon caused by nucleons, 0Ĥ  is rest of hamiltonian without the emission 
of photons. Neglecting by relative motion of nucleons of nucleus, items at e2A2c2 and A0, we find: 

 

2
( ) ( ) ( )

eff
1,2ph

2 1 1ˆ [ ] [ ]
2 2

phie cW Z e i i
mc w

− α α α

α=

π ⎛ ⎞= ∇ − ⋅ ∇ × + ⋅ ×⎜ ⎟
⎝ ⎠

∑ k r e σ e σ k e .                      (1) 

 

Here, r is distance between center-of masses of proton and nucleus, Zeff and m are effective charge and reduced mass 
of the proton-nucleus system, σ are Puali matrixes, e(α) are unit vectors of polarization of photon, kph is wave vector of 
the photon and wph = kphc = |kph|c. Vectors e(α) are perpendicular to kph in Coulomb calibration. We define the matrix 
element in the form: 
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Here, ( )i ikψ =r  and ( )f fkψ =r  are stationary wave functions of the proton-nucleus system in the initial i-state (i.e. 
before emission of photon) and final f-state (i.e. after emission) [5 - 7]. 

We define the wave function of proton in field of the nucleus in form of bilinear combination of eigenfunctions of 
orbital and spinor subsystems as Eq. (1.4.2) in [9] (see p. 42). Substituting it to (3) and applying multipolar expansion 
for vector potential A, we obtain: 
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where 
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We define the photon emission probability as (see also Refs. [3, 5 - 7]): 
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where 2 2 5 2

eff ph (2 )i i ig Z e w E c m k= π . We call dPel as electric emission, dPmag,1 as magnetic emission, dPmag,2 as 
correction of magnetic emission, dPinterference as interference component of emission. For bremsstrahlung during 
collisions of protons off nuclei we shall use cross-section as 
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0 ph
ph

. .
cos cosf f

d dpN w p c c
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⎧ ⎫σ ⎪ ⎪= +⎨ ⎬θ θ⎪ ⎪⎩ ⎭
,                                                   (9) 

 
where N0 is factor of normalization of the calculated full spectrum on experimental data. 

 
3. Results 

 
We calculate the bremsstrahlung probability by Eq. (8). The potential of interaction between the proton and the 

daughter nucleus is defined in [12]. The wave functions of the decaying system are calculated in the spherically 
symmetric approximation. The boundary conditions and normalization are used in form of (B.1) - (B.9) in [12]. In [12] 
the 157Ta, 161Re, 167Ir and 185Bi nuclei decaying from the 2s1/2 state (at li = 0), the 109I, 112Cs nuclei decaying from the 
1d5/2 state and the 146Tm, 151Lu nuclei decaying from the 0h11/2 state (at 0il ≠ ) were selected. I shall analyze only one 
nucleus 146Tm at 0il ≠  (as calculations for this nucleus are essentially more difficult than for nuclei at li = 0). For 146Tm 
we have li = 5, lf = 4, Q = 1.140 MeV [12]. 

 
3.1. Electrical, magnetic emissions and angular distributions 

 
At first, let us see how much the magnetic emission is visible. The result of our calculations of the bremsstrahlung 

during proton decay of 146Tm are presented in Fig. 1. 
 

 
Fig. 1. The full bremsstrahlung spectrum, electric and magnetic components of emission defined by Eqs. (8) 
(at θ = 90º): (a) the full spectrum (full blue line), electric component dPel (red dashed line) and magnetic component 
dPmag,1 (green dash-dotted line), (b) ratio of the components to the full spectrum (full blue line is for dPel/dPfull, red 
dashed line for dPmag,1/dPfull). One can see that the magnetic emission gives contribution about 28 percents inside 
energy region 50 - 300 keV. 
 

The electric and magnetic components are included also on these figures. One can see that the magnetic emission is 
smaller than electric one. But it gives contribution about 28 percents into the full spectrum (see Fig. 1, b), i.e. it is not so 
small to be neglected and it should be taken into account in further calculations of the bremsstrahlung spectra during 
nuclear decays with emission of charged fragments with non-zero spin. However, the magnetic component suppresses 
the full emission probability: according to Fig. 1, b (see blue solid line), inclusion of the magnetic component into 
calculations is determined by Pel/Pfull = 1.14, which is larger unity. This effect of suppressing of the total emission can 
be explained by a presence of not small destructive interference between the electric and magnetic components inside 
whole studied energy region. According to Fig. 1, b, ratios of the electric and magnetic components to full spectrum are 
not changed in dependence on the energy of the emitted photon. 
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In Fig. 2 the angular distributions of the electric and magnetic emissions during the proton decay of 146Tm are 
shown. One can see that the electric and magnetic components increase proportionally with increasing of the θ angle. 

 

Fig. 2. The angular distributions of the bremsstrahlung during proton decay of 146Tm: a – the electric emission, dPel, 
calculated at different energies of the emitted photons; b – the electric component dPel (full blue line) and magnetic 
component dPmag,1 (red dashed line) for the chosen photon energy 200 keV. One can see that both spectra increase 
proportionally (similarly) with increasing of the angle. 

 
3.2. Spectra in collisions of protons off nuclei at intermediate energies 

 
I shall shortly demonstrate applicability of the model in the problem of the bremsstrahlung during collisions of 

protons off nuclei at intermediate energies of incident protons. I calculate the normalized cross-sections by Eq. (9), use 
the same form of the proton-nucleus potential and parameters (defined as for the problem of proton-decay). Results of 
my calculations are presented in Figs. 3 and 4. In Fig. 3, a one can see that my approach describes enough well 
experimental data for p + 9Be from 20 MeV to 120 MeV in comparison with results obtained by Nakayama and Bertsch 
in [13] and calculations performed by Nakayama in [10]. In Fig. 3, b I compare my calculations for p + 208Pb with 
experimental data [14] and results of Remington, Blann and Bertsch in [15]. In Fig. 4 I present my calculations of the 
bremsstrahlung cross-sections for collisions p + 9C and p + 64Cu in comparison with experimental data [16] at the 
incident proton energy Tlab = 72 MeV. I show the full spectrum calculated by Eq. (9) and corrected spectrum obtained 
by Eq. (9) with division on kf (according to formula (9) of cross-section defined in [2]). Comparison with quantum 
calculations of Kopitin, Dolgopolov, Churakova and Kornev in [2] shows more stable calculations in our approach. 

 

 

Fig. 3. The proton nucleus bremsstrahlung probability rates in the laboratory system at the incident energy Tlab = 140 MeV (in 
calculations we use photon emission angle θ = 90º): a - Comparison for p + 9Be between the calculations by our model (blue 
solid line is for full spectrum, green dash-dotted line for electric contribution, red dashed line for magnetic contribution), 
calculations from (Nakayama 1986: [13], wine short-dashed line), calculations from (Nakayama 1989: [10], navy dash 
double-dotted line) and experimental data (Edington 1966: [14]); b – Comparison for p + 208Pb between the calculations by 
our model (blue solid line is for full spectrum, green dash-dotted line for electric contribution, red dashed line for magnetic 
contribution), calculations by Remington, Blann and Bertsch in (Remington 1987: [15], wine dash double-dotted line is for 
calculations by master equation using the semiclassical bremsstrahlung cross sections, orange short dotted line for 
semiclassical cross sections multiplied by 2 for meson exchange, and navy short dashed line for quantum bremsstrahlung 
cross sections) and experimental data (Edington 1966: [14]). 
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Fig. 4. The proton nucleus bremsstrahlung probability in laboratory system at Tlab =72 MeV and θ = 90º: Comparison 
for p + 12C (a) and p + 64Cu (b) between the full cross-section calculated by Eq. (9) (wine dash double-dotted line), 
corrected cross-section by Eq. (9) with division on kf (blue solid line) and experimental data (Kwato 1988: [16]). 
 

4. Conclusions and perspectives 
 

The new model of the bremsstrahlung emission which accompanies proton decay and collisions of protons off nuclei 
in the energy region from the lowest up to intermediate has been developed. This model includes spin formalism, 
potential approach for description of interaction between protons and nuclei, and operator of emission includes the 
component of magnetic emission. For such investigations the 146Tm nucleus is chosen. We obtain the following: 

• Inside energy region from 50 up to 300 keV the magnetic emission gives contribution about 28 percents into the 
full spectrum (see Fig. 1). But, the magnetic component suppresses the full emission probability (Pel/Pfull = 1.14). 

• With increasing of angle between directions of the outgoing proton and emitted photon the electric and magnetic 
components increase proportionally (see Fig. 2).  

• The model describes well experimental data of the bremsstrahlung in collisions of protons off 12C, 64Cu at 
Tlab = 72 MeV, and 9Be, 208Pb at Tlab = 140 MeV (see Figs. 3 and 4). 
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Isomeric yield ratios for the 119Te, 121Te, 123Te, 127Te, 129Te nuclei were obtained in (γ, n) reactions with 
bremsstrahlung end point energies ranging 10 - 22 MeV with ΔЕ = 0.5 MeV step. Experimental isomeric ratios were 
used to calculate the cross-sections of (γ, n)m reactions, that were further compared with TALYS-1.4 calculations.  

 

1. Introduction 
 

Gamma beams are an accurate tool for investigating different processes in nuclear physics and astrophysics. Photons 
with energies of tens MeV bring relatively small changes to nuclei and due to the pure electromagnetic character of 
photonuclear reactions can be used to obtain information on nucleon-nucleon interactions [1], collective motions of the 
nuclear matter (giant dipole resonance, pygmy dipole resonance etc) [2], mechanism of the particular nuclear states 
excitation [3, 4], etc. Photonuclear reactions are also important for understanding the processes of elements creation in a 
stellar environment. Particularly to explain the abundances of p-nuclei which are mainly synthesized through the chain 
of photonuclear reactions on r- or s-precursors [5]. 120Te is one of these p-process nuclei and the reaction 
120Te(γ, n)119Te partly determines the cross-section of its photodisintegration. Moreover, in view of the fact that 120Te is 
produced by photodisintegration of the s-only nucleus 122Te followed by that of 121Te, cross-sections of 122Te(γ, n)121Te 
can be treated as part of the production cross-section of the p-nucleus. To determine p-abundances a database that 
includes exact values for thousands of reaction cross-sections is needed. As the experimental information on reactions 
involved in the p-process is very scarce, reaction rates based on Hauser - Feshbach calculations [6] are used for 
modeling of the p-process flow. One of the methods to check the conformity of the statistical model based on 
compound nucleus assumption is to compare its results with experimental data on isomeric states population 

The isomeric ratios and cross-sections of (γ, n)m reactions on Te isotopes in the GDR energy region were not 
sufficiently studied previously. There are only two published works [7, 8] that contains complex studies of Te isomeric 
yields ratios, but measured for the particular energies up to Eγmax = 25 MeV. At the same time, Te isotopes are 
remarkable because they could allow for the investigation of the evolution of isomeric ratios with the change of neutron 
subshell population through a wide mass range (A = 119 - 130).  
 

2. Experiment 
 

The activation technique was used in the experiment. Samples were irradiated with a bremsstrahlung beam from 
electron accelerator Microtron M-30 of the Institute of Electron Physics of NAS of Ukraine [9] within the 10 - 18 MeV 
endpoint energy range in E = 0.5 MeV steps. The electron beam extracted from the accelerator was converted into 
bremsstrahlung with a 0.5 mm thick tantalum radiator. The intensity of the magnetic field was measured by the NMR 
method and it allowed achieving less than 50 keV uncertainties in the electron beam energy spread determination. The 
mean current of beam electrons was 5 μA and was controlled by a secondary-emission monitor with the 1.2 s timestep. 
For the energies 20 - 22 MeV the bremsstrahlung beam from betatron B25/30 of Uzhhorod National University was 
used. Tellurium targets were placed on the beam axis at a distance of 30 cm from Tantalum radiator. Targets were made 
from glass-like TeO2 of natural isotopic composition (99.99 % chemical purity) in the form of disks (25 mm diameter, 
2.5 mm thickness).Follow the irradiations and cooling period, the residual activity in the samples was measured in a 
low-background environment by an ORTEC spectroscopic system consisting of the calibrated 175 cm3 HPGe-detector 
and a multichannel analyzer. The detector was screened from background radiation by the combined Pb-Cd-Cu shield. 
The energy resolution was 2 keV for 60Co gammas.  

To extract optimal amount of data from the decay of the residual nuclei the measurement process was organized as 
following. After the irradiation and 1 - 2 h cooling time (to reduce dead-time of the detector) the decay of the 129Teg 
ground state was measured. Gamma-spectra obtained during next 24 h were used to obtain data on the decay of 119Tem, 
119Teg, 127Teg, 129Tem states. Measurements of long-lived reaction products were done during 1 - 3 days after 7-20 days 
of cooling. We used spectroscopic data for the investigated nuclei from ENSDF data base [10].  

In the general case isomeric yields ratios d are determined as [11]: 
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,                                     (1), 

 
where Nm,g are the counts in photopeaks associated with isomer and ground sates decay; ϕm,g – coefficient which 
includes detector efficiency ε, self-absorption in the targets μ and gamma-lines intensity α; р – branching ratio; с – 
correction factor for detector “dead-time” and pulse overlapping; f m,g – time functions expressed in following way: 
 

( ) ( ) ( ), , , ,1 exp exp 1 expm g m g irr m g cool m g measf t t t⎡ ⎤ ⎡ ⎤= − −λ ⋅ ⋅ −λ ⋅ − −λ ⋅⎣ ⎦ ⎣ ⎦ ,                              (2) 
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where λm,g denote decay constants of isomeric and ground states, tirr, tcool, tmeas – intervals of irradiation, cooling and 
measurements. 

Obtained experimental isomeric yields ratios d = f(Eγmax) with standard errors are shown as dots in Fig. 1. 
Essentially, dependences d = f(Eγmax) grow from the (γ, n)m reactions thresholds for all presented cases and reach the 
plateau within 20 - 22 MeV energy range. 

 

 
Fig. 1. Experimental isomeric yields ratios for the 120Te(γ, n)119Tem,g, 122Te(γ, n)121Tem,g, 124Te(γ, n) 123Tem,g, 

128Te(γ, n)127Tem,g, 130Te (γ, n) 129Tem,g reactions. 
Dots – experimental values, solid line – approximation of experimental results. 

 

 
Fig. 2. The cross-sections of the 120Te(γ, n)119Tem, 122Te(γ, n)121Tem, 124Te(γ, n) 123Tem, 128Te(γ, n)127Tem, 130Te (γ, n) 

129Tem. Dots – experimental values, filled triangles- TALYS-1.4 calculations with RIPL-3 standard level structure, open 
triangles - TALYS-1.4 calculations with modified level structure. 
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The solid lines in Fig. 1 resulted from approximation of experimental isomeric ratios with Boltzmann curves: 
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,                                                            (3) 

 
where А, В, Е0 and ΔЕ – parameters. Approximation was carried out by a least square method in the range from 
reactions thresholds up to 20 MeV.  

Experimental dependence of the isomeric yields ratios on the bremsstrahlung endpoint energy d = f(Eγmax) allows to 
calculate the experimental isomeric state population cross-sections σm using known total (γ, n) reaction cross-sections 
[12]. The calculation was carried out by the reverse matrix method [13]. The yield curves were smoothed before used as 
an input for the calculations. Obtained cross-sections of isomers population are presented via dots in the Fig. 2. Figs. 1 
and 2 reveal that isomeric yields ratios and cross-sections are increasing with growth of isotopes mass from A = 119 to 
A = 129. It correlates with population of outer subshell 1h11/2, which starts to fill from 122Te and reach 8 neutrons in 
130Te.  

 
3. Model calculations 

 
For the purpose of comparing the experimental and theoretical data on isomeric excitation we performed the 

calculations of the reaction cross-sections with the help of TALYS-1.4 code [14]. The following scheme was used in 
calculations. Dipole monochromatic gamma with Eγ energy interacts with nuclear target (Zi, Ni) and the compound state 
(Jc, πc) is formed with excitation energy Ec equal to the energy of incident gamma. Total photoabsorption cross-section 
σtot is calculated with the use of experimental GR parameters (if available) or from semiempirical systematics. Both 
statistical and preequlibrium mechanism contribute to the decay process of the residual nuclei. The main contribution in 
the investigated energy region belongs to Hauser - Feshbach statistical mechanism. But with increasing energy the part 
of preequilibrium processes simulated with exciton model [15] becomes more significant. After the gamma absorption 
the particle-hole pair (exciton) is created. The system evolves through the steps and on each of them the number of 
excitons is increased by one. Particle emission is possible from every stage of the process. After 6 steps the process is 
no longer treated as preequilibrium and further reaction flow is simulated with statistical model. Calculations show that 
statistical mechanism dominates for the GR region and its contribution to the total (γ,n) cross-sections even for higher 
energies is more than 80 %. After the neutron emission the population of the particular residual nucleus levels is 
calculated using the transmission coefficients Tl obtained from optical model. RIPL-3 database [16] was used to obtain 
information on first 80 discreet levels. At higher energies excited states spectrum was treated as continuous and 
described by the level density ρ(E, J, π) divided into 40 equidistant energy bins. For simulation of the continuous 
spectra we used the Back-shifted Fermi gas model [17]. 

The calculated cross-sections are plotted in Fig. 2 with black triangles. We are not presenting results of calculations 
for 120Te(γ, n)119Tem and 122Te(γ, n)121Tem reactions as there is no published experimental data on total (γ, n) cross-
sections for this isotopes and this can serve as source of errors in calculations on the stage of photoabsorption cross-
section determination. Calculated values are significantly consistent with experimental data for 124mTe, 127mTe, but at the 
same time we can see very poor agreement in case of 129mTe. Notable disagreement (more than 50 % at the maximum) 
for the reaction 130Te(γ, n)129Tem motivated us for additional research. We found that information on discreet levels for 
the 129Te used in RIPL-3 database originated from the ENSDF evaluation [18] which was not updated from 1996. 
However, the detailed study of 129Te structure was published in 2003 [19]. This paper introduces the 1221 keV level 
with Jπ = 5/2- which can be the key to understanding the strong population of the 129Tem isomer. This level effectively 
accumulates the intensity from higher lying 3/2− states, which can be easily excited in (γ, n) reactions. The substantial 
part of neutrons will be emitted with L = 0 moment after the decay of 1- state of giant dipole resonance via 
photoneutron chanel and it leads to the direct excitation of 3/2- levels in the residual nuclei. Similar mechanisms of the 
isomer population were found in others Te isotopes [19, 20]. We modified the level structure file according to the 
information published in the paper [19] and performed additional calculations (open triangles in Fig. 2). We can see that 
calculations with updated data lead to significantly better agreement with experimental cross-section.  

In the statistical model, because of averaging by the large number of overlapped states, we can neglect the matrix 
elements features that describe the decay of particular states. It results in a similarity of transition matrix elements, i.e. 
the final levels for the decay of a particular state are equal. Thus, the probability of particular transition is proportional 
to the final density of states and depends on the transitions multipolarity. In TALYS–1.4 calculations of the γ-transitions 
probabilities are derived from the gamma-ray strength functions. For E1 transitions the generalized Lorentzian form of 
Kopecky-Uhl was used, while for the transitions of other multipolarities -standard Lorentzian (Brink-Axel form). It 
should be noted that E1 transitions are dominating in calculated gamma-cascade (~90 %) with little admixture of E2 
and M1 radiation  

The situation is different in the low energy part of the spectra where the microscopic calculations of level structure 
can be performed. In paper [19] it was mentioned that all states in 129Te of negative parity lower 1100 keV are only 
weakly populated in (d, p) which can serve as a sign for their complicated structure. The interacting boson-fermion 
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model (ІВFМ) describes states 3/2– and 5/2– of 129Te as a mixture of the 1h11/2 neutron wavefunction as a main part with 
a small 3p component, coupled to the first 4+ state of the core [20]. The IBFM calculations reproduce well the energy of 
the states and confirm the enhanced E2 transitions between the levels of negative parity due to the admixed quadrupole 
phonons. According to the analysis of the γ-transitions between low-energy levels [18] we can see that the part of E1 
transitions is extremely low. States of positive parity decay by M1 and E2 transitions and do not populate levels of 
negative parity. Their decay path leads to final level Jπ = 3/2+ and practically do not contribute to the population of 
Jπ = 11/2– isomer. As mentioned above, the enhanced E2 transitions are observed between negative parity states. 
Therefore the transitions probabilities are mainly defined by their microscopic nature. It is highly possible that same is 
true for the higher energies described in the calculations as continuous spectra.  

As it was mentioned before, the main part of Te isomers excitation cross-section belongs to the statistical 
mechanism. But the growth of isomeric population and cross-section of (γ, n)m reactions with isotopes mass increasing 
cannot be explained in the framework of the statistical model. It would be natural to suggest that the increasing 
contribution of preequilibrium processes can be responsible for that, but calculations showed that their share is too low 
to explain this effect. Experimental data on nuclear structure of Tellurium isotopes [18 - 20] (including 129Te) suggest 
that growth is rather caused by redistribution of transitions between low-lying nuclear levels connected with their 
microscopic nature. 

 
4. Conclusions 

 
Isomeric yields ratio dependence on bremsstrahlung end point energy has been measured for the reactions: 

120Te(γ, n)119Tem,g, 122Te(γ, n)121Tem,g, 124Te(γ, n)123Tem,g, 128Te(γ, n)127Tem,g, 130Te(γ, n)129Теm,g in the energy region 10 - 
22 MeV. The values of isomeric ratios are increasing with the filling of the subshell 1h11/2 and are highest for the 129Te. 
The observed effect of correlation between increasing possibility of isomers Jπ = 11/2– excitation and growing of the 
neutrons number on subshell 1h11/2 cannot be associated with contribution of statistical or preequilibrium mechanisms, 
but rather is a consequence the non-statistical distribution of gamma transition probabilities resulted from peculiarities 
in level structure.  

The cross-sections of isomers population in all investigated reactions have been calculated with inverse matrix method. 
Results were compared with TALYS-1.4 calculations. Theoretical calculations revealed the dominating role of the 
statistical model based on Hauser - Feshbach formalism in the (γ, n) reactions In most cases calculation reproduce the 
cross-section and this can serve as evidence of statistical theory adequacy. But the case of 130Te(γ, n)129Tem reaction 
showed that results of calculations significantly depends on properties of low-energy levels and transitions between them. 
Thus, without precise knowledge on nuclear structure, calculations of isomers excitation can produce misleading results. 
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Introduction 

 
Currently, despite the accumulation of extensive experimental and theoretical data, the problem of education and 

pre-equilibrium emission of light charged particles and γ-rays in the process of formation and decomposition of strongly 
heated nuclear systems of greatest interest in the study of nuclear reactions with heavy ions. This is due to several 
reasons. First, the cross section for light charged particles is large (comparable to the total cross section of the reaction), 
which is a characteristic of the process of nucleus-nucleus collisions, the understanding of which is impossible without 
an understanding of the mechanism of formation of these particles. Secondly, the properties of energy, mass and 
angular distributions of charged particles emitted by the light appeared, as shown by experimental studies, largely 
unexpected, and sometimes difficult to explain. Finally, the experiments revealed that a significant portion of the 
particles emitted in the initial stage of interaction of the two nuclei, and, therefore, has direct information about the 
dynamics of this interaction, in contrast to the decay products of the composite system. 

It is considered that the pre-equilibrium complex particles are formed before the emission of the heated core (or hot 
zone) of the quasi-free nucleons or simple clusters (coalescence) having similar momentum distributions in the direction 
of emission of complex particles. This mechanism of light particles, for example, (d + d = α, p + t = α, etc.) in the zone 
of interaction of heavy nuclei is presented in [1], in which the model has been successfully applied coalescence of 
fragments. Coalescence model is typically used to describe the formation of light and medium composite particles at 
intermediate energies of the colliding nuclei, when multiple production of nucleons and fragments comparable. The 
information obtained in this model, is optional for the results obtained for two protons, two deuterons, as well as for the 
Coulomb correlation of the two heavy pieces, such as carbon. This complements correlation measurements of light 
fragments [2] and as other temperature-dependent nucleon coalescence model, this model provides a source size of 
fragments of a given mass and velocity. If the nucleons and light fragments are determined by the same radius of the 
source and the time of life, the present model predicts the same radius of the source, as a nucleon- coalescence model, 
however, the present model gives a more realistic results radii coalescence fragments. The advantage of this model is 
that it does not require long high statistics measurements in space relative to small pulses. Therefore, it can be used for 
data measured by one detector, assuming that the impact parameter is limited, and that the radiation from the source is 
suppressed. You do not need high resolution in momentum, as in the case of interferometric measurements, which allow 
to perform the analysis of data of plants with poorer resolution, but with the kinematic range. 

 
Formulation of the problem 

 
Direct experimental evidence of coalescence of strongly heated by the decay of nuclei is not currently available. 

However, in [3] in the reaction 7Li photodisintegration observed γ-peak at 8.5 MeV, corresponding to the binding 
energy of tritium. Methodological and experimental results using the technique Registered γ-rays and charged particles 
in order to study the dynamics of interaction of complex nuclei are presented in [4-6]. Based on the observation of the 
peak γ-rays and measure its width (150 KeV) concluded that within the nucleus 7Li before emission triton cluster is 
formed from 3H quasifree nucleons and the duration of this process is 10 - 21 s. In [3] also noted that similar peaks in 
the spectrum of photons must accompany any reaction in which the particles are formed before its emission from the 
nucleus. If we assume, for example, α-particle is formed in the hot core before leaving quasifree nucleons or other 
clusters, and this process is accompanied by the emission of γ-rays in accordance with the channel coalescence, then the 
following options: 

 
1. p + p + n + n = 4He + γ (28,3 MeV) 
2. d + d = 4He + γ (23,85 MeV) 
3. n +3He = 4He + γ (20,6 MeV) 
4. p + T = 4He + γ (19,8 MeV) 
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Thus the formation of α-particles of protons and 
neutrons (1) together with the α-particle emissions be 
emitted γ-rays with energy E = 28.3 MeV. Coalescer 
deuteron (2) E = 23.85 MeV neutron and 3He (3) E = 
20.6 MeV proton and triton E = 19.8 MeV (4). Potential 
of an experiment to study the formation of α-particles in 
the reaction 14N + 198Au at energy E(14N) = 700 MeV is 
presented in the Figure. 

Detectors D1 and D2 are used to measure α-particles 
and their identification. D3 detector measures the energy 
γ-spectrum in coincidence with α-particles entering the 
detector D1 or D2. FC-Faraday cup. Measurement of the 
two spectra with the detector D3 in coincidence with α-

detectors D1 and D2 can suppress γ-background caused by the coincidence of conventional brake γ-rays with α-
particles. Spectra measured detector D3, has a peak due to the emission of γ-rays from the α-particles measured by the 
detector D1, which is 18-20% shifted to lower the amount of energy due to the Doppler effect, compared with that of γ-
peak, measured detector D2. Subtract one from the other allows spectra inhibit γ-radiation due to the coincidence of 
conventional brake γ-rays with α-particles. 

 
Conclusions 

 
1. In this paper the experiment to study the emergence of the γ-quants with energy equal to the binding energy of the 

composite particles emitted from the interaction region of nucleus-nucleus collisions. 
2. If this effect will be detected and recorded above the background of the bremsstrahlung γ-quants, a new method 

for the experimental study of the γ-emission of brake mechanism of the discharge strongly heated nuclear systems. 
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Within a microscopic three-cluster α + α + n(p) model, which is a three-cluster version of the algebraic approach to 
the Resonating Group Method (RGM), we consider the spectra of the low-lying states of mirror nuclei 9Be and 9B in the 
energy range from zero to 5 MeV excitation. The obtained theoretical results are compared with the available 
experimental data. 

 
Introduction 

 
We will study the spectra of low-lying states of nuclei 9Be and 9B. As is known, nucleus 9Be is bound only in the 

ground state, whereas nucleus 9B, which is the mirror one relative to 9Be, has no bound states at all. In other words, 
except for the ground state of nucleus 9Be, we will deal mainly with resonance states, the interest in which is 
determined by a number of the following factors. 

The study of the low-lying states of nucleus 9Be is of interest for astrophysics, in particular for the problem of 
nuclear synthesis of elements. The resonances lying above the threshold of disintegration of 9Be determine the rate of 
synthesis of this nucleus under the bursts of supernovas. At sufficiently high concentrations of neutrons and alpha-
particles in a star, the radiative capture reaction α(αn, γ)9Be can run with high rate in the resonance mode. This reaction 
is followed by 9Be(α, n)12C [1, 2]. Along with the three-alpha capture α(αα, γ)12С, the mentioned reactions can play a 
significant role in overcoming the barrier for the creation of elements with А > 8. This barrier is related to the absence 
of bound states of the nuclei with A = 5 and A = 8 (5H, 5Li, 8Be), i.e., to the so-called “mass dip”. 

Of interest is also the comparison of the spectra of the low-lying states of mirror nuclei 9Be and 9B presenting the 
example of the influence of the Coulomb interaction of protons on the spectra of light atomic nuclei. Especially, this 
concerns the states ½+, ½-, and 5/2+. Despite the many-year efforts, there is no complete information about the energies 
and the widths of these resonances. In particular, the spins are known not for all states. Especially, this is true for 9B. 
Moreover, its state ½+, which is analogous to that with an excitation energy of 1.68 MeV in nucleus 9Be, was not given 
in the recent compiled work [3] among the detected experimentally states of nucleus 9B. 

The interest in the situation concerning these nuclei is manifested in a large number of experimental [4 - 11] and 
theoretical works [12 - 21] (we have indicated only a part of them) devoted to the consideration of properties of nuclei 
9Be and 9B.  

The choice of a model for the description of properties of the nuclei under consideration is determined by the 
domination of the three-cluster channels α + α + n and α + α + p at small energies. The threshold energies of these channels 
are minimal among all channels. We note that the next-in-energy threshold of the channel 7Li + d in nucleus 9Be (and 7Be 
+ d in 9B), where the α-cluster is broken, is much higher than the threshold of the three-cluster channel (more than 
15 MeV). Moreover, the α-clusters themselves have no excited states below approximately the same energy. Therefore, it 
is possible to assume surely that the low-energy spectrum of these nuclei is formed by the three-cluster channels α + α + n 
and α + α + p, where the density distribution for nucleons in α-clusters can be considered frozen. This is also indicated by 
the energy position of the bound state of nucleus 9Bе: it is near the threshold of α + α + n, by 1.57 MeV below. It is worth 
noting that the three-cluster systems under consideration have no bound binary subsystems. In this case, the lifetimes of 
nuclei 8Be and 5He in the ground state are, respectively, 0.97 · 10-16 and 1.1 · 10-21 s (4.4 · 10-22 s for 5Li). This indicates 
that the cluster representation α + α + n (α + α + p) for nucleus 9Be (9B) dominates at comparatively low energies. This 
circumstance must be taken into account in a model for nuclei 9Be and 9B.  

In the present work, we use the microscopic approach as such one, namely the three-cluster algebraic version of the 
Resonating Group Method (see details in [22, 23]), where the function of relative motion of clusters is expanded in the 
eigenfunctions of a six-dimensional harmonic oscillator in hyperspherical coordinates. 

The main positions of the model in use are briefly presented in Section 2, and the results are given in Section 3. 
 

Method 
 

The many-particle wave function of a three-cluster system consisting of A  nucleons ( 1 2 3=A A A A+ + )with the full 
account for the antisymmetrization can be represented as 

 

( ) ( ) ( ) ( ) ( )1 1 1 1 2 2 3 3
ˆ,.., = ,A QA A A Q− ⎡ ⎤Ψ Ψ Ψ Ψ Ψ⎣ ⎦q q A                                            (1) 

 

where Â  is the operator of antisymmetrization. In this case, we assume that the center-of-mass coordinate for the 
A -nucleon system is excluded by the transition to the Jacobi coordinates iq . This reduces the problem to the 

consideration of the internal dynamics of the system. The functions ( )i iAΨ  set the internal structure of the i -th cluster. 
The function 
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( ) ( )1 2= ,Q QQΨ Ψ q q                                                                        (2) 
 

characterizes the relative motion of clusters, depends on the Jacobi coordinates 1q  and 2q , and can be expanded in the 
approach under consideration in the basis of a six-dimensional harmonic oscillator.  

Since the wave functions of clusters are fixed in our case and are constructed only on the ( 0s )-orbitals, the problem 
of classification of the states of the system after the expansion of the function of relative motion in the basis is 
completely transferred onto the basis states describing the intercluster motion. In our specific case, such basis states are 
the eigenfunctions of a six-dimensional harmonic oscillator 1 2| , , , , >n K l l LMρ . They are characterized by the 
hypermoment K , the number of quanta of hyperradial excitations nρ , partial angular momenta 1l  and 2l  connected 
with the first and second Jacobi vectors, respectively, the total angular momentum L  produced by the coupling of the 
partial momenta 1l  and 2l , and its projection M . In this case, the relation = 2N n Kρ +  holds for each oscillator shell 
with the principal quantum number N . 

The expansion of the wave function of relative motion 
 

( ) ( )1 2 1 2, = , ,Q Cν ν
ν

Ψ Ψ∑q q q q                                                                 (3) 

 
where { }νΨ ≡ 1 2| , , , , >n K l l LMρ  ﴾ 1 2= { , , ( ) }n K l l LMρν ﴿, leads to the infinite system of algebraic equations  
 

ˆ< | | > < | > = 0' '
'

'
H E C

ν
ν

⎡ ⎤ν ν − ν ν⎣ ⎦∑                                                        (4) 

 
for the coefficients Cν . Totally, these coefficients determine the wave function in the oscillator representation. 

System (4) is a consequence of both the choice of a trial function in the form (1) and expansion (3), while solving 
the many-particle Schrödinger equation. The quantities ˆ< | | >'Hν ν  and < | >'ν ν  are matrix elements of the 
Hamiltonian and the identity operator on the antisymmetrized many-particle basis functions |ν> = 1 2| , , , , >n K l l LMρ . 
The presentation of the technique of calculations of these quantities required for the following consideration is omitted 
here for brevity (see works [22, 23] and references therein). We note only that, like the solution of the problems with a 
continuous or discrete spectrum, where the asymptotic formulas for the wave functions at large distances in the 
coordinate representation are used to set the boundary conditions, the solution in the oscillator representation involves a 
practically equivalent procedure. At large values of the number of radial oscillator quanta for the relative motion of 
clusters, we use again the asymptotic formulas, but already for the expansion coefficients Cν . 

In view of the results of works [24, 25], the expansion coefficients ( )
nC
ρ

±  corresponding to incoming and outgoing 

waves can be presented at large values of the number of quanta of hyperradial excitations nρ  as follows: 
for uncharged clusters, 

 

( )
( ) ( )
( ) ( )
1

2

2
2

2 ,
K n

n

K n

H kKC
H k

+ ρ

ρ

+ ρ

⎧ ⎫ρ± ⎪ ⎪
⎨ ⎬
⎪ ⎪ρ
⎩ ⎭

                                                                (5) 

 
in the presence of the Coulomb interaction, 
 

( ) ( )
( )

, 2

, 2

2 /
2 .

2 /

i K n n

n

i K n n

W ikbKC
W ikb

η + ρ ρ

ρ

− η + ρ ρ

⎧ ⎫ρ ρ± ⎪ ⎪
⎨ ⎬
⎪ ⎪− ρ ρ
⎩ ⎭

                                                     (6) 

 

In formulas (5) and (6), 2

2= mEk , the letters H  and W  stand for the Hankel and Whittaker functions, 

respectively, = 4 2 6n b n Kρρ
ρ + + , b  is the oscillator radius, and η  is the Sommerfeld parameter. 

We note that the asymptotic solutions for neutral (uncharged) clusters depend exclusively only on the hypermoment 
K , rather than on all values of quantum numbers. In this case, the channels with different K  are uncoupled. In this 
sense, it is logical to represent the compound index 1 2= { , , ( ) }n K l l LMρν  as 0= { , }Kν ν , by separating K  among other 
quantum numbers. The asymptotic solutions for charged clusters depend on K  and the partial angular momenta (see 
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[29] for details). For short-range forces, the decoupling of channels ar large values of nρ  poses practically no problems. 
The case of Coulomb forces requires a somewhat higher attention, but we omit the discussion of related questions 
analyzed in works [22, 23]. Finally, we deal with the situation where the states with different K  and 0ν  are connected 
by means of nuclear and Coulomb forces only in the internal domain (the interaction domain), i.e., we arrive at the 
approximation of coupled channels. 

For the consideration of the asymptotics, it is convenient to write our system of equations in the form 
 

ˆ, , = 0,
,

'
'

m
'K

Kn K H E m K C
m

ρ ρ ρ
ρ

−∑                                                   (7) 

 
where K  stands for the collection of all indices except for nρ . 

Since we will use the S -matrix formalism while solving the scattering problem, we represent the expansion 

coefficients n
KC
ρ

 at large values of nρ  as 
 

(0) ( ) ( )= ,n n K K n K K ni i

K K KKC C C S C
ρ ρ ρ ρ

− ++ δ −                                                      (8) 
 

where, for each of K -channels, (0)
n

KC
ρ

 is the so-called residual coefficient, and ( )
n

KC
ρ

±  are asymptotic coefficients 

related to convergent and divergent waves. The matrix elements K Ki
S  describe the coupling between the output channel 

K  and the input channel iK . 
The substitution of (8) in the equations of system (7) gives the system of dynamical equations for the multichannel 

problem. This system of equations will be solved in order to determine the residual coefficients ( )0
n

KC
ρ

 and the 

S -matrix elements 'K K
S . 

In order to optimally obtain the most exact approximation in the solution of the system, we will distinguish some 
internal domain with n Nρ ρ≤  and the asymptotic domain with >n Nρ ρ . The choice of Nρ  should be such that the 

expansion coefficients { }(0)
n

KC
ρ

 be characterized by the essential smallness in the asymptotic domain. 

Solving the system of dynamical equations for each of chN  input channels, we obtain the S -matrix 
,

|| ||'S
ν ν

, which 

contains a detailed information about the elastic and inelastic processes in the three-cluster system. It is convenient to 
analyze the S -matrix, by transforming it to the diagonal form. Such a representatioin of the S -matrix is usually called 
the representation of eigenchannels and leads to the so-called eigenphases of scattering αδ : 

 
 { }= exp 2 , = 1,2, ,chS i Nα αδ α …  (9) 
 

where α  enumerates the uncoupled eigenchannels. 
The eigenphases of scattering are used to determine the parameters of resonances such as their energies and widths. 

With the help of the well-known formula for the r -th resonance in the α -eigenchannel, it is easy to find the energy and 
the width of a resonance: 

 
12

2
= =, ,

= 0, = 2 .
E E E Er r

d d
dE dE

−
α α

α α

δ δ⎛ ⎞Γ ⎜ ⎟
⎝ ⎠

 (10) 

 
Results 

 
The results presented in this section are obtained with the Minnesota potential, whose central part is taken from 

work [26], and the spin-orbit one from work [27] (version IV). In calculations, the oscillator radius b was taken to be 
1.285 Fm. This value of b minimizes the binding energy of each separate α-particle. The value of exchange parameter u 
in the potential is determined to be such that the binding energy for the ground state of nucleus 9Be relative to the 
α+α+n threshold is reproduced. To attain the suitable accuracy of calculations, we used all hyperharmonics with 
hypermoments K ≤13 and K ≤14 for the states with negative and positive parities, respectively, and took the values of 
nρ  from zero to 70 for each of the channels. The total number of basis functions used in calculations exceeded 3000. 
The solution of the problem is somewhat simplified by the fact that the binary α-α subsystem has only even momenta of 
the relative motion of clusters due to the symmetry. 
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The choice of the Minnesota potential as a nucleon-nucleon one is not accident. This potential was most frequently 
used in microscopic calculations of the properties of light atomic nuclei and, in particular, 9Be and 9B [12, 15, 17]. This 
circumstance facilitates the comparison of our results with those obtained in the other theoretical works. We note that 
the exchange parameter u of the potential in the mentioned works was chosen to be 0.94 in order to reproduce the 
properties of the binary subsystems α+α and α+nucleon most properly. However, such a choice of the parameter u 
implies that nucleus 9Be becomes overbound, and a bound state appears in nucleus 9B. 

Prior to the calculation of the three-cluster systems, we studied how strongly the choice of the parameter u of the 
Minnesota potential affects the characteristics of the resonance states of two-cluster subsystems. In Table 1, we show 
the energies and the widths of resonances of nuclei 8Be, 5He, and 5Li calculated with u = 0.928 and u = 0.94.  

 

Table 1. Comparison of the parameters of the resonance states of two-cluster subsystems calculated with 
u = 0.928 and u = 0.940 with experiments. The energies and the widths of the resonance states are given in MeV 

 

 Algebraic version of RGM Experiment u = 0.928 u = 0.94 
Nucleus J π  E  Γ  E  Γ  E  Γ  

8Be 
0+  0.17 7.15 · 10-4 0.02 1.03 · 10-7 0.09 5.6 · 10-6 
2+  3.09 1.81 2.93 0.51 3.13 0.51 
4+  12.91 5.63 12.57 5.02 11.5 ∼ 3.50 

5He 
3 / 2−  1.06 1.17 1.00 1.04 0.80 0.65 
1 / 2−  2.26 8.63 2.24 8.38 2.07 5.57 

5Li 
3 / 2−  1.93 2.00 1.86 1.80 1.69 1.23 
1/ 2−  3.11 10.24 3.10 9.96 3.18 6.60 

 

The results of calculations of the spectra of nuclei 8Be, 5He, and 5Li performed by us with u=0.94 are in good 
agreement with experimental data. Naturally, the decrease of u to 0.928 somewhat increases the energies of the 
resonances and their widths, since the odd components of the nucleon-nucleon potential grow, but their values remain 
reasonable. 
 

In brief, we consider the results obtained for the 
ground state of nucleus 9Be. It is a bound state, and we 
can trace easily the convergence of its energy with the 
use of Fig. 1, as the basis is extended. In this Figure, we 
present the binding energy Е versus the total number of 
basis states Nfun used in the calculation. The breaking 
point on the curve is located at the point, where the basis 
functions with Lπ = 2- are added to the states with Lπ = 1-. 
At this point, the energy becomes negative (becomes less 
than the three-particle threshold), which indicates the 
importance of the consideration of spin-orbit forces. We 
recall that this calculation was performed with the 
maximum value of hypermoment (K = 13).  

For the analysis of the size of nucleus 9Be, we present 
the proton, neutron, and mass rms radii calculated by us: 
Rp = 2.27 Fm, Rn = 2.46 Fm, and Rm = 2.38 Fm. As would 
be expected, the radius of the neutron cloud is larger than 
that of the proton one. We can compare the proton radius 

with the experimental values. For example, the recent work [28] gives Rp = 2.519(12) Fm, which is close to the result in 
[17] and can indicate the higher clusterization of the nucleus than that in our model. On the whole, the experimental 
data deviate to the larger side from ours not so strongly (see, e.g., [3], where Rp = 2.39(17) Fm). 

To give a more complete information about the structure of the ground-state wave function of nucleus 9Be, we 
present Fig. 2 showing the weight Wsh of the contribution of each oscillator shell to the wave function, which is 
normalized to 1. The shells are successfully enumerated so that the shell number Nsh corresponds to the principal 
quantum number N = 2٠Nsh + 3. The plot is cut on the right side at Nsh = 22, though the calculation involved all 
functions of 70 oscillator shells. The plot indicates that the wave function is distributed over a rather large number of 
shells, which is a manifestation of the strong clusterization of the nucleus. 

Before the consideration of the resonance states of nuclei 9Be and 9B, we recall that our main tool for the determination 
of parameters of the resonance states are the eigenphases of scattering. Their behavior is shown by Fig. 3 presenting the 
dependence of the eigenphases of scattering on the energy for the state Jπ = 3/2- of nucleus 9Be. From three curves, only one 
reveals the resonance behavior, which allows us to obtain, with the use of (10), the resonance parameters. To complete the 
pattern, we note that the resonance can manifest itself in some cases in at least two eigenphases. 

 

Fig. 1. Binding energy of the ground state of nucleus 9Be 
versus the number of basis functions used in calculations. 
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Fig. 2. Contributions of various oscillator shells 
to the ground state of nucleus 9Be. 

Fig. 3. Eigenphases of scattering for the state Jπ =3/2-

of nucleus 9Be. 
 

The basic quantitative characteristics of the bound and resonance states of nuclei 9Be and 9B, obtained in our 
calculations, are presented in Tables 2 and 3 together with relevant experimental data. In these calculations, we limited 
ourselves by the excitation energies at most 5 MeV. From the viewpoint of the shell model, these are the energies, at 
which the states of valent neutron (proton) dominate. 

 
Table 2. Parameters of the lowest states of nucleus 9Be. The energy is mesured from the α + α + n threshold 

 

 Algebraic version of RGM Experiment [3] First state Second state 
Nucleus J π  Е, MeV Г, keV Е, MeV Г, keV Е, MeV ± keV Г, keV 

9Be 

3/2- -1.56 - 0.85 261.08 -1.57 - 
½+ 0.25 14.63 - - 0.11 ± 7 217 ± 10 
5/2- 0.99 0.54 2.11 448.24 0.85 ± 1.3 0.78 ± 13 
½- 0.79 142.77 1.68 458.23 1.23 ± 120 1080 ± 110 

5/2+ 1.48 315.92 2.60 264.30 1.48 ± 9 282 ± 11 
 

Table 3. Parameters of the lowest he states of nucleus 9B. The energy is mesured from the α + α + p threshold 
 

 Algebraic version of RGM Experiment [3] First state Second state 
Nucleus J π  Е, MeV Г, keV Е, MeV Г, keV Е, MeV ± keV Г, keV 

9B 

3/2- 0.29 0.39 1.30 460.99 0.28 0.54 ± 21 
½+ 0.59 121.65 - - - - 
5/2- 2.60 692.67 2.77 31.48 2.64 ± 5 81 ± 21 
½- 1.44 185.13 2.83 587.33 3.03 ± 300 3.130 ± 20 

5/2+ 1.90 459.19 3.77 851.76 3.07 ± 30 550 ± 40 
 

It is seen at once that the region of energies under study includes two resonance states, whereas only one state is 
observed in experiments. It is worth noting that we have already met a similar situation, for example, in the calculation 
of parameters of the 0+ and 2+ resonances of nuclei 6He and 6Be. At the reasonable agreement with experiments, we 
obtained also some resonances with higher energies and large widths [29]. 

First, such a situation was perceived by us as some drawback of our approach caused by a too high kinematic barrier 
in the three-particle exit channels. However, the calculations performed with the Complex Scaling Method [30, 31], 
which is not related to the hyperspherical basis and the form of boundary conditions, indicate also the possibility of the 
existence of similar resonances. 

The spectra of nuclei 9Be and 9B are much richer than those of 6He and 6Be; therefore, the situation turns out, 
naturally, more complicated. We obtained an underestimated width of the ½+- state of nucleus 9Be. But, on the whole, 
our results concerning the “first states” describe sufficiently well the experiment in all cases except for the state ½-. 
Possibly, we must compare the second higher-energy resonance with experimental data for nucleus 9B (e.g., 5/2--state) 
rather than the first one with the hope for that the low-energy states have not yet observed experimentally. This is quite 
possible, since the spectra of these nuclei, especially 9B, are difficult to be studied due to the large number of 
overlapping states. Moreover, these nuclei are not the very convenient objects for experimental studies. 

Among the states of nucleus 9B, the ½+-state is of special interest. As was mentioned above, this state was not 
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included in the spectra in the recent work [3], though its existence was discussed many times in experimental works 
(see, e.g., [4, 32 - 35] and references therein), where its excitation energy varied from 0.8 to 1.8 MeV, and the width did 
from 400 to 1300 keV. For this state, we predict a very low excitation energy of about 0.3 MeV and a width of 122 keV, 
which are less than those in available theoretical works. For example, Ex = 1.0 MeV, Г = 1.8 MeV [36]; Ex = 0.94 MeV, 
Г = 1.64 MeV [16]; Ex = 1.3 MeV, Г = 2.0 MeV [37]; and Ex = 1.2 MeV, Г = 1.3 MeV [12]. In this case, we recall that 
the analogous state ½+ in nucleus 9Be obtained by us has a reasonable value of excitation energy, but the width is less 
than the experimental one. 

As was indicated above, the problem under consideration is many-channel one. It includes the specific channels, 
which can be classified with the help of the hypermoment K and the partial momenta l1 and l2. In this case, we associate 
the partial momentum l2 to the binary subsystem α-α. The technique of determination of the partial decay widths for 
such channels was proposed in [38]. Our experience of the calculation of partial widths indicates that the total width is 
usually composed by a small number of channels with the minimum values of hypermoment K and with the relevant 
values of partial angular momenta. Probably, this is caused by the fast increase in the height and the width of the 
kinematic barrier with K for three-particle-decay channels. For the comparatively narrow resonances, with which we 
deal in the present work, the width is determined by only a single channel. Indeed, 99 % of the total width of the state of 
nucleus 9Be with E3/2- = 0.85 MeV, Г3/2- = 261.08 keV are determined by the channel with K = 1, l1 = 1, l2 = 0, and the 
total width of the state of the same nucleus with E1/2+ = 0.25 MeV, Г1/2+ = 14.63 keV is completely determined by the 
channel with K = 0, l1 = 0, l2 = 0. 

 
Conclusions 

 
Within the three-cluster microscopic model, we have studied the spectrum of the low-lying states of nuclei 9Be and 

9B. To classify the channels of the three-cluster continuum, we used the basis of hyperspherical functions. In the 
numerical calculations of the bound and resonance states of these nuclei, we involve a large number of hyperspherical 
and hyperradial states to achive the convergence of results with suitable accuracy. It is shown that the theory reproduces 
satisfactorily the experimental structure of excited states of nuclei 9Be and 9B. It turns out that our theoretical spectrum 
contains more states, than the available experimental one. The dominating channels of decay of three-cluster resonances 
are revealed. 
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In the work have studied the dependence of the interaction potential on taking into account the Pauli principle as 

well as monopole and quadrupole polarization within approaches based on the energy-density formalism and two-center 
shell model wave functions for 16O + 16O system. In the adiabatic approximation it is shown that the contribution of the 
Paui principle and polarization in colliding nuclei radically changes the behavior of interaction potential. 

 
1. Introduction 

 
Atomic nuclei interaction is one of the most important problems in nuclear physics. During all time a large number 

of different approaches were created, including microscopic approaches. Resonating group method [1] (RGM) at 
present is one of the most successive approximations. In the framework of the RGM the Pauli principle is taken into 
account exactly and interaction potential of the nuclei is calculated not only in frozen density approximation but also 
with taking into account cluster polarization, in particular - monopole polarization [2 - 8] and quadrupole polarization in 
the algebraic version of the method [9 - 17]. Calculations were carried out at relatively low energies of the colliding 
nuclei and they indicated a significant effect of polarization on the nuclei interaction. But due to the extreme complexity 
of the above approaches such calculations have been performed only for the s-shell nuclei interaction. 

If we want to consider the interaction of nuclei heavier than the s-shell nuclei we must choose more simple 
approach. Our aim is to calculate the real part of nucleus-nucleus interaction potential taking into account Pauli 
principle, monopole and quadrupole polarization of the interacting nuclei. It is obviously that the polarization of the 
interacting nuclei should manifest itself most clearly when they approach is sufficiently slow. Therefore, we use 
adiabatic approximation that is relative motion of the interacting nuclei is slow and reconstruction of the nuclei is full at 
any given distance between their centers of mass. 

In the work to calculate ρ and τ we use two-center shell model [18 - 23]. As in [18], we represent the total wave 
function of a system in the form of Slatter determinant constructed on the three-dimensional harmonic oscillator 
functions with two oscillator wells whose centers are separated by a distance R. The coordinate axis z along which the 
nuclear motion occurs is directed along the straight line connecting the centers of masses of the nuclei. Our wave 
function contain two oscillator lengths (b – for x and y axis, c - for z) as the parameters. Thus we have one preferred 
direction - z axis, and the potential interaction of the nuclei is presented as a function of R. In addition minimizing the 
energy for each R we define current values of the oscillator lengths b and c. 

We use that approach to calculate the real part of the interaction potential of two 16O nuclei. In our calculations we 
take into account the Pauli principle as well as the polarization of the nuclei, i.e. deformation of nucleon orbitals in the 
interacting nuclei. In the next section we will present the formalism of the used model and in third section we discuss 
obtained results. 
 

2. The formalism of the model 
 

In the energy density approach  potential energy of interaction between two nuclei is determined as the difference of 
whole system energy at a finite distance E(R) and the sum of binding energies of the separate nuclei E1 + E2 = E (∞) at 
infinite distance: 

 

1 2( ) ( )V R E R E E= − − .                                                                   (1) 
Here 

1(2) 1(2) 1(2) 1(2) 1(2)( ), ( ), ( ), ( )n p n pE h r r r r dr⎡ ⎤= ρ ρ τ τ⎣ ⎦∫                                     (2) 
 

  ( ), ( ), ( ), ( )n p n pE h r r r r dr⎡ ⎤= ρ ρ τ τ⎣ ⎦∫ ,                                              (3) 
 

where 1(2) ( )n rτ  and 1(2) ( )p rτ  - kinetic energy densities for neutrons and protons of a single first (second) nucleus, 

1(2) ( )n rρ  and 1(2) ( )p rρ  - neutrons and protons density distributions in the nuclei, expression for the energy density h, 
written for the Skyrme forces, which depends on the density we have taken from [24]. We use Skyrme forces due to the 
fact that their using in calculations in Hartree - Fock method leads to good results in describing binding energies of 
nuclei as well gives us good results in the framework of semiclassical approach with sufficiently heavy nuclei. 

Next, to simplify the solution of the problem we neglect the spin-orbit and Coulomb interactions. Considering nuclei 
with N = Z, we assume that the neutron density is the same as the proton one and each of them is equal to half the total 
nucleon density. The same relates to the kinetic energy density.  
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To describe the state of 16O - 16O system we use two-center shell model, so in each of two oscillator wells whose 
centers have coordinates -R/2 and R/2 on the axis z are 8 neutrons and 8 protons which completely filling the s- and 
p-state. Oscillatory length for x and y axes are the same but they differs from the z axis oscillator length. Our system is 
cylindrically symmetric and, respectively, in cylindrical coordinates τ and ρ depends only on two variables r and z. 
 

3. Results 
 

The purpose of our calculations is to study the effect of antisymmetrization, as well as monopole and quadrupole 
polarization on the 16O - 16O interaction potential with using different Skyrme forces dependent on the density. Since 
using different Skyrme forces parameterization does not lead to any qualitative changes we will show the results only 
for the SkP parametrization [23], a well established to describe the binding energies of nuclei in a wide range of mass 
numbers. 

We investigate first the effect of Pauli principle on the nucleus-nucleus interaction potential. As a result of the Pauli 
principle accurate accounting potential well depth is reduced drastically, and at small distances between the nuclei we 
can see significant repulsion. Similarly, it seems necessary to take into account the fact that during the interaction 
process nuclei change their size and shape that is polarized. Most evidently we can see this at low energies of their 
relative motion. Note that results previously were cited in [25], similar results were obtained in [18]. 
 

Effect of polarization for two 16O nuclei interaction 
potential is shown in Fig. 1. The upper curve in this 
figure was obtained in "frozen density" approximation 
(here and below we refer to results obtained with exact 
accounting of the Pauli principle). Below we can see the 
curve with possibility of a monopole nuclear 
polarization that is nuclei can change their size without 
changing shape. Single monopole polarization don’t 
give us significant impact on the capture well width and 
depth, it leads only for a few potential depth increasing 
and decreasing repulsion at small distances. 
Comparison of these curves indicates that quadrupole 
mode of motion makes the dominant contribution to 
these changes in the potential. 

Fig. 2 gives an oscillator radii behavior depending on 
the distance between the nuclei. Figure 2a shows the 
oscillator radius b depending on the distance between the 
nuclei for monopole polarization only. The curve 
indicates that at that approach nuclei swell more, 

increasing their size but remains spherically. Recall that in the spherically symmetric oscillator model mean square radii 
of nuclei is proportional to the oscillator radii. Fig. 2, b shows the behavior of oscillator radius associated with z axis 
along which the nuclei is moving at a fixed value of the oscillator radius b = b∞ (x-axis and y). Compared to the 
previous case the changes of the radius are more significant. They makes up to tens of percents of the initial value  
c∞ = b∞ that tell us that quadrupole mode of motion manifests itself as a much gentler than a monopole one. 

The behavior of b and c for the case of both monopole and quadrupole polarization is shown in Fig. 2, c. While c is 
increasing similar to the previous case b firstly even slightly decreasing. That is, in general, where the nucleus overlaps 
slightly and our approximation can be considered quite reasonable, the nuclei are trying to maximize an elongated shape 
due to the attraction that arises between their nucleons. 

The behavior of the total nucleon density for two 16O nuclei (its cross-section by zx (zy) plane) is shown in Fig. 3. 
We begin our consideration from center mass distance 9 fm where their density is already beginning to overlap by their 
tails. You can see that the greatest impact on nucleon density make quadrupole polarization leading to a significant 
spreading of the density along z axis as the nuclei approaching. 
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Fig. 1. 16O - 16O interaction potential. There VnoPOL - 
potential without polarization; Vmon - potential with 
monopole polarization; Vquad - potential with quadrupole 
polarization; Vmon+quad potential with monopole and 
quadrupole polarizations. In all cases the Pauli principle is 
taken into account exactly. 
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Fig. 2. Oscillator radii dependent from the distance 
between centers of mass of the nuclei in the case of 
monopole (a), quadrupole (b), the monopole and 
quadrupole polarizations (c). 

Fig. 3. Cross sections of nucleon densities by zx (zy) plane 
without polarization (ρnoPOL), with monopole polarization 
only (ρmon), with quadrupole polarization only (ρquad), with 
both monopole and quadrupole polarizations (ρmon+quad). 

 
4. Conclusions 

 
Consideration of the nuclear-nuclear interaction potential for 16O+16O system in the adiabatic approximation with an 

exact accounting of the Pauli principle and the polarization of the interacting nuclei indicates that the inclusion of both 
factors has a very significant impact on the results. At the same time, those factors act in different directions. Pauli 
principle leads to very large changes in the potential which reduces attraction between the nuclei while polarization, 
especially a quadrupole, increases the attraction markedly. At the same time the polarization itself, due to an earlier and 
stronger overlapping of nucleon densities, increases the effect of the Pauli principle, but generated by the polarization 
attraction overpowers the repulsion generated by the Pauli principle intensification. 
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Here we study the cross section and the duration of the neutron-nucleus scattering with two overlapped resonances in 
the laboratory (L-) system. We show that in the L-system the delay-advance phenomenon does not occur and only the 
trivial time delay is observed. At the same time the transformations from C-system into the L-system appeared to be 
different from the standard kinematical transformations because the motion of a compound nucleus is absent in the 
C-system but is present in the L-system. The results of the calculated cross-sections for the neutron elastic scattering by 
some nuclei at the range of two overlapped compound resonances are presented in the L-system and also in the 
C-system. The calculated results are confronted with two experimental data. 
 

1. Introduction 
 

Firstly we remind the delay-advance phenomenon in nucleon elastic scattering by nuclei near a resonance, distorted by 
the non-resonant background (in the C-system). Usually (see, for instance, [1 - 3]) the amplitude FC (E, θ) for the elastic 
scattering of nucleons by spherical nuclei near an isolated resonance in the C-system can be written as 

 
FC (E, θ) = [A(E* - E*res) + iBΓ/2] (E* – E*res +iΓ/2)-1,                                                 (1) 

where 
A = f (E, θ) + (k)-1 (2l + 1)Pl(cosθ)exp (iδl

b)sin δl
b, 

 
B = f (E, θ) + (ik)-1 (2l + 1)Pl(cosθ)exp (iδl

b)cos δl
b, 

 
Here E , resE  and Γ are the excitation energy, the resonance energy and the width of the compound nucleus, 
respectively; we neglect the spin-orbital interaction and consider a comparatively heavy nucleus.   
For the total scattering duration τ C(E,θ) we have  

 
τ C(E, θ) = 2R/v + ħ∂ argF/∂E ≡ 2R/v + Δτ C(E, θ).                                                    (2) 

 
In formula (2), v = ħk/μ is the projectile velocity, R is the interaction radius, and ΔτC is 

 
Δτ C(E, θ) = -(ħReα/2)[(E* - E*res - Imα/2)2 + (Reα)2/4]-1 + Δτres,                               (3) 

 
with Δτres = (ħΓ/2)[(E* - E*res)2 + Γ 2/4]-1, α = ΓB/A. 
 
From (3) one can see that, if 0 < Reα < Γ, the quantity Δτ(E, θ) appears to be negative in the energy interval ∼Reα 
around the center at the energy E*res + Imα /2. 
In [4] for two overlapped resonances the scattering amplitude for an elastic reaction can be written in center-of-mass 
system in form (1): 
 

FC (E, θ ) = f (E, θ) + f l,res (E, θ) 
where 

( ) ( ) ( ) ( ) ( ) ( )
λ

1
λ λ

λ 0

2 1 cos exp 1
max

b
coul

=

f E, = f E, + 2ik + P 2iθ θ λ θ δ− ⎡ ⎤−⎣ ⎦∑                                 (4a) 

and 
( ) ( ) ( ) ( )12 (2 1) cos exp b

l,res l lf E, = ik l P 2iθ θ δ− + ⋅                                                  (4b) 
 

,1 ,2

,1 ,2

/ 2 / 2
1

/ 2 / 2
res res

res res

E E i E E i
E E +i E E +i

⎡ ⎤⎛ ⎞⎛ ⎞− − Γ − − Γ
⋅ −⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟− Γ − Γ⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦

 

 
we obtain the following expression for the total scattering duration τ C(E, θ) 
 

τ C(E, θ) = 2R/v + ħ∂ argF/∂E ≡ 2R/v + Δτ C(E, θ) 
 
for the quasi-monochromatic particles  which have very small energy spreads ΔE<<Γ, when one can use the method of 
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stationary phase for approaching the group velocity of the wave packet (see, for instance, [4]). 
We can find value of maxλ from the following expression: max = k Rλ ⋅ , where R – radius of the nucleus, and k – wave 
number. We have used six phases λ 1, 2, 3, 4, 5, 6=δ . 
In Figs. 1 and 2 we can see the energy dependence of ( )Ct E,θΔ  for two couples of overlapped resonances: 
 

 
 

Fig. 1. Energy dependence of ( )Ct E,θΔ  near two overlapped resonances 58Ni 

1 649.8 keV 0.168 keV1E = ; Г =  and 2 650.6 keV 0.521 keV2E = ; Г = . 
 

 
 

Fig. 2. Energy dependence of ( )Ct E,θΔ  near two overlapped resonances 58Ni 

3 745.6 keV 0.7 keV3E = ; Г = and 4 746,5 keV 0,8 keV4E = ; Г = . 
 

2. Time analysis of the neutron-nucleus scattering in the L-system in the case of the resonance presence 
 

In Fig. 3, a and b these two processes in the L-system are pictorially presented. They represent a prompt (direct) and a 
delayed compound-resonance mechanism of the emitting y particle and Y nucleus, respectively. The both mechanisms 
are macroscopically schematically indistinguishable but they are microscopically different processes:  
Fig. 3, a represents the direct process of a prompt emission of the final products from the collision point C0 with a very 
small time duration τdir, while Fig. 3, b represents the motion of a compound-resonance nucleus Z∗  from point C0 to 
point C1 , where it decays by the final  products y + Y after traveling a distance between C0 and C1 which is equal to ∼VC 

Δτres  before its decay. Here VC is the compound-nucleus velocity, equal to the center-of-mass velocity. 
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a b 
Fig. 3. 

 
For the case of two overlapped resonances we have to calculate the wave function quite similarly to the case of one 
resonance before: 
 

1r
Ψ →∞  ≈ 0,         when       1 1

0 0
1 1

i i
r rt < t + ,t < t + +

V V
τ , 

 

1r
Ψ →∞  ≈ const⋅ 

( ) ( )
1/2

1 2
0 0

1 2

/ 2 / 2

exp /

C L Z

Z res,Z1 Z1 Z res,Z2 Z2

i i

J+
E E +iГ E E +iГ

r rE t t + t t +
V V

γ

τ τ

→ ∗
− −

⎡ ⎤⎡ ⎤⎛ ⎞ ⎛ ⎞
−Δ − − − − − −⎢ ⎥⎢ ⎥⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦⎣ ⎦

 

 

1 2exp 0 0
1 2+ ik r +ik r )⎡ ⎤Δ Δ⎣ ⎦ ,    when   1 1

0 0
1 1

i i
r rt > t + ,t > t + +

V V
τ . 

 

Here 0 0
1,2 1,2 1,2/V = k m , Δr1,2 = 1,2V Δτres, where 1,2V  – projection of the speed of nucleus Z* on the vectors 1,2k , ti – initial 

moment of time. 
To calculate the time of delay in the L-system we have to use this formula:  

 

4 E

i
tmin

general initial

i
tmin

tj dt

= t

j dt

τ

∞

− ≈∞ Δ

∫

∫
, 

 

where Re +
ij =

im x
ψψ ∂⎡ ⎤

⎢ ⎥∂⎣ ⎦
 is an initial current.  

So, if we will take into account the movement of the compound-nucleus the advanced time vanishes also here 
because also here we neglect the real compound-nucleus motion .  
 

3. Analysis the cross section of the neutron-nucleus scattering with two overlapped resonances 
 

In this case we can't calculate the cross section in the usual form: ( ) 2
= f E,σ θ . That's so because of the compound 

nucleus moves during the reaction. This effect is not taken into account in the formula ( ) 2
= f E,σ θ . If we want to 

take into consideration the moving of the compound nucleus, we have to use another formula for cross section:  
 

( ) | | ( ) ( )interfincohr2rr2 +=drdtj+drdt= 10
2

11
1

1
ˆ σσψψψθσ ∞→≈∞→∞→ ∫∫∫∫ ,                     (5)  
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where  

( )| | ( )( ) ( )( )4/4/

)(

22

2

2

0 2
Z2Z2res,

+
Z

2
Z1Z1res,

+
Z

+ZLC
L

dir Г+EEГ+EE

CJ
+f=

−−

⏐
⏐
⏐⏐

⏐
⏐

→ γ
σ ,                                         (6) 

 

( )
( )

( )( ) Φ⏐⏐

⏐

⏐

⏐⏐

⏐

⏐

−−
→ cos

2/2/
2

2/1

1
Z2Z2res,

+
ZZ1Z1res,

+
Z

+ZLCL
dir iГ+EEiГ+EE

CJ
f=

γ
σ .                                     (7) 

 

We can calculate phase Ф the same way, as in the case with the one resonance. 
Other values can be found this way: 

 

( ) ( ) ( )1 1
L C C C

dir C L dir C L bf = J f = J f E ,θ→ → ,                                                    (8) 
 

( ) ( )
( ) ( ) ( )1, 2

1 1/ 2 / 2
+ C CZ

l,res+ +
Z res,Z1 Z1 Z res,Z1 Z1

C E E
= f E ,

E E +iГ E E +iГ

γ
θ

− −
.                                     (9) 

 
In Figs. 4 - 7 we can see theoretical functions, calculated by the formulas (13 - 16) and experimental data. The 

method of least squares was used to fit the function and experimental data. Experimental data where taken from [5]. 
 

 
Fig. 4. The excitation function for 58Ni near two overlapped resonances.  

1 649.8 keV 0.168 keV1E = ; Г =  and 2 650.6 keV 0.521 keV2E = ; Г = . 
 

After approximation we had such values of the parameters:  
iδ : 0 4.39δ = , 1 5.28δ = , 2 3.01δ = , 3 4.83δ = , 4 0.37δ = , 5 5.55δ = , 6 3.13δ = . 

 

 
Fig. 5. The excitation function for 58Ni with ϕ = 0 near two overlapped resonances. 

1 649.8 keV 0.168 keV1E = ; Г =  and 2 650.6 keV 0.521 keV2E = ; Г = . 
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After approximation we had such values of the parameters:  
iδ : 0 4.39δ = , 1 5.28δ = , 2 3.01δ = , 3 4.83δ = , 4 0.37δ = , 5 5.55δ = , 6 3.13δ = . 

 

 
Fig. 6. The excitation function for 58Ni near two overlapped resonances. 

3 745.6 keV 0.7 keV3E = ; Г =  and 4 746,5 keV 0,8 keV4E = ; Г = . 
 

After approximation we had such values of the parameters: 
iδ : 0 3.14δ = , 1 6.27δ = , 2 3.04δ = , 3 3.12δ = , 4 6.27δ = , 5 2.98δ = , 6 3.59δ = . 

 

 
Fig. 7. The excitation function for 58Ni with ϕ  = 0. 

3 745.6 keV; 0.7 keV3E = Г =  and 4 746,5 keV; 0,8 keV4E = Г = . 
 
After approximation we had such values of the parameters: 

iδ : 0 3.14δ = , 1 6.27δ = , 2 3.04δ = , 3 3.12δ = , 4 6.27δ = , 5 2.98δ = , 6 3.59δ = . 
 

4. Conclusions and perspectives 
 

Presented here time analysis of the experimental data on low-energy neutron-nuclear scattering in the region of two 
overlapped resonances lets formulate the following conclusions and perspectives.  

1. A simple application of time analysis for quasi-monochromatic neutron-nucleus scattering near two overlapped 
resonances in the C-system brings to the paradoxical virtual effect of time advance near a resonance in any two-particle 
channel. Here such paradox is eliminated by the space-time analysis in the L-system.  

2. Moreover, the known standard formulas of transformations between the L-system and C–system are not valid 
in the presence of two collision mechanisms – rapid (direct or potential) process, when the center-of-mass does not 
practically shifted during collision, and delayed process, when the long-living compound nucleus is moving in the L-
system. The obtained by us new analytical transformations of the cross sections between the C-system and L–system 
are illustrated by the energy behavior of cross sections by nuclei 58Ni near couples of overlapped resonances in the L –
system.  

3. New formulas (5) - (9) can be easily generalized for improving the known methods of analysis in the case of more 
general nucleon-nucleus and even more complex collisions in L-system.  
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Here we study the cross section and the duration of the neutron-nucleus scattering in the laboratory (L-) system. We 
show that in the L-system the delay-advance phenomenon does not occur and only the trivial time delay is observed. At 
the same time the transformations from C-system into the L-system appeared to be different from the standard 
kinematical transformations because the motion of a compound nucleus is absent in the C-system but is present in the 
L-system. The results of the calculated cross-sections for the neutron elastic scattering by some nuclei at the range of 
one or two overlapped compound resonances, distorted by a non-resonant background, are presented in the L-system 
and also in the C-system. The calculated results are confronted with the experimental data. 
 

1. Introduction and the pre-history of the problem 
 

It is found in [4] (see also [5]) that the standard formulas of the cross-section transformations from the L-system to 
the C-system are not valid in the cases of two collision mechanisms. And there is practically no motion of the C-system 
for a prompt process and there is the motion of the long-living decaying compound nucleus in the L-system. This 
motion of the compound nucleus coincides with the motion of the center-of-mass in the L-system. The existing standard 
pure cinematic transformations from the L-system into the C-system and vice versa are valid only for one collision 
mechanism.   

Now we remind the delay-advance phenomenon in nucleon elastic scattering by nuclei near a resonance, distorted 
by the non-resonant background (in the C-system). Usually (see, for instance, [1 - 3]) the amplitude FC (E, θ) for the 
elastic scattering of nucleons by spherical nuclei near an isolated resonance in the C-system can be written as 

 
FC(E, θ) = f (E, θ) + f l, res (E, θ),                                                               (1)  

where 

fl,res (E,θ) = (2ik)-1 (2l+1) Pl (cosθ) [exp ( 2i / 2)
/ 2

b res
l

res

E E i
E E +i

δ − − Γ
− Γ

 - 1] 

 
f(E,θ ) = (2ik)-1 

λ l≠
∑ (2λ+1) Pλ (cosθ)[exp (2i λ

bδ ) – 1]. 

 
Here E , resE and Γ are the excitation energy, the resonance energy and the width of the compound nucleus, 

respectively; we neglect the spin-orbital interaction and consider a comparatively heavy nucleus.   
Rewriting (1) in the form 

 
FC (E, θ) = [A(E* - E*res) + iBΓ/2] (E* - E*res +iΓ/2)-1,                                          (1a) 

 
where 

A = f (E, θ) + (k)-1 (2l + 1)Pl(cosθ)exp (iδl
b)sin δl

b, 
 

B = f (E, θ) + (ik)-1 (2l + 1)Pl(cosθ)exp (iδl
b)cos δl

b, 
 
we obtain the following expression for the total scattering duration τ C(E, θ) 

 
τ C(E, θ) = 2R/v + ħ∂ argF/∂E ≡ 2R/v + Δτ C(E, θ)                                                     (2) 

 
for the quasi-monochromatic particles  which have very small energy spreads ΔE<<Γ , when one can use the method of 
stationary phase for approaching the group velocity of the wave packet (see, for instance, [1]). Formula (2) was 
obtained in [1]. In formula (2), v = ħk/μ  is the projectile velocity, R is the interaction radius, and ΔτC is 

 
Δτ C(E, θ) = -(ħReα/2)[(E* - E*res - Imα/2)2 + (Reα )2/4]-1 + Δτres                                    (3) 

 
with Δτres = (ħΓ/2)[(E* - E*res)2 + Γ 2/4]-1, α = ΓB/A.  

From (3) one can see that, if 0 < Reα < Γ, the quantity Δτ(E, θ) appears to be negative in the energy interval ∼Reα 
around the center at the energy E*res + Imα/2. When 0 < Reα /Γ << 1 the minimal delay time can obtain the value –
2 Reα < 0. Thus, when Reα → 0+, the interference of the resonance and the background scattering can bring to  
as much as desired large of the advance instead of the delay! Such situation is mathematically described by the zero 
E*res+ iα /2, besides the pole E*res - iΓ /2, of the amplitude FC (E, θ) (or the correspondent T-matrix) in the lower 
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unphysical half-plane of the complex values for energy E. We should notice that a very large advance can bring to the 
problem of causality violation (see, for instance the note in [2]). The delay-advance phenomenon in the C-system was 
studied in [1 - 3] for the nucleon-nucleus elastic scattering.  
 

2. Time analysis of the neutron-nucleus scattering in the L-system in the case of one resonance 
 

In Fig. 1, a and b these two processes in the L-system are pictorially presented. They represent a prompt (direct) and 
a delayed compound-resonance mechanism of the emitting y particle and Y nucleus, respectively. The both mechanisms 
are macroscopically schematically indistinguishable but they are microscopically different processes:  
 

a b 
 

Fig. 1. a - diagram of direct process; b - diagram of process with the formation of the compound nucleus. 
 

Fig. 1, a represents the direct process of a prompt emission of the final products from the collision point C0 with a 
very small time duration τdir, while Fig. 1, b represents the motion of a compound-resonance nucleus Z∗  from point C0 to 
point C1 , where it decays by the final  products y + Y after traveling a distance between C0  and C1 which is equal to ∼VC 

Δτres  before its decay. Here VC  is the compound-nucleus velocity, equal to the center-of-mass velocity, and Δτres =  
= (ħΓ/2)/[(EZ - Eres,Z)2+ Γ 2/4] is the mean time of the nucleus Z∗  motion before its decay [8] for the case of one 
compound resonance, the energy spread ΔE of the incident particle x being very small in comparison with the resonance 
width Γ, EZ = E*, Eres,Z = E*res. For the clarity of the difference between both processes in time, we impose the evident 
practical condition 

τdir<<Δτres(EZ)   for   (EZ - Eres,Z)2≈Γ2.                                                           (4) 
 

For the macroscopically defined cross sections, in the case of very large macroscopic distances r1 (near the detector 
of the final particle y) with very small angular and energy resolution (Δθ1 << θ1 and Δk1<<k1 ), the angles θ1 and θ′1 , as 
well as momentums k1 and k′ 1, can be considered as practically coincident. Really, θ1 - θ′1∼Δr1 /r1 and k1 - k′1∼Δr1 /r1 

with |Δr1| = |r1 - r′1|. Using the usual macroscopic definition of the cross section with the help of some transformations 
for the exit asymptotic wave packet of the system y + Y, in [4] it was obtained the following expression for the cross 
section σ of reaction (4) in the L-system: 

 

σ = σ0
(incoh) + σ1

(interf),                                                                           (5) 
where 

| | | |
4/2

2
2

incoh0 2
Zres,Z

(C)
ZLC(L)

dir)( +)E(E
J+f=

Γ−
→ γσ ,                                                            (6) 

 

1
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dir C L dir 1f = J f (E , )θ→ ,
2iδ

1
1 (2l 1) (cos )( 1)

2
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dir 'C l'1 l

f = + P e
ik l

θ −
≠
∑ ,                     (7) 

 
1/2

interf
1 2

/ 2

(C)
( ) C L Z

dir(L)
Z res,Z

J= f
E E +i

γσ →⋅
− Γ

cosΦ                                                            (8) 
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Φ = χ + β + ϕ,   χ = arg( 1/2 (L)
C L ZJ γ→ )–arg( (L)

dirf ),   β = arg( . / 2Z res ZE E +i− Γ )-1,                   (10) 
 

ϕ = k1Δr1 + k2Δr2,    Δr1,2 = 1,2V Δτres. 
 

1,2V  is the projection of the Z∗-nucleus velocity to the direction of 1,2k , δl is the l-wave scattering background phase 
shift. Formulas (5) - (10) were obtained for a quasi-monochromatic incident beam (ΔE<<E) and a very small angular 
and energy resolution (Δθ1<<θ1, ΔE<<Γ ) of the final-particle detector. 

For the simplicity we neglect here the spin-orbital coupling and we suppose also that the absolute values of all 
differences rn / vn–rp / vp (n ≠ p = 1,2) are much less than the time resolutions. Here JC→L is the standard Jacobian of pure 
cinematic transformations from the C-system to the L-system.  

We underline that formulas (5) - (10) for the cross section σ, obtained in [4] and defined by the usual macroscopic 
way, take into account a real microscopic motion of the compound nucleus. So, the formulas (5) - (10) differ from the 
standard cinematic transformation of σC(E,θ) = |FC(E, θ)|2 from the C-system into the L-system, considering only the 
cinematic transformations of the energies and angles from the C-system (with ϕ = 0) to the L-system. Such difference 
arises because the formal expression for σC(E, θ) was taken without consideration of the microscopic difference 
between the processes in Fig. 1, a and b, and thus without consideration of the parameter ϕ = k1Δr1 + k2 Δr2 ,  
Δr1,2 =Vproj1,2 Δτres.  
 

3. The absence of time advance near compound-resonances in the L-system 
 

Earlier (see, for instance, [1 - 3]) usually the analysis of the amplitudes, cross sections and durations of the elastic 
scattering had been made on the base of formulas (1) → (1a) in the C–system where the compound- nucleus motion in 
the L-system had not been taken into account. But if one considers the motion of the decaying compound nucleus in the 
L-system, then the roles of  the C-system in a prompt (direct and potential) process and in a delayed compound-nucleus 
process appear to be different in principle: The expression for the amplitude of the resonance compound-nucleus 
process in the C- and L-system differ not only by the standard cinematic transformations {EC, θ C}↔{EL, θ L} but also 
by the motion of the decaying compound nucleus  along the distance VC Δτres , as it is shown in figs.1a,b, taken from [8]. 
Applying the general approach from [4] for the mean collision duration 

 

< τgeneral  > = 
1 1

min

11 1
min

ˆΨ Ψ

ˆΨ Ψ

r r1
t

r r
t

t j dt

j dt

∞
→∞ →∞

∞
→∞ →∞

∫

∫
 – ti   ≈  ħ / 2ΔE 

 
we obtain after some simplifications, mentioned in [4], the general time delay which is compatible with time-energy 
uncertainty relation τgeneral ΔE ∼ ħ for quasi-monochromatic particles  (for which ΔE <<Γ,  Δτ res ΔE<<1). So, we obtain 
the trivial mean time delay in the approximation (5) without any advance caused by the “virtually unmoving” 
compound nucleus in the C-system.  

Formulas (5) - (10) present the self-consistent approach to the realistic analysis of the experimental data on the cross 
sections for the nucleon-nucleus scattering in the L-system. The reason is namely that in this case we neglect the real 
compound-nucleus motion.   

 
4. Calculations of the energy behavior of the cross section for neutron-nucleus scattering near a distorted 

resonance with the help of realistic description of the experimental data on the base of the formulas (6) - (10) 
 

The excitation functions σ (E) for low-energy elastic scattering of neutrons by nuclei 52Cr, 56Fe and 64Ni near 
distorted resonances Eres = 50,5444 keV and Γ = 1,81 keV, Еres = 27.9179 keV and Γ = 0.71 keV, Eres = 24.7402 keV and 
Γ = 0.695 keV, respectively. The values of parameters for the amplitudes of direct and resonance scattering separately in 
the C-system for l = 0 in formulas (5) - (10) were chosen with the help of the standard procedure. Fitting parameter χ 
was chosen to be equal 0.948 π or 0.956 π or π, respectively. 

The results of calculations performed by formulas (5) - (10) in comparison with the experimental data, taken from 
[5] for n + 52Cr, n + 56Fe, n + 64Ni, represented in Figs. 4 - 6, respectively. Аnd the results of calculations, performed by 
standard cynematic formulas of transformations from the C- into the L-system, using formulas (5) - (10) with ϕ ≡ 0 (i.e. 
without the consideration of the diagram, depicted in Fig. 3, b), are presented in Figs. 4, а - 6, а. One can see that for  
ϕ ≡ 0 minima do not totally filled. 



 

201 

Fig. 4. The excitation function for 52Cr(n, n). Fig. 4, а. The excitation function for 52Cr(n, n) with ϕ ≡ 0. 
 

Fig. 5. The excitation function for 56Fe(n, n). Fig. 5, а. The excitation for 56Fe(n, n) with ϕ ≡ 0. 
 

Fig. 6. The excitation function for 64Ni(n, n). Fig. 6, а. The excitation function for 64Ni(n, n) with ϕ ≡ 0. 
 

5. Conclusions and perspectives 
 

1. A simple application of time analysis for quasi-monochromatic neutron-nucleus scattering near isolated 
resonances, by the non-resonant background in the C-system brings to the paradoxical virtual effect of time advance 
near a resonance in any two-particle channel. Here such paradox is eliminated by the space-time analysis in the 
L-system.  

2. Moreover, the standard formulas of transformations between the L-system and C–system are not valid in the 
presence of two collision mechanisms – rapid (direct or potential) process, when the center-of-mass does not 
practically shifted during collision, and delayed process, when the long-living compound nucleus is moving in the 
L-system. The obtained analytical transformations of the cross sections between the C-system and L–system are 
illustrated by the energy behavior of cross sections by some examples of elastic neutron-nucleus by nuclei 28Si, 52Cr, 
56Fe and 64Ni near isolated distorted resonances.  
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The processes of excitation and decay of high excited 5He resonances into the d + t channel have been studied in the 
three-particle channels of reaction 7Li(d, α)5He at the cyclotron U-240 of the Institute for Nuclear Research using the 
deuteron beam with energy Ed = 37 MeV. In the inclusive spectra of α-particles on a significant background caused by 
the accompanying three-particle reaction channels, in addition to the contributions of well known 5He resonances the 
high excited states with Ex ~ 19 MeV and Ex > 20 MeV were observed. Cluster decay of these resonances was also 
identified in αd- and αt-coincidence spectra. For the first time the decay into the d + t channel was observed for 5He 
resonances with Ex ≥ 22 MeV. The determined resonance energy and width are partially agreed with the R-matrix 
analysis of data obtained in the study of binary reactions d + 3H and n + 4He. The possible Coulomb effects in three-
particle channels of reaction 7Li(d, α)5He are also analyzed for different conditions of observation of high excited 5He 
resonances.  

 
1. Inroduction 

 
The properties of light nuclei may essentially differ depending on the number of neutrons. It is striking illustrated by 

the chain of helium isotopes where the increasing the neutron number leads to the transformation of stable 4He nucleus 
in unbound 5He. Then we have weakly bound 6He, unbound 7He, weakly bound 8He and unbound 9He nucleus[1]. The 
properties of resonances of light nuclei and their cluster structure attend considerably to research, that is promoted by 
modern possibilities of correlation measurements [2, 3]. But this time, cluster decay and structure of high excited states 
of light nuclei, including the 5He nucleus, are insufficiently studied.  

In this work the processes of excitation and decay of 5He resonances into the d + t channel have been investigated in 
the reaction 7Li(d, α)5He at the energy of deuteron beam of 37 MeV. A high Q-value for this reaction allows to study 
the excitation spectrum of 5He up to Ex ~ 40 MeV.  

Besides well known 5He resonances [4] the high excited states with excitation energies Ex ~ 19 MeV and 
Ex > 20 MeV were observed in the inclusive spectra of α-particles from reaction 7Li(d, α)5Не (see also [5]). Analysis of 
α-particle inclusive spectra for this reaction is rather complicated because of very large background caused by different 
accompanying three- and four-particle reaction channels [5]. The most reliable data can be obtained by correlation 
measurements that provide the full determination of kinematics of three-particle reactions. In this work cluster decay of 
a number of 5Не resonances was observed in αd- and αt-coincidence spectra.  

 
2. Experiment 

 
The differential cross sections of reaction 7Li(d, α)5Не have been measured at the cyclotron U-240 of the Institute 

for Nuclear Research at deuteron beam energy of 37 MeV. The target with the thickness of 1,5 mg/cm2 has been 
produced by rolling of lithium film with natural content of 7Li. The reaction products have been detected by  
ΔE-E-method using four ΔE-E-telescopes of silicon detectors with the thickness of ~ 50 μm for ΔE- and 550 μm for  
E-detectors. The thickness of ΔЕ-detectors have been specified in a way to have a low energy threshold of registration 
preserving appropriate mass resolution. Solid angles of detector telescopes were Ω1 = 0.92 · 10–3 sr and Ω2 = 1.82 × 
× 10–2 sr. Total energy resolution of reaction products registration was mainly determined by the dispersion of the beam 
energy, solid angles of detectors and energy losses of particles in the target and approximately consists of 1,5 % of the 
beam energy. The signals from the detectors were processed for multi-parameter measurements of inclusive and 
coincidence spectra of reaction products in the same manner as described in details in [6]. Data analysis has been 
performed using different procedure with two- and one-dimensional histograms for particle identification, determination 
of their energies and selection of reaction channels [6].  

Fig. 1, a shows typical E-ΔE-spectrum measured by one telescope in coincidences with the reaction products 
registered by the second telescope which was placed at the opposite side from the beam. As it is shown the range of 
energy measurements for protons and deuterons was restricted by the thickness of E-detectors, which was insufficient to 
stop these high energy particles. 

Two-dimensional spectrum of alpha-particle coincidences with tritons is shown in the Fig. 1, b. The events located 
in the upper part of this spectrum correspond to the three-particle reaction channel d + 7Li → α + t + d. The events in the 
below region of spectrum are caused by four-particle reaction d + 7Li → α + t + p + n.  
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Fig. 1. ΔЕ-Е-spectrum measured at the angles θ1 = 30°, φ1 = 180° in coincidences with all products of reaction d + 7Li 
which were registered at the angles θ2 = 79°, φ2 = 0° (a). Two-dimensional plot of energy spectrum of αt–coincidences 
in the exit reaction channels d + 7Li → α + t + d and d + 7Li → α + t + p + n, which were measured at the angles 
θα = 30°, θt = 79°, φ1 - φ2= 180° (b). Arrows indicate the location of three- and four-particle reaction channels.  

 
The measurements of time coincidence spectra have been also used for evaluation of background which was caused 

by the registration of random coincidence events (Fig. 2). Peaks marked by number 1 correspond to the registration of 
two reaction products induced by deuteron interaction from one bunch of deuteron beam and contain real coincidence 
events and random time coincidences. Peaks marked by number 2 correspond to the registration of two reaction 
products from two different bunches of beam and contain only random coincidence events. As it is shown, the 
contributions of random coincidences in time spectra, which correspond to the registration of all reaction products (see 
Fig. 2, a), as well as in the spectra of coincidences of α-particles with tritons (see Fig. 2, b) are rather small. The ratio of 
random to real coincidence events is equal 0.25 and 0.05 for the spectra in Fig. 2, a and b, respectively. This ratio for 
events corresponding the three-particle exit channels α + t + d (see Fig. 1, b) and α + d + t is equal ~ 0.01. Thus, the 
background contribution of random coincidences can be neglected for reaction channels 7Li(d, αt)d and 7Li(d, αd)t.  
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Fig. 2. Total time coincidence spectrum measured by two telescopes at the registration of all products of reaction d + 7Li 
at the angles θ1 = 30°, θ2 = 79°, φ1 – φ2 = 180° (a). Time spectrum of αt-coincidences measured at the same angles (b). 
Peaks in the spectra marked as 1 and 2 correspond to the events from neighboring bunch of deuteron beam.  

 
3. Analysis and results 

 
Alpha-particle energy spectra measured in coincidences with deuterons and tritons are shown in the Fig. 3. These 

spectra (triple differential cross section) were obtained from two-dimensional spectra of αt- (see Fig. 1, b) and αd-
coincidences using usual procedures [6]. Correlation spectra have been decomposed in some Breit - Wigner curves 
which correspond to the contributions of 5He resonances:  
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where ER = Ex - Eb(dt) and Г are resonance energy and width, Eb(dt) is bound energy of deuteron and triton in 5He nucleus, 
Ed-t = f(Eα) is relative energy in (d-t)-subsystem depending on the alpha-particle energy Eα, ρ(Eα) is the phase space 
factor [7] for three-particle reaction 7Li(d, αd)t or 7Li(d, αt)d, Ci is the coefficient which determines the intensity of 
resonance with number i.  

Besides 5He resonances the excitation and decay of 6Li and 7Li resonances can be also observed in coincidence 
spectra from reactions 7Li(d, αd)t and 7Li(d, αt)d. These resonances are formed in accompanying reaction channels 
7Li(d, d)7Li* and 7Li(d, t) 6Li*. The position of possible contributions of 6Li and 7Li resonances can be calculated using 
the kinematical dependencies of relative energies in (α–d)- and (α–t)-subsystems on the alpha-particle energy Eα. The 
dependencies of excitation energy of 5Не, 6Li and 7Li resonances on the energy of one of the reaction products can be 
obtained using simple equation: Ex = Erel + Eb, where Erel, Eb are the relative energy and bound energy of one of the 
cluster in corresponding subsystem, respectively. As it shown in Fig. 4, the known resonances of 6Li and 7Li [4] do not 
contribute to the high energy part of measured coincidence spectra (Eα > 19 MeV). The well known “thermonuclear” 
resonance of 5He with excitation energy Ex = 16.75 MeV cannot be also observed in the analyzed spectra.  
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Fig. 3. Energy spectra of alpha-particle measured in coincidences with deuterons (a) and tritons (b) for reactions 
7Li(d, αd)t and 7Li(d, αt)d at Ed = 37 MeV, θα = 30°, θd(t) = 79°, φα – φd(t) = 180°. Solid lines represent the results of the 
fit by equation (1) for each resonance (see Table). Thick line corresponds to the sum of all resonance contributions.  
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Fig. 4. The dependencies of excitation energy of 5Не, 6Li and 7Li resonances, which can be observed in the reactions 
7Li(d, αd)t (a) and 7Li(d, αt)d (b), on the alpha-particle energy Eα. Calculations were performed under kinematical 
conditions specified in the capture of Fig. 3.  

 

Extracted values of 5He resonance parameters are given in the Table. Some resonances which contributions can be 
overlapped with accompanying resonances of 6Li and 7Li have been excluded from consideration. Resonances with 
Еx ~ 19 MeV have been previously identified at the study of reactions 2H(α, pd)3H [8] and 3H(α, dd)3H [9] in 
kinematically complete experiments. The results of many inclusive experiments indicate the presence only one broad 
level with Еx ~ 20 MeV [4]. Existence of three resonances with Еx = 19.14, 19.26, 19.31 MeV, approximately equal 
width Г = 3.56, 3.96, 3.02 MeV and different spin follows from multichannel R-matrix analysis of experimental data for 
binary reactions d + 3H and n + 4He [10].  

The parameters obtained for the second resonance with Еx ~ 20 MeV are agreed well with R-matrix analysis of 
binary reactions (Еx = 19.96 MeV, Г = 1.92 MeV [10]) and reaction 2H(6He, dt)3H (Еx = 19.7±0.3 MeV [11]). Third 
resonance with Еx = 22 MeV and Г = 1.7 MeV have not been observed at the study of binary reaction [10]. R-matrix 
analysis [10] has suggested the presence of two broad (Г ~ 5 MeV) resonances with approximately equal excitation 
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energy Еx = 23.97 and 24.06 MeV and different spins. We identified more narrow resonance with excitation energy 
Еx ~ 24 MeV (Г ~ 1.2 – 1.9 MeV) and Еx  ~ 26 MeV (Г ~ 2 MeV) which has not been previously observed.  

 
5He resonance parameters obtained for reactions 7Li(d, αd)t and 7Li(d, αt)d.  

Numbers in the first column correspond to the numbers of lines in Fig. 3.  
 

Resonance 
number 

Reaction 7Li(d, αd)t Reaction 7Li(d, αt)d 
Еx, MeV Г, MeV Еx, MeV Г, MeV 

1 18.7 ± 0.1 0.5 ± 0.2 18.5 ± 0.2 0.7 ± 0.2 
2 20.4 ± 0.2 1.7 ± 0.6 20.3 ± 0.2 1.8 ± 0.5 
3 22.2 ± 0.4 1.7 ± 0.5 22.0 ± 0.2 1.7 ± 0.5 
4 23.6 ± 0.4 1.9 ± 0.5 24.2 ± 0.2 1.2 ± 0.5 
5 25.7 ± 0.3 2.1 ± 0.8 26.4 ± 0.3 2.0 ± 0.8 

 
All the products of studied reactions are charged. In this case under certain conditions we can expect the Coulomb 

effects which can modify the observable resonance parameters [12]. Calculations show that for decay of 5He resonances 
with Еx = 18 - 26 MeV and Г ~ 1 - 2 MeV into (d + t)-channel the maximal shift and width change of resonance curves 
caused by the Coulomb field of accompanying alpha-particles exceed the value of 200 keV. This can explain the 
widening resonance curves which have been observed in the inclusive spectra, for example at Еx ~ 20 MeV. 

 
4. Conclusions 

 
The decay of high excited 5He resonances with Еx > 17 MeV into the d + t channel have been studied in the three-

particle reactions 7Li(d, αd)t and 7Li(d, αt)d at deuteron beam energy Ed = 37 MeV. In kinematically complete 
experiments a new data for 5He resonance energies and widths have been obtained. The data within experimental errors 
are consistent partly with those obtained by other authors (see [4, 8 - 11]), but the decay of resonances with Еx ~ 24 and 
26 MeV into the d + t channel was observed for the first time. Determined parameters for some resonances are also 
agreed with the extended R-matrix analysis of data for binary reactions d + 3H and n + 4He [10]. Performed calculations 
show that three-particle Coulomb effects are quite observable in the studied reactions at Ed = 37 MeV for 5He 
resonances with Еx ~ 18 – 26 MeV.  

Obtained results will be useful to clarify the causes of inconsistency between an existing data as well as to test the 
various theoretical models.  
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The elastic scattering and (d, p) reaction on nuclei 58,62Ni, 124Sn and 208Pb have been studied in order to determine 
the features of sub-barrier interaction of deuterons with nuclei of different masses. Experimental data were obtained at 
electrostatic tandem accelerator EGP-10K of the Institute for Nuclear Research (Kyiv) using the deuteron beam with 
energy in the range Ed = 3.5 - 7.3 MeV. The calculations of differential and integral (over the neutron emission angles) 
cross sections of reactions A(d, p)nA were performed. Analysis of the calculations and the measured inclusive spectra of 
protons and their integrated over the energy yields showed that the differences of experimental and theoretical cross 
sections of deuteron elastic scattering on the 58,62Ni, 124Sn and 208Pb nuclei are mainly caused by the process of neutron 
transfer to the target nuclei (reaction A(d, p)A + 1), which was not included in the calculations, but not by deuteron 
break-up reaction A(d, p)nA.  

 
1. Introduction 

 
Study of weakly bound nuclei interaction is important because of significant influence of dynamic effects caused by 

nuclei spatial patterns. Deuteron Coulomb breakup at sub-barrier energies is one of the simplest cases when such effects 
can take place. Some theoretical models [1, 2] consider “deuteron-like” cluster structure of neutron rich nuclei, for 
example 6He with dineutron configuration and strongly bound α-cluster as a “proton”.  

This experiment was performed with the aim to test the capability of this model to describe the feature of sub-barrier 
interaction of deuteron with 124Sn nuclei and to compare the measured angular distributions of differential cross sections 
of 124Sn(d, d) elastic scattering and 124Sn(d, p) reaction with similar data obtained for 58,62Ni [3] and 208Pb [4] nuclei. The 
role of deuteron break-up and neutron transfer processes at sub-barrier energies are also analysed for all nuclei 
mentioned above.  

It should be noted that there is no experimental data for deuteron elastic scattering and (d, p) reaction measured 
simultaneously in the wide angular range for 124Sn nuclei as well as for other nuclei with middle value of mass number 
A. Existing data in the energy region around the Coulomb barrier are limited by the values of the cross sections for 
several points of the angular distribution (for example, see [5] for d + 124Sn interaction).  

 
2. Experiment 

 
The measurements were carried out with the deuteron beam accelerated to the energy Ed = 4 - 5.5 MeV at the 

Tandem Electrostatic Generator ESG-10K (Institute for Nuclear Research, Kyiv). Thick self-support 124Sn (5 mg/cm2) 
target was used in the experiment. The differential cross sections of (d, d) and (d, p) reactions were measured in the 
angular range of θ = 30o - 160o. Deuterons and protons were registered by two ΔЕ-Е telescopes of semiconductor 
detectors with the thicknesses ~ 20 and ~ 500 μm. The low energy threshold of registration was reached owing to the 
utilization of thin ΔЕ-detectors. Deuteron beam intensity was controlled with Faraday cup and two monitor detectors, 
which were installed in the reaction chamber at the fixed angles θ = 27o and 150o. 

The utilized data acquisition system is described in [3, 4, 6]. Data analysis was done by software that is designated 
for execution of procedures which are necessary for identification of registered reaction products and reconstruction of 
their energy spectra.  

 

3. Results and analysis 
 

As it is customary, the differential cross sections of elastic scattering were determined by integrating of energy 
spectra over the observed scattering peak and by normalizing the cross section values, measured at forward angles, to 
the cross sections of Rutherford scattering. Angular distributions of differential cross sections for 124Sn(d, d) elastic 
scattering measured at the energies of 4.0, 5.0 and 5.5 MeV are shown in Fig. 1. Considerable deviation between 
measured differential cross sections and Rutherford ones is observed at the middle and backward scattering angles at 
Ed = 5.0 and 5.5 MeV. This deviation is essentially larger than those predicted by theoretical calculations [1, 2], that take 
into account the process of Coulomb break-up using adiabatic approximation. Besides, measured angular distribution 
has unexpected non-monotonic behaviour. 

Similar results were obtained at the study of sub-barrier elastic scattering 58,62Ni(d, d) [3] and 208Pb(d, d) [4]. The 
cross sections of deuterons elastic scattering on 208Pb nuclei, measured at the energy of 7.3 MeV, also differ from 
Rutherford cross sections greater than was predicted by calculations with taking into account the Coulomb break-up of 
deuterons (Fig. 2). Though experimental data agree with values of differential cross sections obtained in [5] at the close 
energies Ed = 7.0 and 8.0 MeV. The same behaviour of the differential cross sections was  observed for elastic scattering 
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on 58Ni at the energies of 3.5, 4.5 and 5.16 MeV and 62Ni at the energy of 5.16 MeV [3] (Fig. 3). It is necessary to 
mention that the cross sections for these nickel isotopes are very close at the energy of 5.16 MeV. 

Fig. 1. The differential cross sections of 124Sn(d, d) elastic 
scattering measured at the energies Ed = 4.0, 5.0 and 
5.5 MeV. Points show the experimental values and lines 
show the theoretical calculations with consideration 
of Coulomb break-up: 1 – Ed = 4.0 MeV; 2 – 5.0 MeV; 
3 – 5.5 MeV. 

Fig. 2. The differential cross sections of 208Pb(d, d) elastic 
scattering measured at the energies Ed = 7.3 MeV [4] and 
Ed = 7.0 and 8.0 MeV [5]. Line shows the results theore-
tical calculation with taking into account the Coulomb 
break-up at Ed = 7.3 MeV. 

 

 

Fig. 3. The differential cross sections of 58,62Ni(d, d) 
elastic scattering measured at the energies Ed = 3.5, 4.5 
and 5.16 MeV [3]. Line shows the results of theoretical 
calculations with taking into account the Coulomb break-
up at different deuteron energies: 1 – Ed = 3.5 MeV; 
2 – 4.5 MeV; 3 – 5.16 MeV. 

Fig. 4. The differential cross sections of 124Sn(d, p) 
reaction measured at Ed = 4.0 and 5.0 MeV. Lines show 
the calculated Coulomb break-up cross sections [7] 
integrated over neutron emission angle and proton energy: 
1 – Ed = 5.0 MeV; 2 – 4.0 MeV.  

 

The differential cross sections of the 124Sn(d, p) reaction were also measured. The proton spectra were integrated 
over full range of proton energy (Ep > 1.8 MeV). The triple differential cross sections of deuteron break-up calculated 
according to [7] were integrated over the neutron emission angle and the proton energy for the estimation of possible 
break-up contribution to the proton yield in the 124Sn(d, p) reaction. It can be seen that this contribution cannot explain 
such large (d, p) cross section (Fig. 4).  

It was shown earlier that the process of neutron transfer is also more intensive than the Coulomb break-up for 
58,62Ni(d, p) [3] and 208Pb(d, p) reactions [4] at sub-barrier energies. The experimental data for differential cross sections 
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of these (d, p) reactions, which were obtained by integrating the measured spectra over the proton energy, and the 
calculated contributions of deuteron break-up are shown in Fig. 5 and Fig. 6.  

 
 

Fig. 5. The differential cross section of the 58,62Ni(d, p) reaction at Ed = 5.16 MeV (left panel) and 58Ni(d, p) reaction 
at Ed = 3.5, 4.5 and 5.16 MeV (right panel). Points show the experimental data integrated over the proton energy [3]. 
Lines show the calculated Coulomb break-up cross sections integrated over neutron emission angle and proton energy: 
1 – Ed = 3.5 MeV; 2 – 4.5 MeV; 3 – 5.16 MeV. 
 

4. Conclusions 
 
The sub-barrier interaction of deuterons with 124Sn 

nuclei has been experimentally studied at Ed= 4.0, 5.0 
and 5.5 MeV. Measured differential cross sections of 
elastic scattering at the middle and backward angles 
differ from the values of Rutherford scattering. The 
theoretical calculations with consideration of deuteron 
polarizability and Coulomb break-up according to the 
model proposed in [1, 2] predict considerably lesser cross 
section decrease with the growth of scattering angle. 
Non-monotonic change of experimental cross sections at 
the middle angles is also not reproduced by this model. 
Similar behaviour of angular dependence of cross section 
was also observed for the 58,62Ni(d, d) [3] and 208Pb(d, d) 
[4] elastic scattering. 

According to the calculations the main yield of 
protons must be observed at the backward angles. 
However, the measured differential cross sections of the 
124Sn(d, p) reaction are larger by the order of magnitude 

and do not depend on the scattering angle in such way as it is predicted by the model [1, 2]. Therefore, we can assume 
that at sub-barrier energies of deuterons the neutron transfer is a dominant mechanism for 124Sn(d, p) reaction as well as 
for 58,62Ni(d, p) and 208Pb(d, p) reactions [3, 4].  

The obtained results show necessity of detailed complex study of (d, d), (d, p) and (d, pn) reactions on the middle 
and heavy nuclei at sub-barrier energies. 
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A VVER-1000 fuel element (FE) cladding failure estimation method based on creep energy theory (CET-method) is 

physically grounded. Using CET-method, the VVER-1000 regime and fuel design parameters that determine cladding 
failure conditions are found. The VVER-1000 average cladding failure parameter after 500 day cycles, for the most 
strained axial segment, at power maneuvering with constant average coolant temperature is 8.7 % greater than the same 
with constant coolant inlet temperature. It is proved that it is possible for four years at least, to stay at the steady creep 
stage, on condition that the corrosion rate is sufficiently small. Practically FE cladding rupture life at normal variable 
loading operation conditions can be controlled by an optimal assignment of coolant temperature regime and fuel 
assembly (FA) rearrangement algorithm. The probabilistic FA rearrangement efficiency criterion based on Monte Carlo 
Sampling takes into account robust operation conditions and gives results corresponding to the deterministic ones in 
principle, though the robust efficiency estimation is more conservative.  It is shown that CET-method allows us to 
create an automized program-technical complex making control of FE cladding durability and optimization of fuel 
rearrangements in VVER-1000.   
 

1. Introduction 
 

Recently the problem of fuel cladding life control at nuclear power plants (NPP) with VVER-1000 reactors has 
become actual in Ukraine. The VVER-1000 fuel element (FE) cladding total damage parameter is usually estimated by 
the relative service life of cladding, when steady-state operation and varying duty are considered separately. This 
approach has the following principal disadvantages: disagreement  between  experimental conditions and real operating 
environment;  the physical mechanism (creep) of cladding damage accumulation and the real stress history are not taken 
into account; uncertainty of  this cladding life estimate forces us into assumption of an unreasonably high safety factor; 
the cladding failure criterion components depend on VVER-1000 loading conditions, power maneuvering methods, 
dispositions of regulating units, fuel assembly (FA) rearrangement algorithms, etc.; there is no public data on cladding 
failure criterion components for all possible VVER-1000 loading conditions, power maneuvering methods, dispositions 
of regulating units, FA rearrangement algorithms, etc. [1]. 

The problem of VVER-1000 fuel cladding life control under variable loading consists of several subproblems: 
creating a physically based method of VVER-1000 fuel cladding failure estimation; determination of main factors 
influencing VVER-1000 fuel cladding life; working out methods to optimize main factors influencing VVER-1000 fuel 
cladding life.  

The light water reactor (LWR) fuel analysis finite element code FEMAXI [2] was used for determination of the 
evolution of VVER-1000 cladding creep stresses and strains under variable loading in a given power history and 
coolant conditions. Sintered uranium dioxide was assumed to be the pellet material, while stress-relieved zircaloy-4 was 
assumed to be the cladding material. The amplitude of relative linear heat rate (LHR) jumps at FE axial segments (ASs) 
occurring when the reactor thermal capacity N increases at power maneuvering, was estimated using the “Reactor 
Simulator” (RS) code [3]. To predict likelihood of VVER-1000 fuel cladding failure accurately, it is necessary to use a 
relevant physical model of the fuel cladding failure process during cyclic pressurization. When loading frequency is 
below 1 Hz, creep governs the entire deformation process in zircaloy-4 cladding [4]. According to creep energy theory 
(CET), energy spent for FE cladding material destruction is called as specific dispersion energy (SDE) [5].  

For the first time, a method of analysis of VVER-1000 FE cladding running time at variable loading based on CET 
(CET-method) was proposed in [6]. The main features of CET-method are: creep is the main mechanism of cladding 
deformation when VVER-1000 is operated at variable loading; creep and destruction processes proceed in common and 
influence against each other; at any moment intensity of failure is estimated by SDE accumulated during creep process 
by this moment; cladding failure criterion components do not depend on VVER-1000 loading conditions, power 
maneuvering method, disposition of regulating units, FA rearrangement algorithm, etc.  

Having found the VVER-1000 regime and fuel design parameters that determine cladding failure conditions, the 
problem of cladding life control is split into optimization of FE constructional parameters (cladding diameter and 
thickness; pellet and pellet centre hole diameters; pellet effective density; initial He pressure and grid spacing; etc.) and 
reactor regime parameters (FE maximum LHR; coolant inlet temperature, pressure and velocity; etc.).    

The VVER-1000 FE cladding failure estimation method based on CET is physically grounded because it takes into 
account influence of real reactor operating environment, stress history as well as the physical mechanism (creep) of 
cladding damage accumulation. CET-method is universal because it is fit for different types of LWR, fuels, fuel 
claddings, and the cladding failure criterion components do not depend on loading conditions, power maneuvering 
methods, dispositions of regulating units, FA rearrangement algorithms, etc.  

Considering real FA transposition algorithms, as well as a real disposition of control rods, it has been obtained that 
the AS located between z = 2.19 and 2.63 m is most  strained and limits fuel cladding operation time at VVER-1000 day 
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cycle power maneuvering. The fuel pellets corresponding to this limiting AS could be made with holes to increase 
cladding durability.     

Taking into account that coolant inlet temperature inT  during reactor power maneuvering influences greatly on axial 
offset (AO) stability, the problem of cladding durability is closely connected to the problem of thermal neutron flux 
axial distribution stability. The VVER-1000 thermal neutron flux axial distribution can be significantly stabilized at 
power maneuvering by means of a proper coolant temperature regime assignment. Assuming the maximum divergence 
between the instant and equilibrium AOs equal to 2 %, the regulating unit movement amplitude at constant coolant 
average temperature T< >  is 6 %, while the same at constant inT  is 4 %. Therefore, when using the method with 

T< > = const, a greater regulating unit movement amplitude is needed to guarantee LHR axial stability, than when 
using the method with inT = const, on the assumption that all other conditions for both the methods are identical. The 
VVER-1000 average cladding failure parameter after 500 day cycles, for the most strained AS, at power maneuvering 
with T< > = const is 8.7 % greater than the same with inT = const, on the assumption that AO stability is identical for 
both the methods [7]. For the VVER-1000 conditions, the rapid creep stage is degenerated when using the zircaloy-4 
cladding corrosion models MATPRO-A and EPRI [8], at the correcting factor СOR = - 0.43. This phenomenon proves 
that it is possible for four years at least, to stay at the steady creep stage, where cladding equivalent creep and radial 
total strains do not exceed 1 - 2 %, on condition that the corrosion rate is sufficiently small. The VVER-1000 cladding 
corrosion rate is determined by design constraints for cladding and coolant, and depends slightly on a regime of variable 
loading. At the same time, practically FE maximum LHR is determined not only by current reactor capacity level, 
which is a value given to a NPP by the integrated power system, but also by FA rearrangement algorithm. Therefore, 
the FE cladding rupture life at normal variable loading operation conditions can be controlled by an optimal assignment 
of coolant temperature regime and FA rearrangement algorithm. 
 

2. Optimization of VVER-1000 FA rearrangement algorithm 
 

Optimization of FA rearrangements is undertaken for a core segment containing 1/6 of all the FAs, as well as 1/6 of 
all the regulating units used for power maneuvering. Disposition of the 10th regulating group in case of A-algorithm 
and the analyzed core segment are shown in Fig. 1.   

 

 

 

Fig. 1. Disposition of the 10th group: (figure) FA cell 
number (360 symmetry). The 10-th group cells and the 
analysed core segment (1/6) borders are in bold.

  

 

Fig. 2. Transpositions of FAs during rearrangements: 
(number) FA cell number; (roman numerals I, II, III and IV) 
1st, 2nd, 3rd and 4th campaign year, respectively (6

 
cells for 

the 4th year FAs). 
 

According to the distribution of long-lived and stable fission products specified for the start of the 5th four-
year campaign of KhNPP Unit 2, distribution of FAs in the core segment  by campaign year is given in the input data 
file for the RS code. Having used RS, to establish conditions at the start of the 5th campaign, it was found that there are 
7 FAs of each campaign year in the specified core segment. Hence, it can be assumed that at the beginning of each 
campaign year FAs are placed according to the distribution shown in Fig. 2.  

Nowadays two main approaches are
 
used at NPP with VVER-1000 [9]: 1) a 4th year FA is placed in the central core 

cell 82, and 7 core cells are appointed for FAs of each year; 2) a 1st or a 2nd year FA is placed in cell 82, and 7 core 
cells are appointed for FAs of each year, with the exception of 4th year FAs which can be placed in 6 core cells only. In 
this case cell 82 is not considered when making optimization of FA rearrangements. The last approach is used in 
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practice mainly, because it gives an optimal fuel utilization to ensure the necessary campaign duration, so this approach 
with 6 cells appointed for 4th year FAs will be considered when making optimization of rearrangements (see Fig. 2). 

 
2.1. Calculation of damage in the FE cladding 

 
Cladding durability is estimated for the most strained AS (No. 6), taking into account the disposition of regulating 

units in the A-algorithm case, аs well as considering the amplitude of regulating unit movement necessary to stabilize 
AO at daily power maneuvering with inT = const. Changes in SDE during the 4-year campaign (1460 calendar days) 
were calculated using the MATPRO-A corrosion model by the following procedure: 1) Using RS, for the cells shown in 
Fig. 2, calculation of  relative power coefficients k6, j in AS 6 at N = 80 and 100 %; 2)  Using FEMAXI, calculation of 
stress-strain development in FE cladding and fuel burnup; 3) Using CET-method and A0 = 30 MJ/m3 (SDE at the 
moment of cladding material failure beginning), calculation of (1460 d)ω  and burnup B(1460 d) for selected 
rearrangement algorithms.   

Because of a great number of possible
 
variants, when considering a new FA rearrangement algorithm, a random 

choice of core cells using the MATLAB function “rand” was adopted.
 
To illustrate the method, it was adopted that 

18algN = , that is 18 rearrangement algorithms containing 126 different rearrangements were analyzed, where 16 
algorithms containing 112 rearrangements were randomly chosen, while two algorithms were practically used at 
Zaporizhzhya NPP, Unit 5 [9]. These two practical algorithms which were used during campaigns 22 and 23 
(algorithms 17 and 18, respectively) are shown in Table 1.  

 
Таble 1. Cladding failure parameter and burnup for algorithms 17 and 18 

 

Algorithm number (j) Rearrangement A, MJ/m3 
0

( ) , %A
A

ω τ =  B, MW·d/kg 

17 

2-22-12-6 1.463 4.877 54.35 
3-41-29 1.184 3.947 48.8 

4-11-68-43 1.078   3.593 60.63   
5-19-10-8 1.498 4.993 57.18 
9-30-20-1 2.058 6.86 59.39 

13-32-21-42 2.667 8.89 68.23 
55-31-54-18 min

jB  2.437 8.123 67.45 

18 

2-22-21-6 1.55 5.167 54.86 
3-41-68 1.18 3.933 48.83 

4-11-29-18 1.159   3.863 60.84 
5-19-20-1 min

jB  1.449 4.83 54.55 
9-32-12-42 2.586 8.62 67.86 
13-30-10-43 2.551 8.503 67.73 
55-31-54-8 1.982   6.607 61.37 

 
2.2.The criterion of FA rearrangement efficiency 

 
Considering all the FAs used in a rearrangement algorithm j, let’s suppose that

 
max
jω

 
is the maximum value of 

cladding failure parameter, j< ω >  is the average value of cladding failure parameter; min
jB is the minimum value of 

fuel burnup. Let’s introduce   
 

{ }opt maxmin jω ω= ;  { }opt min jω ω< > = < > ;  { }opt minmax jB B=                                         (1) 
 

Let’s accept that limω , limω< > and limB
 
are specified permissible limits for max

jω , jω< > and min
jB , respectively. 

Hence, the permissible values of max ,jω
 

andjω< > min
jB  lie in the following ranges:  

 
limmaxopt ≤≤ ωωω j ; limopt ≤≤ ><><>< ωωω j ; lim min opt

jB B B≤ ≤ .                     (2) 
 

Then we obtain  
 

1≤≤ max,*lim,*
jωω ; 1≤≤ *lim,*

j><>< ωω ; 1≤≤ min,*lim,*
jBB ,                          (3) 
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where 
 

lim,* lim opt(1- ) / (1- );ω ω ω≡ max,* max opt(1- ) / (1- );j jω ω ω≡ lim,* lim opt(1- ) / (1- );ω ω ω< > ≡ < > < >  
(4) 

* opt(1- ) / (1- ) ;j jω ω ω< > ≡ < > < > lim,* lim opt/ ;B B B≡ min,* min opt/ .j jB B B≡
 

 

As lim,* lim,*; 1 can be ;1B ω>> , from the condition of equal importance of nuclear safety and economy requirements: 
 

lim,* lim,* lim,*Bω ω=< > = .                                                                    (5) 
 

Hence having some value of ωlim, the corresponding values of <ω>lim  and Blim  are defined from the following 
equations 

lim lim opt opt1- (1- )(1- ) / (1- );ω ω ω ω< > = < >  lim lim opt opt(1- ) / (1- ).B Bω ω=                             (6) 
 

To compare efficiency Eff of different FA rearrangement algorithms, the FA rearrangement algorithm efficiency 
criterion is proposed:  

 
lim1- / ,j jEff L L=                                                                          (7) 

where 

( ) ( ) ( )2 2 2max,* * min,*1 - 1 - 1 - ,j j j jL Bω ω= + < > +                                                  (8) 
 

( ) ( ) ( )2 2 2lim lim,* lim,* lim,*1 - 1- 1 - .L Bω ω= + < > +                                                     (9) 
 

Using Eqs. (4),  (5) and (9) 
 

lim lim,* lim opt opt3 1 - 3 - / (1- ).L ω ω ω ω= =                                                    (10) 

 
The physical meaning of criterion (7) is: 1) if any of the dimensionless components max,*( ,jω *

jω< >  
 
or

 
min,* )jB  lies out

 
of the permissible range lim,*[ ;1]ω , then this component  gives a negative contribution to the total

  
efficiency defined by 

Eq. (7); 2) advantage of some algorithm over another is determined on the basis of  summation of advantages given by 
the dimensionless components; 3) weight factors can be used in Eq. (5) to give priority to some component. 

Using criterion (7) and setting lim 13 %,ω =
 
Eff   was calculated for 18 algorithms. Algorithm 2 having the worst Eff , 

the first five algorithms (3, 4, 6, 8, 14) having the greatest values of Eff , as well as the practical algorithms (17 and 18) 
are shown in Table 2.   

Table 2. Algorithm efficiency  
 

j max
jω , % jω< > , % 

min ,jB  
MWd/kg 

max,*
jω  *

jω< >  min,*
jB    Eff j , 

lim 13 %ω =  
2 8.84 5.861 47.61 0.9786 0.999 0.8709 -0.1442 
3 7.51 5.865 54.67 0.9929 0.999 1 0.9372 

4 6.87 5.796 54.05 0.9998 0.9997 0.9887 0.9008 

6 6.847 5.787 53.05 1 0.9998 0.9704 0.741 

8 7.017 5.771 54.27 0.9982 1 0.9927 0.9341 

14 8.247 5.864 54.07 0.985    0.999    0.989    0.8371 

17  8.89 5.898 48.8 0.9781 0.999 0.8926 0.0420 

18  8.62 5.932 48.83 0.981 0.9983 0.8932 0.0515 
 

It can be seen: 1)
  

algorithms
 
3 and 8 are characterizied by both high cladding durability and high burnup, hence all  

the corresponding dimensionless criterion components are high, so Eff3  and Eff8   are highest;  2) algorithms 
 
17 and 18 

have both cladding durability and burnup worse than the ones of algorithms
 
3 and 8, so Eff17  and Eff18   are close to 0; 3) 

algorithm
 
2 is characterizied by cladding durability close to the same for algorithms 

 
17 and 18, but burnup is 

considerably lower than the same for these algorithms, and as a result Eff2 < 0. 
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2.3. The robust model 
 

Let us suppose that the calculated maximum LHR in FA j , ,maxl jq  is the mean of some random variable rand
, ,maxl jq , i.e.: 

 

  
ql, j,max ≡ ql, j,max

rand .
 
                                                                (11) 

 

To take into account VVER-1000 robust operating conditions when making the probabilistic analysis, cladding 
damage parameter and burnup in the most strained AS are calculated for rearrangements of the best algorithms 3, 4, 6, 8 
and 14 at rand rand

, ,max , ,max10% and 10%l cn l cnq q− + , where cn is core cell number for the corresponding campaign year, 
e.g., for algorithm 3 and rearrangement 9-19-21-8: cn = 9, 19, 21 and 8 for 1st, 2nd, 3rd and 4th year, respectively. 
Hence, use of deterministiс criterion (7) allows us to reduce algN  from 18algN =  to 5.algN =  

The efficiency of rearrangement algorithm j is calculated using Eqs. (4) and (7), and 1) there are 2 random variables 
( rand

,j kω  and rand
,j kB  ) for each pair of algorithm  j  and rearrangement k; 2) max

jω =  max{ rand
,j kω }, jω< > = <{ rand

,j kω }>, 
min
jB = min{ rand

,j kB }, where 1,..., ;algj N=  1,...,7.k =  Hence, we have the total number of input random variables 
2 7 70algN⋅ ⋅ = , that is 35 rearrangements are described by 70 random variables. 

For 1,...,7k =  and j = 3, 4, 6, 8, 14, using three sigma rule (assuming normal distribution), the corresponding means 
rand
,j kω< > , rand

,j kB< >  and standard deviations rand
,( )j kσ ω ,  rand

,( )j kBσ  of random variables rand
,j kω , rand

,j kB  are calculated. For 
instance, algorithm 3 − (9-19-21-8 + 5-41-68-43 + 55-22-10 + 13-11-20-6 + 3-30-54-1+ 4-32-18-42 + 2-31-12-29) − is 
described by the following random values , ,j p kτ , where p = 1 denotes rand

,j kω
 
and p = 2 denotes rand

,j kB : 
 

rand rand
3,1,1 9-19-21-8 3,1,7 2-31-12-29; ... ;τ ω τ ω≡ ≡ rand

3,2,1 9-19-21-8;Bτ ≡ rand
3,2,7 2-31-12-29... .Bτ ≡  

 

Hence, for rearrangement 9-19-21-8 of algorithm 3, 3,1,1τ  and 3,2,1τ  are random values described by { rand
3,1ω< > , 

rand
3,1( )σ ω } and { rand

3,1B< > , rand
3,1( )Bσ }, respectively.  

As we have 70 random variables, non-intrusive polynomial chaos (NIPC) methods [10] are not computationally 
attractive in comparison with Monte Carlo Sampling (MCS) methods. To use the MCS method, a set of normally 
distributed random variables , ,j p kτ  is obtained substituting the means and standard deviations of rand

,j kω  and rand
,j kB  into 

the MATLAB function “normrnd”, and the efficiency of algorithm  j
 
is found using

 
Eq. (7) in the form: 

 

( ),1,1 ,1,2 ,2,1, ,j j j jEff f θ θ θ= ,                                                                   (12) 
 

where 1,..., algj N= ; { } { } { },1,1 ,1,1 ,1,7 ,1,2 ,1,1 ,1,7 ,2,1 ,2,1 ,2,7max ,..., ; ,..., ; min ,..., .j j j j j j j j jθ τ τ θ τ τ θ τ τ= = < > =
 

 
2.4. Optimization of rearrangements 

 
Thus, the efficiency of algorithm j is calculated using Eq. (12). For the case of uncertain conditions, 

opt opt opt lim, , andB Lω ω< >  can not be set as for the deterministic case (Table 3).  
 

Table 3. Difference between the deterministic and robust cases 
 

Deterministic case Robust case 
lim 13 %ω =  

  optω  optω< >    optB  
6.847 5.771 54.67 

lim lim opt opt1- (1- )(1- ) / (1- ) 0.12;ω ω ω ω< > = < > =  
lim lim opt opt(1- ) / (1- ) 51.06;B Bω ω= =  

lim lim opt opt3 - / (1- ) 0.1144;L ω ω ω= =      
lim,* lim opt(1- ) / (1- ) 0.9339.ω ω ω≡ =

 

MCS     optω  opt>< ω     optB  
   1 8.1212 6.79261 55.2311 
  10 10.6683 7.93351 55.6857 
 100 9.9501 7.44926 53.8346 
 

lim lim lim lim,*, , , are variable
on MCS.

B Lω ω< >
 

 
It should be noted that if

 algN increases, then ωopt decreases. On the contrary, when the
 
number of core cells used for 

optimization increases, ωopt increases also.
  

The trade-off  between the mean value of jEff  and its standard deviation, as 
estimated using MCS, for the best five FA transposition algorithms, as well as  for  the simplest robust optimization of 
FA rearrangements taking into account only two core cells appointed for each year, is shown in Fig. 3.   
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Algorithm 3 had the largest efficiency in the 
deterministic case, while in the robust case algorithm 
8 is most efficient (see Fig. 3). This can be explained 
by the fact that max

3 7.5%ω ≈ , while max
8 7%.ω ≈

 
As 

dependence of  SDE on LHR is nonlinear and SDE 
depends greatly on FA rearrangement history, in the 
robust case this difference max max

3 8 0.5%ω ω− =  turned 
to be sufficient to obtain a greater mean efficiency for 
algorithm 8 in comparison with algorithm 3. In 
addition, algorithm 3 has a greater standard deviation 
than algorithm 8, and thus there is no trade-off 
between these two options. Both algorithms dominate 
all the other options, having both higher mean 
efficiencies and smaller standard deviations. 

 
3. Conclusions 

 
1. The deterministic FA rearrangement efficiency 

criterion taking into account both safety (cladding 
durability) and economic (burnup) factors allows us 
to improve existing methods of fuel rearrangement 
optimization which take into account only economic 

efficiency estimated in terms of fuel burnup, power form factor, etc., as well as pin failure probability for a hypothetical 
severe depressurization accident [11]. 

2. The probabilistic FA rearrangement efficiency criterion based on Monte Carlo Sampling takes into account 
robust operation conditions and gives results corresponding to the determinisic ones in principle, though the robust 
efficiency estimation is more conservative. Hence deterministic FA rearrangement optimization can be used as a 
preliminary procedure to decrease the number of analysed rearrangement algorithms. 

3. CET-method allows us to improve existing control and protection equipment by creating  an automized  
program-technical  complex  making control of FE cladding durability and optimization of fuel rearrangements in 
VVER-1000.   
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CAPTURE  CROSS  SECTIONS 
FOR  HEAVY-ION  REACTIONS  PRODUCING  COMPOUND  SYSTEM WITH  Z = 120 

 
N. A. Pilipenko,  V. Yu. Denisov 

 
Institute for Nuclear Research, National Academy of Sciences of Ukraine, Kyiv, Ukraine 

 
The fusion cross sections for reactions 50Ti + 249Cf, 54Cr + 248Cm, 58Fe + 244Pu and 64Ni + 238U  are evaluated in the 

framework of simple barrier-penetration model, which takes into account quadrupole and hexadecapole surface 
deformations of nuclei. 

 
1. Introduction 

 
Super-heavy elements with Z = 112 - 118 have been synthesized in Dubna and Darmstadt by using hot fusion 

reactions 48Ca + X, where X is the heavy transuranium element. The heaviest element with proton number 118 has been 
synthesized in reaction 48Ca + 249Cf. However, it is impossible to use 48Ca beam for the synthesis of more heavy 
elements, because the elements with Z > 98 are not available for experiments. Therefore it is necessary to search other 
reactions for the synthesis of elements with proton number more than 118.  

Taking into account the long time and complexity of experiment on the synthesis of super-heavy elements it is very 
useful to estimate the capture cross sections for various collision systems leading to superheavy elements with Z > 118. 
We have proposed a relatively simple and accurate method of calculating the potential interaction between deformed 
nuclei and their capture cross sections in previous papers [1, 2]. 

Note that the range of barrier height variation induced by mutual orientation of heavy well-deformed heavy nuclei is 
approximately 15÷20 MeV. The range of barrier distance changing is around 2.5 fm. [1]. Due to this deformation of 
nuclei and their mutual orientation during approaching are extremely important for subbarrier and near barrier heavy-
ion fusion studies. 

 
2. Fusion of deformed nuclei 

 
The interaction potential 1 2( , , , , )V R l Θ Θ Φ  of two deformed nuclei at distance R between mass centers and mutual 

orientation described by angles 1 2,Θ Θ  and Φ (Fig. 1) consists of  
 

 
Fig. 1. The angles 1 2,Θ Θ and Φ , and distance between of mass-centers R describing the arbitrary orientation 

of colliding nuclei. 
 

Coulomb 1 2( , , , )CV R Θ Θ Φ , nuclear 1 2( , , , )NV R Θ Θ Φ  and rotational 2 2( ) ( 1) / (2 )lV R l l Rμ= +  parts 
 

1 2 1 2 1 2( , , , , ) ( , , , ) ( , , , ) ( )C N lV R l V R V R V RΘ Θ Φ Θ Θ Φ η Θ Θ Φ= + + .                                     (1) 
 

Here η  is an adjustable coefficient that determines the contribution of the nuclear potential component 

1 2( , , , )NV R Θ Θ Φ  to the total potential. This parameter is used for adjusting the potential at energies higher than barrier 
height.  

The Coulomb interaction of two deformed nuclei is approximated as [1] 
 

[ ]
2

1 2
1 2 1 1 10 1 1 2 20 2

2

( , , , ) {1 ( , , ) ( , , )C l l l l
l

Z Z eV R f R R f R R
R

Θ Θ Φ Θ β Θ β
≥

= + + +∑  

 
2 2

2 1 10 12 2 2 20 22 3 1 2 10 20 12 22( , , ) ( , , ) ( , , , , )f R R f R R f R R RΘ β Θ β Θ Θ β β+ + + +  
 

4 1 2 10 20 12 22( , , , , , ) },f R R RΘ Θ Φ β β+                                                                      (2) 
 

where 1Z  and 2Z  are the number of protons in corresponding nuclei, ilβ  is the parameter of l-pole deformation of 
nucleus i (i = 1,2), 1 0( , , )l i if R RΘ , 2 0( , , )i if R RΘ , 3 1 2 10 20( , , , , )f R R RΘ Θ  and 4 1 2 10 20( , , , , , )f R R RΘ Θ Φ  are simple 
functions [1]. Here 0iR  is the radius of nucleus i in the case of spherical form. 

  R Θ1 Θ2 Φ 
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Applying the proximity theorem [3] we can obtain a simple parametrization of the nuclear part of interaction 
potential between two deformed nuclei [1] 

 

010 20
1 2 1 21/2

1 2 1 2

( , , , ) ( ( , , , )),
[( )( )]N N

C CV R V d R
C C C C

Θ Θ Φ Θ Θ Φ⊥ ⊥

+≈ ×
+ +

                               (3) 

 
where iC  and iC ⊥  are the main curvatures of deformed surface of nucleus i at the point closest to the surface of 
another nucleus, 10 101 /C R= and 20 201 /C R=  the curvatures of spherical nuclei, 1 2( , , , )d R Θ Θ Φ  is the closest distance 

between surfaces of interacting nuclei, 0 ( )NV d  is the nuclear part of the interaction potential between spherical nuclei at 

10 20d R R R= − − . The nuclear part of potential depends strongly on the value of the closest distance between surfaces 
of interacting nuclei, therefore we evaluate 1 2( , , , )d R Θ Θ Φ  numerically. 

The nuclear part of the interaction potential between spherical nuclei 0 ( )NV d  is described by expression in Ref. [4]. 
This expression for nuclear part of potential is obtained using the semi-microscopic energy density approach for 
evaluation of nucleus-nucleus interaction energy [4,5]. The barrier height and barrier radius of the potential between 
spherical nuclei evaluated with the help of this expression well agree with corresponding empirical values [4]. 

The surface curvatures 2C ⊥  depend on corresponding orientation angle(s) and deformation parameters. Useful 
expressions for surface curvatures are given in [1]. 

Note that effects of surface deformations on the nuclear part of the interaction between nuclei are considered with 
the same accuracy as the one for the Coulomb part. 

Various orientations of deformed nuclei occur during collisions; therefore the fusion reaction cross section induced 
by two deformed nuclei should be averaged over all possible mutual orientations of colliding nuclei 

 
2

1 2( ) (2 1) ( , , , ) .
2 l

l

E l T E
E

πσ Θ Θ Φ
μ

= + < >∑                                                 (4) 

 
Here μ  is the reduced mass of colliding nuclei, E is the collision energy, 1 2( , , , )lT E Θ Θ Φ< >  is the transmission 
coefficient evaluated at orientation of colliding nuclei specified by angles 1 2, ,Θ Θ Φ  see Fig. 1. 

We use the WKB approximation for evaluation of the transmission coefficient for subbarrier energies 
 
b

1
1 2 1 2

a

2( , , , ) {1 exp[ 2 ( ( , , , , )- )d ]}lT E V R l E RΘ Θ Φ μ Θ Θ Φ −= + ∫                                       (5) 

 
and the Hill-Wheeler approach [6] for over-barrier collision energies.  

The inner 1 2a( , , , , )E l Θ Θ Φ  and outer 1 2b( , , , , )E l Θ Θ Φ  turning points in Eq. (5) are determined from corresponding 
equations 

1 2 1 2( a( , , , , ), , , , )V E l l EΘ Θ Φ Θ Θ Φ =  
 

 
 

3. Discussion and conclusion 
 

Using Eqs. (1) - (5) we evaluate the fusion 
cross section ( )Eσ  values for reaction 
50Ti + 249Cf, 54Cr + 248Cm, 58Fe + 244Pu and 
64Ni + 238U. These reactions are considered as 
potential candidates for the synthesis of element 
Z = 120 of the periodic table. 

We used reaction 48Ca + 244Pu determine of 
adjustable coefficient η . The experimental data for 
this reaction take from Ref. [7]. The cross sections 
calculated with allowance for the second-order 
terms in the quadrupole and hexadecapole 
deformations of the 244Pu and η  = 0.896 agree well 
with experimental data, see solid line in Fig. 2.  
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Fig. 2. Fusion cross-section(lines), Q reaction (the most left sign) and 
thresholds for evaporation of 1, 2, 3, 4, 5, 6 neutrons(dots) for reactions:

 48Ca+244Pu,   50Ti+249Cf,  54Cr+248Cm,
 58Fe+244Pu,  64Ni+238U.
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The capture cross section for heavy systems is strongly depends from 
hexadecapole deformation at sub-barrier energies [2]. Deformations of 
nuclei presented in the Table, and were taken from [8] for quadrupole 
and [9] for hexadecapole deformations. 

During formation the superheavy nuclei the neutrons are evaporated 
from formed excited compound-nucleus in competition to the fission of 
the compound nucleus. If the capture cross-section values are reasonably 
high for the small excitation energies of the compound nucleus, or 
corresponding collision energies, than the formation of the superheavy 
nuclei is probable. Therefore the value of capture cross-section should be 
relatively high around the thresholds of 3 - 5 neutrons for expectable 
formation of superheavy elements. 

Comparing the values of capture cross-section around thresholds of 
3 - 5 neutrons in Fig. 2 we concludethat the most promising reactions for synthesis element with Z = 120 are 
50Ti + 249Cf and 54Cr + 248Cm. These reactions are similar to reaction 48Ca + 244Pu and they have reasonably high capture 
cross section at energies close to emissions 3 - 5 neutrons from the compound nucleus, see Fig. 2. 
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Value of deformations 
parameters of nuclei 

 

X βi2 βi4 
48Ca 0 0 
50Ti 0 0 
54Cr 0.25 0.045 
58Fe 0.2587 -0.019 
64Ni 0.179 -0.005 
238U 0.2863 0.093 
244Pu 0.2931 0.062 
248Cm 0.2972 0.04 
249Cf 0.55 0 



 

219 

ENERGY  DEPENDENT  OPTICAL  POTENTIAL  FROM  16O + 12C  ELASTIC  SCATTERING 
 

O. A. Ponkratenko,  Yu. O. Shyrma 
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The 16O + 12C elastic and inelastic scattering was studied in the energy range between 1 and 100 MeV per nucleon. 

The elastic and inelastic scattering calculations were performed within optical model (OM) and coupled channels 
method (CC). The energy dependence analysis of 16O + 12C optical potential are presented.  

 
1. Introduction 

 
In spite of numerous experimental data of 16O + 12C scattering [1 - 16], there are only several works [17, 18] on 

investigations of the energy dependence of OM potential parameters. Moreover, it has not been found the energy 
dependence good enough to describe this scattering over the wide energy range in these works. While such dependences 
were obtained successfully [19] for light incident particles (p, n, α), the problem of finding the dependence for heavy 
ions is actual. At the same time it is important to build energy dependence of potential parameters in wide energy range. 
It allows us to minimize the ambiguity in the parameters determination for each energy value and helps to find the 
energy dependence of OM potential parameters for the interaction of unstable nuclei in output reactions channels.  

The choice of 16O + 12C system is determined by circumstance that there are rich variety of experimental data from 
elastic and inelastic scattering for this system in comparison with other pairs of nuclei. The all available  scattering data 
in the energy range extending to 100 MeV per nucleon were combined in OM and CC analyses to obtain the effective 
energy dependence for the parameters of the 16O + 12C potential. 

 
2. Optical model potentials 

 
The phenomenological OM potential used to describe the elastic angular distributions at each energy had the 

following form 
( ) ( ) ( ) ( )CU r V r iW r V r= + + ,                                                                 (1) 

 
where the real term V(r) was taken as either the square of the Woods - Saxon form factor (WS2)  

 

0
2( )

(1 exp[( ) / ])V V

VV r
r R a

=
+ −

                                                                     (2) 

 
 
or double-folding potential (DF) V(r) = NRVDF(r). The term VDF(r) consists of direct and exchange parts [20, 21]: 

 
( ) ( , ) ( , )DF D EXV r V r E V r E= + ,                                                                   (3) 

 
3 3( , ) ( ) ( ) ( , , )D P P T T D P TV r E E d r d r= ρ ρ υ ρ∫ r r s ,                                                     (4) 

 

3 3( )( , ) ( , ) ( , ) ( , , ) expEX P P P T T T EX P T
iV r E E d r d r⎛ ⎞= ρ + ρ − υ ρ ⎜ ⎟μ⎝ ⎠

∫
k r sr r s r r s s ,                                 (5) 

 

P T= − +s r r r ,                                                                              (6) 
 
where ρP(r) and ρT(r) are the density distributions of the projectile (P) and target (T) nuclei. These distributions are 
described by two-parameter Woods - Saxon forms with radii 2.6 fm (16O) and 2.115 fm (12C), and a surface diffuseness 
is 0.45 fm for both. We used density dependence effective nucleon-nucleon interaction, called DDM3Y1, which is based 
upon Reid nucleon-nucleon force with exchange terms [21]. Corresponding calculation was performed by code 
DFMSPH [22]. 

The imaginary part of OM potential is the sum of volume (WS) and surface terms (WSD) 
 

( ) ( ) ( )S DW r W r W r= + ,                                                                      (7) 
 

( )
1 exp[( ) / ]

S
S

WS WS

WW r
r R a

=
+ −

,                                                                  (8) 

 

2

4 exp[( ) / ]( )
(1 exp[( ) / ])

D WD WD
D

WD WD

W r R aW r
r R a

−=
+ −

,                                                             (9) 
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where 1/3 1/3( ), { , , }i i P T S DR r A A i V W W= + = . 
The Coulomb potential VC(r) was generated by folding of the projectile ( )ch

P Pρ r  and target ( )ch
T Tρ r  charge 

distributions 
3 3( ) ( ) ( ) ( )ch ch

C P P T T C P TV r d r d r= ρ ρ υ∫ r r s .                                                      (10) 
 

In the calculations of elastic and inelastic scattering for inelastic λ-multipole transition within CC method we used 
the collective model coupled potential 

( )( ) dU rV r
drλ λ= −δ .                                                                         (11) 

 
One assumed the real and imaginary deformation lengths to be equal V W

λ λδ = δ . The Coulomb deformation length C
λδ  

determined by the electromagnetic transition rate ( )B Eλ  as [23] 
 

1

4 ( )
( 2)

C B E
Z rλ λ−

π λ
δ =

λ +
,                                                                        (12) 

 
was used to account the Coulomb excitation. The radial part of the coupling potential for mutual simultaneous 
excitation had the collective model form 

 

1 2 1 2

2

2

( )( ) d U rV r
drλλ λ λ λ= −δ δ ,                                                                    (13) 

 
where 1λ  and 2λ – projectile and target transition multipolarity. 

The parameters energy dependence of the OM potential imaginary part , , , , ,i S WS WS D WD WDp W R a W R a=  was 
approximated by parameterized functions [23, 24] 

 
( )(1 exp[( ) / ]), ,

( ) 0, ,
( ) [ (0) ( )]exp[ / ], , , ,

i i i i i S D

i i i S D

i i i i i WS WS WD WD

p E E E E p W W
p E E E p W W

p p p E p R a R a

+∞ − − Δ > =⎧
⎪= < =⎨
⎪ +∞ + − +∞ Δ =⎩

                                  (14) 

 
with fitting parameters ( ), , (0),i i i ip E p+∞ Δ . The real part energy dependence of OM potential was determined by the 
dispersion relation between real and imaginary parts [25] 
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Here P denotes the principal value of the integral. Integral was calculated using W(r, E) represented by a series of linear 
segments over the energy [23]. 

The usual χ2 criterion was used for searching of the OM potential parameters 
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where σth(Ej, θi), σexp(Ej, θi), and Δσexp(Ej, θi) are the theoretical (OM or CC) cross sections, the experimental cross 
sections and the uncertainties in the experimental cross sections, respectively. θi is the center mass scattering angle, nj is 
the number of angles and Ej is the projectile energy. Energy-dependent OM potential parameters were determined by 
summation over the all Ej 
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where j is the projectile energy order number. 
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3. Results and discussion 
 

The 16O + 12C elastic and inelastic scattering data were analyzed within the OM and CC method using codes 
GENOA [26] and FRESCO [27], respectively. 

The OM analysis was carried out for 42 projectile energies (Elab(18O) = 20 ÷ 1500 MeV) at which differential cross 
sections of the 12C + 16O scattering were measured [1 - 14]. The imaginary part of the potential was taken in the 
WS+WSD form (7). The two choices were used for the real potential: the square of the Woods-Saxon form WS2 (2) in 
the one case and the double-folding potential DF (3) in another. The minimization of χ2 (18) was performed by 
variation of the nine parameters ( 0 , , , , , , , ,V V S WS WS D WD WDV R a W R a W R a ) for the first choice and seven parameters 
( , , , , , ,R S WS WS D WD WDN W R a W R a ) for second. These parameters were adjusted to reproduce the angular distributions at 
the forward angles ( <  80 °÷ 120° ) where the contribution of alpha-transfer is small [2, 17]. 

We considered a fixed uniform uncertainty in 10 % of the experimental cross section for all the projectile energies 
and measured angles. This decision was accepted because compared with forward angles the experimental cross section 
uncertainties may be relatively large at the intermediate and backward angles owing to the smaller cross section [28]. 
Thus, using a uniform percentage can give a better fits at intermediate and backward angles.  

For the purpose of searching smallest χ2 and demonstration the fact that the found from fitting the sets of potentials 
parameters are similar in the experimental data describing (potential ambiguity), we performed numerous fits (~1000) 
with different initial parameters values. The latter values were sampled by Monte-Carlo method. It was used only those 
extracted from fitting parameters sets which had smallest χ2. For example, Fig. 1 shows the real (WS2) and imaginary 
(WS+WSD) parts of potentials sets at the energy Elab(16O) = 115.9 MeV, which are obtained from fitting procedure 
described above (grey lines). Heavy black curve represents the Elab(16O) = 115.9 MeV potential prescribed by the 
energy dependent parameters obtained from searching of 42 angular distributions at different energies. 

 

Fig. 1, a. Radial dependences of the real part of 
potentials. See detailed description in text. 

Fig. 1, b. Radial dependences of the imaginary part of 
potentials. See detailed description in text. 

 
We have investigated the dependence of the volume integral of the imaginary potential on the incident particle energy 

 

24( ) ( , )W
P T

J E W r E r dr
A A

π= − ∫ .                                                              (20) 

 
This dependence is plotted in Fig. 2, a. Here the averaged over the large number of fits (~100) values of the volume 
integral (with mean square deviation) are represented by dots. Heavy curve shows the energy dependence of the volume 
integral of the imaginary part for the energy dependent potential (14), (15). The same dependences for the reaction cross 
section obtained by OM are presented in Fig. 2, b. For comparison, the experimental values of fusion cross sections for 
16O+12C collision represented by open circles are also shown at different energies of the incident ion. These 
experimental data of fusion were taken from the work of [18]. One can observes, the fusion cross sections have peaks in 
positions, where the reaction cross sections calculated for each energy by OM have peaks too (open circles). The values 
of these peaks are about: ~ 33, 40 and 49 MeV. 
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Fig. 2, a. The dependence of the volume integral of the 
imaginary potential on the incident ion energy. 

See detailed description in text. 

Fig. 2, b. The dependence of the reaction cross section 
on the incident ion energy. 

See detailed description in text. 
 

Fig. 3б a shows the 16O + 12C scattering data at the Elab(16O) = 25.8, 75, 124, 181 and 300 MeV in the comparison 
with OM fits using the Woods-Saxon (WS2) and double-folding (DF) forms of real potential. One can see that 
calculations with folding-potential describe the experimental data worse than the ones with Woods-Saxon potential. 
Because there was only variation of the potential deep in the DF case but no variation of potential shape, as in WS2 
case. The relation χ2(DF) / χ2(WS2) is about 1.5. In Fig. 3, b a comparison is provided for the same energies between 
double-folding potential calculations and the energy dependent potential obtained using (14), (15). It is obvious that 
energy dependent potential describes the data worse than potential individually calculated for each energy 
(χ2

E(DF) / χ2(DF) is about 4). However, one must take into account that the energy dependent potential is specified by 
only 15 parameters over the whole energy range (1÷100 MeV/nucleon). At the same time one uses 7 parameters for the 
approximation of the cross sections found at each energy, that is about 300 parameters overall (for 42 measured 
distributions). 
 

Fig. 3. The comparison of the measured cross sections (in ratio to the Rutherford cross section) of the elastic 
16O + 12C scattering with the theoretical cross section: a) obtained from the real part of potential WS2 (solid line) and 
DF (dotted line); b) obtained from the energy dependent potential subject to the analysis of the angular distributions 
for 42 projectile energies (dotted line) and for these 5 energies (solid line). 
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In order to demonstrate the influence of the inelastic channels on the 16О + 12С interaction potential and showing 
potential energy dependence for 8 values of the incident ion energy in the 62÷132 MeV range [15], the elastic and 
inelastic scattering computations within CC method were performed. Coupled potential was calculated according to the 
collective model (11), (13). The OM potential parameters were fitted as well as the deformation lengths of 16О and 12С 
excited states. The inelastic excitations of 12С target state (Jπ=2+, E*=4.44 MeV) and 16O projectile states (Jπ=3–, 
E*=6.13 MeV; Jπ=2+, E*=6.9 MeV) were taken into consideration. 

In Fig. 4, the experimental angular distributions of the elastic and inelastic 16О+12С scattering at the energy 
Elab(16O) = 100 MeV are compared with that obtained in CC analysis.  

 

 

Fig. 4. The comparison of the experimental angular distributions 
of the elastic and inelastic 16О+12С scattering at the energy 
Elab(16O) = 100 MeV with that obtained in CC analysis. See 
detailed description in text. 

 

Fig. 5. a - the energy dependences of the cross 
sections calculated within CC (6-channels 
approximation). See detailed description in text; b 
- the energy dependences of δ2(12С, 2+) 
deformation lengths: 2-channels approxi-mation – 
solid circles, 6-channels – open circles. 

 
The long dashed line shows the angular distributions of the elastic scattering calculated within OM (1-channel 

approximation). The elastic and inelastic scattering with excitation of 12C (Jπ = 2+) state calculated subject to the 
coupling only between these two channels are represented by short dashed line (2-channels approximation). The solid 
line illustrates calculations with couplings between 6 channels of 16О + 12С scattering (6-channels approximation). It 
should be noted that mutual excitations of the target and projectile nuclei are simulated by means of two mechanisms: 
sequential two-step excitation via the intermediate excitation of P or T nuclei and simultaneous excitations of P and T 
nuclei (13). The calculated within CC (6-channels approximation) energy dependences (over the range Elab(16O) = 
= 62÷132 MeV) of: 

- total reaction cross section σr (solid circles), 
- total inelastic scattering cross section σ(12C, 2+) with 12C (Jπ=2+) state excitation (open circles), 
- the sum of inelastic scattering cross sections σ(12C, 2+) + σ(16О, 3–) + σ(16О, 2+) +  

+ σ(12C, 2+ + 16О, 3–) + σ(12C, 2+ + 16О, 2+) with P and(or) T corresponding excitations (solid triangles) are 
shown in Fig. 5, a.  

Using the same calculations, we also obtained the energy dependences of δ3(16О, 3–) and δ2(12С, 2+) deformation 
lengths, which were the fitting parameters (it was assumed that V W

λ λ λδ = δ = δ ). These dependences are illustrated in 
Fig. 5, b. Because the data of the inelastic scattering angular distribution for the transitions to the 16О (3–, 2+) states 
taken from [15] was in the sum of these transitions cross sections, the δ2(16О, 2+) deformation length was fixed and one 
supposed that δ2(16О, 2+) = δС2(16О, 2+), where δС2(16О, 2+) is the deformation length of the Coulomb excitation (12). 
From fig. 5b one can see, that δ2(12C, 2+) parameter has the weak energy dependence and are roughly equal to the 
corresponding deformation lengths of the Coulomb excitation δС2(12C, 2+) (thin horizontal line in fig. 5b). 

Evidently, the potential U1(r) describing the elastic and inelastic scattering in the 1-channel approximation differs 
from the diagonal potentials (CC) of 2-channel approximation U2(r) and 6-channel approximation U6(r). The 
differences between OM and CC potentials are demonstrated in Fig. 6.  
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Fig. 6, a. The differences between OM and CC real part 
of potentials. See detailed description in text. 

Fig. 6, b. The differences between OM and CC 
imaginary part of potentials. 

See detailed description in text. 
 

Here the thin solid line denotes the U1(r - U2(r) and the thick solid line – the U1(r) - U6(r). These differences are the 
L-independent approximation of the dynamic polarization potential (DPP), where L is the orbital angular momentum of 
the relative motion. DPP is an additional term to the OM potential induced by the coupling of the elastic channel to the 
inelastic ones. So called “trivially equivalent local potential” (TELP) [23] is another approximation of DPP. TELP is 
obtained by averaging the sum of the coupling potentials between the elastic channel and the inelastic ones over the L. 
The thin dashed line represents TELP for 2-channels approximation and the thick dashed line – for 6-channels 
approximation. 
 

4. Summary 
 

A systematic analysis of 42 16O + 12C elastic scattering angular distributions was performed within OM and CC. It 
has been found the sets of OM potential for each of the 42 incident ion energies. Also, by fitting the angular 
distributions for 42 energies in the range from 1 to 100 MeV/nucleon, one obtained the energy dependence of the 
parameters for the imaginary part of potential, which was used for the determination of the energy dependence of the 
real part via the dispersion relation. The diagonal OM potentials and deformation lengths of the concerned excited states 
of 16O and 12C nuclei were deduced from analysis of the elastic and inelastic scattering data by the collective model of 
the coupling channel potential. 
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The surveillance test data for the nuclear power plant which is under operation in Ukraine have been used to 

estimate WWER-1000 RPV material embrittlement. The beltline materials (base and weld metal) were characterized 
using Charpy impact and fracture toughness test methods. The fracture toughness test data were analyzed according to 
the standard ASTM 1921-05. The pre-cracked Charpy specimens were tested to estimate a shift of reference 
temperature T0 due to neutron irradiation. The maximum shift of reference temperature T0 is 84°C. A radiation 
embrittlement rate AF for the RPV material was estimated using fracture toughness test data. In addition the AF factor 
based on the Charpy curve shift (ΔTF) has been evaluated. A comparison of the AF values estimated according to 
different approaches has shown there is a good agreement between the radiation shift of Charpy impact and fracture 
toughness curves. Therefore Charpy impact test data can be successfully applied to estimate the fracture toughness 
curve shift and therefore embrittlement rate. Furthermore it was revealed that radiation embrittlement rate for weld 
metal is higher than predicted by a design relationship. The enhanced embrittlement is most probably related to 
simultaneously high nickel and high manganese content in weld metal. 
 

1. Introduction 
 

In the frame of surveillance program for WWER-1000 type reactor in Ukraine the Charpy V-notch impact testing is 
used as simple and inexpensive method to estimate the fracture toughness curve shift due to irradiation and therefore 
embrittlement rate for the reactor pressure vessel (RPV) steels. However, the evidence is needed that Charpy impact test 
data is valid to estimate the changes in material fracture toughness due to irradiation considering that RPV is subjected 
to the static loading during the operation. So according to requirements of surveillance program the pre-cracked Charpy 
V-notch (PCVN) specimens for a direct determination of static fracture toughness are also used to evaluate an 
embrittlement rate of RPV materials. 

It is known from the test reactor irradiation experiment that Charpy impact test data describes well the changes of 
material fracture toughness because of radiation damages [1]. This observation is valid only if the ductile to brittle 
transition temperature does not exceed 100°C. However there is experimental evidence [2] that Charpy impact test data 
can underestimate a shift of the fracture toughness curve due to irradiation. In this study a comparison of the radiation 
shift of the Charpy impact and fracture toughness curves has been made from a view point of material embrittlement 
estimation. 
 

2. Materials and test methods 
 

The studied materials are 15Ch2NMFAA steels (Cr-Ni-Mo-V steel) and its welds (Sv-12ChGNMAA, welding 
compound ФЦ-16) which are used for WWER-1000 reactor pressure vessel fabrication. The chemical composition of 
RPV belt line materials is shown in the Table. Materials are low carbon and low alloyed ferritic steels with ferrite and 
bainite metallographic structure. The typical heat treatment is quenching with high tempering. The materials are 
extremely pure with regard to impurities of copper and phosphorus. At the same time welds have a high nickel (1,88 % 
wt.) and manganese (0,97 % wt.) content that increases their susceptibility to neutron irradiation in spite of the low Cu 
and P content [3, 4]. For base and weld metal in unirradiated condition the yield strength is about 560 MPa and 480 
MPa respectively. 
 

Chemical composition for base and weld metal (% wt) 
 

Material Element 
C Si Mn Cr Ni Mo Cu S P V 

Base 
metal 0,15 0,33 0,48 2,07 1,12 0,53 0,06 0,009 0,007 0,1 

Weld 0,06 0,26 0,97 1,80 1,88 0,65 0,02 0,007 0,006 - 
 

Specimens were irradiated in the standard surveillance capsules within the neutron  
(E > 0,5 MeV) fluence range of (12,9 ÷ 46,5)·1022 m-2. Irradiation temperature was about 300°C. Surveillance 
specimens were being irradiated during 16 fuel cycles (~ 4128 days) by neutron flux of about 1015 m-2/sec that is usual 
for WWER-1000 type reactor irradiation condition. For the analysis fracture toughness and Charpy impact test data 
have been used. The RPV material have been tested at scientific center “Kurchatov Institute” (Russia) in the frame of a 
standard surveillance program for one NPP unit which is under operation in Ukraine. 

The standard Charpy specimens (10 x 10 x 55 mm) were used for the estimation of impact energy in the specified 
temperature range. For this purpose an impact pendulum machine with 300 Joules capacity and the environment 
chamber were applied to get the Charpy curves for unirradiated and irradiated materials. A shift of Charpy curves due to 



 

227 

irradiation (ΔTF) is defined according to PNAE G-7-002-86 approach (an index temperature for the Charpy curve 
depends on the material yield strength). 

A three point bend method was applied to test pre-cracked Charpy specimens and determine the fracture toughness 
parameters (in this case KJc value, i.e. elastic-plastic equivalent of a critical stress intensity factor). Specimens without 
side grooves were L-T and L-S oriented for base and weld metal respectively. For test at low temperatures, liquid 
nitrogen is used to cool the specimens. A fracture toughness analysis has been performed according to the ASTM 
1921-05 standard as well as an estimation of the radiation shift of Master curve (ΔT0). 

A radiation embrittlement rate for base and weld metal was estimated using the fluence dependencies of Charpy 
impact (ΔTF) and fracture toughness (ΔT0) curve shift. The PNAE embrittlement model ΔTF = AF·Fn (where F is 
neutron fluence in the terms of 1022 m-2 and a power exponent n = 1/3) was applied to define a chemistry factor AF 
using a statistical analysis. 
 

3. Experimental results and discussion 
 

The neutron fluence dependencies of transition TK and reference temperature T0 shift based on Charpy impact and 
fracture toughness test data are shown in Figs. 1 and 2 for base and weld metal respectively. For base metal the ΔTF 
value obtained from Charpy impact test is consistent with a T0 reference temperature shift at low neutron fluence. 
However some discrepancy between two approaches is observed at high neutron fluence. This is most probably related 
to the relatively high uncertainty in T0 determination. For this set three of six PCVN specimens have been tested near 
lower-shelf toughness range that increases the uncertainty in T0 determination. 

For weld metal the Charpy impact curve shift is consistent with a T0 reference temperature shift within studied 
neutron fluence range. The maximum radiation shift of Charpy impact and fracture toughness curves is 82°C and 84°C 
respectively for irradiated materials. The results indicate that Charpy impact test data is adequate to describe the 
changes in material fracture toughness due to the radiation damages and, therefore, to estimate reliably the 
embrittlement rate for this material irradiated up to neutron fluence ~ 45·1022 m-2. 

For comparison a PNAE G-7-002-86 design curves for studied materials (a chemistry factor AF = 23°C for base 
metal and AF = 20°C for weld metal) are shown next to the test data points. The chemistry factor AF estimated from a 
regression analysis is equal to 11°C for base metal and do not exceed the PNAE design value (see Fig. 1). For weld 
metal the statistical analysis gives AF = 24°C (see Fig. 2). This results means that weld metal is more susceptible to 
radiation damages in comparison to base metal. 
 

Fig. 1. Neutron fluence dependence of TK and T0 
shift for base metal. 

(Charpy impact and fracture toughness test data). 

Fig. 2. Neutron fluence dependence of TK and T0 
shift for weld metal.  

(Charpy impact and fracture toughness test data). 
 

Furthermore the radiation embrittlement rate for weld metal is higher then predicted by PNAE G-7-002-86 
approach. One of the reason for enhanced embrittlement can be the simultaneously high nickel (1,88 % wt.) and 
manganese (0,97 % wt.) content in weld metal since it is known these alloying element play a crucial role in the 
radiation embrittlement phenomena in the case of RPV materials [3, 4]. It should be noted the design AF value does not 
takes into account a chemical composition of RPV steels that is one of the shortcoming for PNAE G-7-002-86 
approach. 

 

4. Conclusions 
 

In this study the WWER-1000 RPV material embrittlement rate has been evaluated using the surveillance test 
data for the nuclear power plant which is under operation in Ukraine. A comparison of the radiation shift of the Charpy 
impact and fracture toughness curves has been made from a view point of material embrittlement estimation. 
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The following conclusions can be drawn: 
for weld metal the Charpy impact curve shift is consistent with a T0 reference temperature shift up to 84°C; 
Charpy impact test data is adequate to describe the changes in material fracture toughness due to the radiation 

damages and, therefore, to estimate reliably the embrittlement rate for this material irradiated up to neutron fluence  
~ 45·1022 m-2; 

radiation embrittlement rate for weld metal is higher then PNAE G-7-002-86 design approach prediction. One of the 
reasons for enhanced embrittlement can be the simultaneously high nickel and manganese content in weld metal. 
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Time-dependent Schrödinger equations is numerically solved by difference method for external nucleons of 

spherical and deformed nuclei at their grazing collisions for energies near to a Coulomb barrier. The spin-orbital 
interaction and Pauli's exclusion principle were taken into consideration during the solution. The probabilities of 
transfer of neutrons and protons are determined as function on minimum internuclear distances and quantum numbers 
of initial nucleons states.  

 
1. Introduction 

 
Neutron transfers in the low energy nuclear reactions allow us to obtain new isotopes of atomic nuclei with 

increased neutron content [1]. The probability of neutron transfer is highest during so called grazing nuclear collisions 
[2]. In this case, the distances between the surfaces of the atomic nuclei do not exceed the range of the action of nuclear 
forces (1 - 2 fm). The most probable transition is the one between the nuclei of the external, most weakly bound 
neutrons. These processes have been studied in reactions with the participation of both light (e.g., 6He [1]) and heavy 
neutron rich nuclei. The basis of the microscopic models of nucleon transfer during grazing collisions of atomic nuclei 
is the so called form factors [2], for which simple empirical approximations are generally used. A new possibility for 
specifying the form factors for definite pairs of colliding nuclei is provided by studying the evolution of the states of 
external neutrons by means of a numerical solution for the non stationary Schrödinger equation with allowance for 
spin–orbital interaction using the approach proposed and developed in [3-5]. In this work we examine a basic questions 
of non stationary quantum approach and it applications to some examples of nucleons transfer at low-energy nuclear 
reactions. 

 
2. Theory 

 
The equations of classical mechanics for colliding heavy atomic nuclei 

 

1 21 1 12 1 2 2 2 12 2 1( ),  ( )r rm r V r r m r V r r= −∇ − = −∇ − ,                                              (1) 
 

where 1 2( ),  ( )r t r t  are nuclei centers with masses 1 2,  m m  and 12 ( )V r  is the potential energy of nuclei interaction, make 
it possible to easily obtain numerical solutions by the Runge - Kutta method (usually the fourth order method). The 
evolution of the components of the spinor wave function of a neutron during collisions nuclei, the centers of which can 
be considered moving along the classical trajectories 1( )r t , 2 ( )r t  is determined by the system of equations [6] 
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The constant of the spin–orbital interaction b, having the dimensionality of a square of length, can be presented in the 
form containing a dimensionless constant κ: 

 

2
2 2
0 02 2 2

0

0,022
2

b R R
m R c

= κ = κ ,                                                                 (4) 

 

where R0 = 1 fm, m is the neutron mass, and c is the speed of light. The potential energy of a neutron with vector radius 
r  up to the contact of colliding nuclei surfaces is the sum of the energies of its interaction with each nucleus. Before 
contact between the surfaces of spherical nuclei with radii R1, R2 at 2 1 1 2R r r R R= − > +  we may consider that 

 
(1) (1)

1 2( , ) ( ( )) ( ( ))n nV r t V r r t V r r t= − + − .                                                        (5) 
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For differential equations (2), (3) on a uniform grid by coordinates with time step tΔ  the splitting method [7, 8] yields a 
difference scheme of the second order accuracy. The fast complex Fourier transform [8] and iteration method for 
intermediate time step [3] were used for determination of spinor wave function components 1Ψ , 2Ψ . The initial 
conditions for the components Ψ1 and Ψ2 of spinor wave functions were chosen as the wave functions with definite 
values Ω = 1/2, 3/2, … of the module for projecting the total moment on the axis coinciding with the direction of the 
velocity of the outgoing nucleus projectiles. The radial parts of the wave functions were determined from the numerical 
solution for the Schrödinger equation in the shell model of spherical nuclei. The total probability densities of neutron 
clouds of the 6He nucleus and of the 18O nucleus are determined, respectively, by formulas 

 

1 2

2( , )
2 1

j

t r t
j Ω

Ω=

ρ = ρ
+ ∑ , 2 2

1 2( , ) ( , ) ( , )r t r t r tΩ Ω Ωρ = Ψ + Ψ .                                            (6) 

 
3. Results and discussion 

 
The results for the evolution of the probability density of external neutrons for reactions with spherical nuclei 

40Ca + 96Zr, 18O + 58Ni and 6He + 197Au are shown correspondently in work [3 - 5]. Similar pictures for probability 
density of external protons at collision 40Ca + 96Zr are shown in Fig. 1. 
 

 
a b 

 

Fig. 1. Change in the probability density ( , 0, , )t x y z tρ =  of the external protons of an 40Ca nucleus with the initial 
state 4

3 21d  (a) and 2
1 22s  (b) during a frontal collision with the 96Zr nucleus at energy in the center of mass system 

E = 98 MeV, radii of the circumferences equal radii of the nuclei, the course of time corresponds to the panels’ 
locations from top to bottom. 
 

Similar pictures for probability density of external neutrons at collision spherical nucleus 48Ca with deformed 
nucleus 238U are shown in Fig. 2. 

The initial conditions for the components Ψ1 and Ψ2 of neutron spinor wave functions on axial deformed nucleus 
were calculated by two methods: offered in work [9] and by decomposing on a system of wave functions of a spherical 
nucleus. 

It has been shown that in pairs of slowly moving atomic nuclei with the distance between their surfaces not 
exceeding 3 fm, the external neutrons are collectivized and form the two center (molecular) states, while the main 
neutron transfers from one nucleus to another occur along the position of the internuclear axis. The neutron flux of the 
probability density crosses a three dimensional, slowly changing potential barrier between the potential wells of 
colliding nuclei. As the nuclei approach one another, the barrier height falls and a single two center potential well is 
formed. When the nuclei move away from one another, the potential energy of neutrons varies in the opposite manner. 
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Fig. 2. Change in the probability density ( , 0, , )t x y z tρ =  of the external neutrons of an 238U nucleus with the initial 
state 4

3 21d  (a) and 2
1 22s  (b) during a frontal collision with the 48Ca nucleus at energy in the center of mass system 

E=194 MeV, the course of time corresponds to the panels’ locations from top to bottom. 
 

The formation of the stable structure of maxima of the probability density in Figs. 1 and 2 indicates that the 
nucleons preferably occupy first one two center state, and then (after the nuclear separation) one state of the nucleus 
target. The probability of neutron transfer during the collisions of nuclei without contact between their surfaces was 
determined by integrating the probability density over the vicinity of the nucleus target:  

 

lim ( )tt
p p t

→∞
= , ( ) ( , )t tp t r t dr

ω

= ρ∫ ,                                                                (7) 
 

with the integration region ( ){ }1 1 2 1 12 ,z z R R R r r R rω ≡ − < + − − < + Δ , and the internuclear axis Oz directed from 
nucleus projectile 1 to nucleus target 2 and Δr ≈ 2 fm. The results from calculating the probabilities of neutron transfer 
as a function of on minimum internuclear distance mr  for reactions 40Са + 96Zr and 48Са + 238U are shown in Fig. 3. At 
reaction 48Са + 238U the states of few external neutrons may strongly changed. Pauli's exclusion principle were taken 
into consideration by used time dependent many body wave function 
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and equation for probability of neutron transfers 
 

( ) ( )1 1 1, , , , ...M M M M MP r r t r r t dV dV= Φ Φ∫ … … .                                  (9) 
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а б 
Fig. 3. a - Probabilities of neutrons pick-up by a nucleus 40Са from external shell 5/22d  of 96Zr and protons stripping 
from shells 40Са: 2

1 22s  (solid line) and 4
3 21d  (dashed lines); b - Probabilities of neutrons pick-up (solid lines) by a 

nucleus 48Са and neutrons stripping (dashed lines) from shell 8
7 21 f  of 48Са in reaction 48Са + 238U as function on 

minimum internuclear distance mr  for projections 1 2,3 2Ω =  of the moment to an internuclear axis. 
 

As can seen in Fig. 3, the probability of neutron transfer with the dynamic tunnel effect during grazing collisions 
allows simple analytical approximations of the type 

 

[ ] 11 exp( )p A Bs −≈ + ,                                                                      (10) 

 
Here s is the minimum distance between the surfaces of nuclei, 1B ≈  fm–1, A(E) is a decreasing function of the energy 
E, depending also on the initial energy of the neutron ε and the properties of the empty neutron levels of the nucleus 
target with energies close to ε. 

At reaction 40Са + 96Zr (Fig. 3a) neutrons are predominantly transferred from 96Zr to 40Са and protons are 
transferred from 40Са to 96Zr. At reaction 48Ca + 238U (see Fig. 3, b) probabilities of neutrons stripping and pick-up are 
commensurable. 

The total cross section of the transfer of some external neutrons from shells containing is 
 

0

2 ( )
b

w b bdb
∞

σ = π∫ ,                                                                        (11) 

 
where b0 is the minimum collision impact parameter corresponding to the grazing collision when the surfaces of the 
nuclei approach the distance a = 0.7 fm, equal to the characteristic size (diffusivity) of the surface region of nuclei.  
A comparison of the experimental data on the cross section of neutron transfer during the 6Не + 197Au, 90Zr + 208Pb,  
40Ca + 208Pb, 40Ca + 96Zr reactions in Fig. 4 and the calculation results demonstrates satisfactory quantitative (Fig. 4, a) 
and qualitative (Fig. 4, b) agreement between them at energies near the Coulomb barrier. The 198Au isotope can also be 
formed as a result of the transfer of two neutrons with the subsequent evaporation of one of them. After the transfer of 
two neutrons to the high lying levels of the Au nucleus, one can fall to a lower level, transferring a part of the energy to 
the other neutron, which abandons the Au nucleus as a result.  

In our calculations, we used an approximation of the conservation of the spherical shape of the nuclei during the 
collision. The difference between the experimental data and calculation results could be due to possible deformations of 
the nuclei under the action of the nuclear. It is known that similar deformations lead to an increase in the nuclear forces 
and lower the Coulomb barrier of the capture of the nucleus projectile by the nucleus target. The difference between the 
experimental data and the calculation results at the subbarrier energies of E > VB could be due to the substantial changes 
in the states of the rest nucleons of colliding nuclei (except for the considered external neutrons of the nucleus 
projectile) in inelastic and deeply inelastic processes. 
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a b 
Fig. 4. a - Energy dependence of the cross section for the formation of the 198Au isotope in the 6He+197Au reaction. Dots 
represent the experimental data from [1]; the dashed line, calculations for the transfer of one neutron; the solid line, 
calculations for the transfer of one or two neutrons. VB is the Coulomb barrier. b - Cross-sections for clean neutron pick-
up in reactions: 90Zr + 208Pb with c.m.E = 391 MeV [10] (circles) , 40Ca+ 208Pb with c.m.E = 209 MeV (triangles) [11], 
40Ca + 96Zr with c.m.E = 107 MeV, (squares) [10]: experimental data − black marks, calculations on the basis of Poisson 
distribution − white marks. 
 

4. Conclusions 
 

Simple analytical dependences for the probability of the transfers of external neutrons of neutron rich nuclei found 
by numerical simulation can be used to calculate the cross sections of nucleon transfers and to substantiate theoretical 
models of the grazing collisions of nuclei. Variations in the states of both external and internal nucleons of colliding 
nuclei must be considered in the nonstationary quantum approach applied in this work. 
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DESCRIPTION  OF  NUCLEON  TRANSFERS  PROCESSES 
BY  A  COUPLED  CHANNEL  METHOD WITH  TWO-CENTER  STATES 

 
V. V. Samarin 

 
Joint Institute for Nuclear Research, Dubna, Moscow region, Russia 

 
The problem of quantum description of near-barrier fusion of heavy nuclei taking place under strong coupling of 

relative motion with external nucleons transfers is studied. The method of perturbed stationary states, founded on 
decomposing of a full wave function of a system of two nuclei and nucleon by a system of two-center nucleon wave 
functions, is applied for the description of nucleons transfers at low-energy nuclear reactions. The two-center nucleon 
energy levels – additions to nucleus-nucleus potential in a channels, and wave functions  are calculated by a numerical 
solution of a Schrödinger equation for an arbitrary axial-symmetrical field with spin-orbit interactions, based on 
decomposing on Bessel functions and difference scheme along internuclear axis. 
 

1. Introduction 
 

The reactions with neutron-rich nuclei have recently received increased interest as well experimentally as 
theoretically. The possibility to perform experiments with neutron-rich radioactive fission fragments opens new doors 
for the production and study of new isotopes and, probably, for synthesis of new superheavy elements [1, 2]. Also great 
efforts have been devoted to studying near-barrier fusion of light weakly bound nuclei [2, 3]. Unusual effects are 
expected here both from the halo structure of these nuclei and from the specific tunneling mechanism of the composed 
weekly bound system that is of general interest for quantum theory. Neutron transfer cross sections are known to be 

rather large at near-barrier energies of heavy-ion collisions 
– the result of significant extension of the wave functions 
of neutrons from the outer nuclear shells. A significant 
increase in fusion cross sections is observed in a series of 
reactions if nuclei with excessive neutrons participate in 
them. Such behavior has established in particular for two 
low energy fusion reactions, 18O + 58Ni and 16O + 60Ni [4], 
with similar compound nuclei (Fig. 1). In [2], the transition 
of external neutrons from the level of the 18O nucleus to 
underlying levels of the 58Ni nucleus was referred to as the 
fundamental source of additional energy in the 
translational motion of nuclei, raising the possibility of 
overcoming the Coulomb barrier. The interrelated 
processes of the generation of molecular states in the two 
nucleus 18O + 58Ni system, the transitions between such 
levels in the process of nuclei collision, and the transfer of 
neutrons between nuclei. were  investigate on time-
dependent quantum description [5]. 

As a consequence there is a prevailing view that 
coupling with the transfer channels should play an 
important role in sub-barrier fusion of heavy nuclei [3]. 
However, if an influence of collective excitations (rotation 
of deformed nuclei and surface vibrations) on near-barrier 
fusion of heavy nuclei is well studied experimentally and 

well understood theoretically, the role of neutron transfer is not so clear. It is very difficult, for many reasons, to take 
into account explicitly the transfer channels within a consistent channel coupling (CC) approach used successfully for 
the description of collective excitations in the near-barrier fusion processes [6]. Fundamental coupled channel equations 
for reactions with particles redistribution were formulated in [7]. In the present study, the calculations for solving these 
equations for reaction 18O + 58Ni are started. 

 
2. Theory 

 
The microscopic description of capture of nuclei (with masses 1m , 2m ) and external nucleon (with mass 3m ) 

transfers guesses the solution of a multidimensional stationary Schrödinger equation with Hamiltonian 
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2 1R r r= − , 1 3 1r rρ = − , 2 3 2r rρ = − .                                                            (2) 

Fig. 1. Experimental dependence of nucleus fusion cross 
section σ  in reactions 18O + 58Ni (white dots) and 16O + 
60Ni (black dots) on the energy in the system at the 
center of mass cmE , according to [4]; BV is the Coulomb 
barrier height. 
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Application of the two-center Jacobi coordinates 
 

1 1 2 2
3

1 2

m r m rr r
m m

+= −
+

,                                                                              (3) 

 
result in the following Hamiltonian at center of mass system 

 
2 2

12 13 1 23 2( ) ( ) ( )
2 2 rRH V R v v

M
= − Δ − Δ + + ρ + ρ

μ
,                                                  (4) 

 

1 21 1 1M m m= + , ( )3 1 21 1 1m m mμ = + + .                                                    (5) 
 

The coupled channel method based on wave function eigenfunctions expansion for internal degrees of freedom. For 
neutrons from the outer nuclear shells this eigenfunctions may be calculated in two center shell model with stationary 
Schrödinger equation 

( ) ( )
2

( ) ( ) ; ( ) ;
2 r LSV r V r r R R r Rα α α

⎡ ⎤
− Δ + + Φ = ε Φ⎢ ⎥μ⎣ ⎦

.                                              (6) 

 
with spin-orbit interaction operator 

[ ]ˆ ( )
2LS
bV V= − ∇σ p ,                                                                       (7) 

 

inclusive Pauli matrices { }, ,x y z= σ σ σσ , momentum operator p , neutron potential energy 13 1 23 2( ) ( ) ( )V V r V V= = ρ + ρ  

and Wood’s-Sakson’s potentials 13 1 23 2( ),  ( )V Vρ ρ . Wave functions 
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,                                                                        (8) 

 
and energy levels ( )Rαε  for internuclear distance R  are calculated by a numerical solution of a Schrödinger’s 
equations at cylindrical coordinates ( , , )zρ ϕ  [8] 
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with designation V Vρ
∂=

∂ρ
, zV V

z
∂=
∂

. 

For wave function of all system 
( ) ( )( ; ) ;r R F R r Rα α

α

Ψ = Φ∑ ,                                                               (11) 

 
we will use simple two states approximation [7] 

 

( ) ( ) ( ) ( )1 1 2 2( ; ) ; ;r R F R r R F R r RΨ = Φ + Φ ,                                                 (12) 
 

with state 1 on projectile nucleus 1 and state 2 on target nucleus 2 The coupled channel equations for function Fα  are 
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2 R V R R E F R R F R

M ′α α αα α
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⎡ ⎤
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The two-center nucleon energy levels ( )Rαε  are additions to nucleus-nucleus potential 12 ( )V R  in a channel α , and 

coupled channel matrix ( )R′ααΛ  includes differential operators 
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( ) ( ) ( ), | | ,RK R R r R r′ ′αα α α= −〈Φ Δ Φ 〉 .                                                      (16) 
 

For spherically symmetric matrix ( )ij RΛ  formulas are simplified 
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Partial waves method application result in ordinary differential equation for radial functions ( )F Rα  
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For calculation coupled channel matrices ( )Q R′αα  and ( )K R′αα  we introduce supporting matrices 
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at 0RΔ → . 
At R → ∞  boundary conditions for full wave function 
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correspond to neutron location on one-center state β  of nucleus 2 and on one-center state γ  of nucleus 1. For channel 
wave functions we have formulas 
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Below we will considerate only two-states approximation (12). If for the first time nucleon stays at state 1 of 

projectile nucleus, after collisions it may stays at state 1 of projectile nucleus or occupies state 2 of target nucleus. The 
boundary conditions for channel wave function may be produce in approximate form, which contain determined in 
quadratures constants C ′αα , D ′αα  and unknown constants 1A  and 2A  
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After exception unknown constants 1A  and 2A  we shall receive two differential boundary conditions for channel wave 
function. After transformation set of differential equations and boundary conditions into difference equations and 
boundary conditions we receive the linear equation set and can solve it by famous numerical methods [9], for example, 
as for collective degrees of freedom [6]. For far range Coulomb interaction similar formulas may be received. 

 
3. Results and discussion 

 
The results of calculation energy levels ( )Rαε  for 

spherical nuclei 18O+58Ni system are shown in Fig. 2 and 
matrices derivates (25), (26) are shown in Fig. 3 for state 
1 − 9/21g  of 58Ni and state 1 − 5/21d  of 18O. 

During internuclear distance R  reducing, potential 
barrier between the potential wells of colliding nuclei is 
changing slowly reduce. As the nuclei approach one 
another, the barrier height falls and large values of non-
diagonal coupled matrices derivates (25), (26) result in 
neutron transfer from upper level 5/21d  of 18O to 9/21g  of 
58Ni with increasing of probability Coulomb barrier for 
nuclear fusion. Some probability densities 

 

( ) 2 2
1 2, ( ) ( )p z r rα αρ = ψ + ψ ,                 (31) 

 
for spherical nuclei 18O + 58Ni system are shown in 
Figs. 4 - 6. 

 

Fig. 2. Some two-center neutron energy levels for a 
system 18O + 58Ni as a function of internuclear distance R 
for moment projection on internuclear axis 1 2Ω =  (solid 
lines), 3 2Ω =  (dashed lines), 5 2Ω =  (dotted lines), BR  
corresponds to top of a Coulomb barrier. 
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Fig. 3. Matrices derivates (25), (26) for state 1 − 9/21g  of 58Ni and state 1 − 5/21d  of 18O 
for moment projection on internuclear axis 1 2Ω =  (dashed lines) and 3 2Ω =  (solid lines). 

 

Fig. 4. Some two-center wave functions for a system 18O + 58Ni at three values of internuclear distance R 
for moment projection on internuclear axis 1 2Ω = . 

 

Fig. 5. Some two-center wave functions for a system 18O+58Ni at three values of internuclear distance R 
for moment projection on internuclear axis 3 2Ω = . 

 

Fig. 6. Some two-center wave functions for a system 18O+58Ni at three values of internuclear distance R  
for moment projection on internuclear axis 5 2Ω = . 
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4. Conclusion 
 

The proposed model for calculating nucleon states in asymmetric nuclear systems has made it possible to explain 
qualitatively experimental data on the excess of the cross section for fusion in the 18O+58Ni reaction above the cross 
section for fusion in the 16O + 60Ni reaction. The model can also be useful in analyzing experimental data – in particular, 
data on exotic and superheavy nuclei and in planning new experiments. 

This work was supported in part by the Russian Foundation for Basic Research (RFBR) through Grant  
No. 12-02-01325-а. 
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FEATURES  OF  NUCLEAR  REACTIONS  WITH  LIGHT  WEAKLY  BOUND  NUCLEI  
AT  ENERGY  NEAR  THE  COULOMB  BARRIER 

 
N. K. Skobelev1,  Y. E. Penionzhkevich1,  V. Kroha2,  V. Burjan2,  Z. Hons2, 

J. Mrázek2,  Š. Piskoř2,  E. Šimečkova2,  E. I. Voskoboynik1 
 

1 Joint Institute for Nuclear Research, Dubna, Moscow region, Russia 
2 Nuclear Physics Institute, Czech Academy of Sciences, Řež, Czech Republic 

 
In the experiments carried out by ion beam 6He of the cyclotron complex DRIBs (JINR) and 3He beam  cyclotron U-

120M of the NPI, Czech Academy of Sciences have been investigated reaction 45Sc + 3He,6He and 197Au + 3He,6He in 
the energy range near the Coulomb barrier. It were obtained the experimental values of the cross sections for complete 
fusion reactions and direct reactions for formation of the isotopes 43Sc, 44Sc and 46Sc also 196Au and 198Au as a function 
of the bombarding 3He and 6He energy. Despite the low binding energy of 3He and the positive Q- values leading to the 
formation of isotopes 44Sc and 46Sc, the behavior of the excitation functions with the formation of these isotopes is 
different from the excitation functions for d, 6He and 6Li The contribution of different reaction mechanisms in the cross 
sections of formation isotopes: 43Sc, 44Sc and 46Sc and gold isotopes: 194Au and 196Au are discussed. 
 

1. Introduction 
 

Understanding of the mechanisms of the fusion and transfer reactions with beams of radioactive and weakly bound 
stable nuclei is essential for the synthesis of superheavy elements and astrophysics. A small binding energy of the 
valence nucleons in halo nuclei and nuclear clusters in loosely bound nuclei should influence the processes of 
interacting nuclei at energies near the Coulomb barrier. In addition to on the possibility of reaction affects Q-value, 
which in these cases is usually positive. 

Reactions caused halo nuclei such as 6He, has been actively studied by many research centers. It was found several 
interesting phenomena: the sub-barrier enhancement for fusion, a high probability of direct processes (breakup of the 
incident particle, the transfer reactions of one or more nucleons) which have different reaction mechanisms [1 - 3]. 

Like the halo radioactive nuclei, weakly bound nuclei such as 6,7Li and others have a low threshold for breakup on 
clusters, and therefore they have a high probability for clustering in the excited state. For the 6Li threshold excitation 
energy for the formation of clusters, α + d is equal to 1.47 MeV, for 7Li decay into α + t cluster is observed in the 
excitation energy more than 2.47 MeV. These threshold values are of the same order as the separation energy of two 
neutrons from 6He, which is equal to 0.975 MeV. The transfer reactions may dominate at energy of the bombarding ions 
below the Coulomb barrier as from the cluster structure of nuclei well as from the large positive Q-value. Can one 
expect any-peculiarities in reactions with stable nuclei projectiles as 3He, which has a small binding energy of 
7.718 MeV (2.57 MeV/A)? Due to the smaller separation energy of the proton in 3He (Sp = 5.49 MeV), low-energy 
separation of 2 protons S2p = 7.71 MeV, reactions due to 3He should lead to an increase in the contribution of direct 
reactions: pickup and stripping of nucleons.  

The purpose of this report is the comparison of the reaction mechanisms in the bombardment of targets of 45Sc, 
197Au and Pt by ions 6He, 3He and 6Li at energies in the vicinity of Coulomb barrier reactions. This was done by 
analyzing the excitation functions of reactions for formation of different nuclides as products of the complete fusion and 
for formation of the same radioactive nuclei in direct reactions, including those with a positive Q-value of the reaction. 

 
2. Experimental procedure 

 
The experiments were performed at the accelerator 

complex DRIBs [3], the cyclotron U-400M JINR with 
ACCULINNA separator [4] and the U-120M cyclotron 
of the Institute of Nuclear Physics of the Czech Republic 
in Rez [5] using the activation technique. After 
irradiation by a beam of accelerated ions of 3He, 6He and 
6Li of thin foils from 45Sc, 197Au and Pt in there are been 
measured the induced activities. All measurements were 
performed on HPGe detectors from 20 to 50% efficiency 
with respect to NaJ and HWHM of 1.3 to 1.8 keV for the 
γ-ray energy of 1.3 MeV. Identification of nuclei formed 
in the reaction was carried out taking into account the γ-
decay energies and lifetimes of these nuclei using the 
nuclear data collected in [ ]. In Fig. 1 shows the 
characteristic γ-spectra obtained in the measurement of 
induced activity in Sc target induced by 3He beam. The 
calculations of cross sections for nuclides produced in 
nuclear reactions based on the work [3]. 

 

Fig. 1. Gamma-spectrum obtained in the measurement 
within 30 min, the irradiated foils of 3 µm 45Sc 3He beam 
with an energy of 22.7 MeV, 5 h after the end of 
irradiation. 
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3. Experimental results 
 

3.1. Fusion reactions 
 

On the basis of the measured yields of the isotopes, 
formed after the evaporation from the compound nucleus 
203Tl of x- neutrons, taking into account the 6Не beam 
intensity and the target thickness, we could determine the 
cross sections for the formation of the different isotopes 
and their dependence on the bombarding energy (the 
excitation functions). Contrary to the excitation functions 
for x = 3 - 7 (Fig. 2), the cross sections for the 2n-exit 
channel (the nucleus 201Tl is formed) are significantly 
higher than the values, calculated using the one-
dimensional barrier between the interacting nuclei. This 
may be connected with the fact that the reaction with 
total absorption of 6He by the 197Au target nucleus has a 
large positive Q-value, equal to +12.2 MeV.  

We have observed quite a similar situation in the case 
of the interaction of 6He with 206Pb [3, 5]. The difference 
between the two reactions lies in the fact that in the 6He + 
+ 206Pb case, the Q-value is equal to +4.2 MeV. The 
difference between experiment and calculations is 
particularly well seen in Fig. 3, where the excitation 
function for the 206Pb(6He, 2n)210Po reaction is shown. 
The cross section for this reaction at the maximum, 
according to the statistical model calculations (the dashed 
line), should be small, because the maximum is situated 
at energies below the Coulomb barrier. The agreement 
between the experimental reaction cross sections for the 
206Pb(6He, 2n)210Po reaction with the calculated for the 
two-step fusion process can be considered as evidence 
that the sequential fusion process for weakly bound 
nuclei seems to be the main process, which influences the 
fusion probability of 6He with 206Pb and leads to the 
increase in the reaction cross section at energies far 
below the barrier. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4 Excitation functions of reactions of formation 
of 197Au (3He, 2n) 198Tl. Bc = 22,4 MeV. 

 
The data on fusion reactions, followed by the evaporation of two neutrons (206Pb + 6He and 197Au + 6He) at energies 

close to the Coulomb barrier differ from predictions within the framework of the statistical model for compound nuclei 
decay. For these exit channels a strong enhancement is observed and this is in agreement with the model of “sequential 
fusion”. 

In the case of a study of reaction197Au + 3He the Q-value for the compound nucleus reaction 10.8 MeV and it is 
possible to observe appreciable cross sections for fusion products in the sub-barrier energy region. The excitation 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. Experimental excitation functions for the 197Au + 
+ 6Не → 203-xnTl reaction, where x = 2 - 7. The symbols 
denote: 2n - 7n evaporation channels; the curves – 
calculations with the “ALICE-MP” code using 
the following parameters for the interaction potential: 
r0 = 1.29 fm, V = -67 MeV and d = 0.4 fm [3]. Bс  - the 
Coulomb barrier. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3. Excitation function measured for the 
206Pb(6He, 2n)210Po reaction. The experimental cross 
sections for the formation of 210Po (●), dashed line – 
calculations within the framework of the statistical model, 
solid line – calculations using the two-step fusion model 
[5, 6], Вс – the Coulomb barrier. 
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function for the reaction 197Au (3He, 2n) 198Tl are shown in Fig. 4. The results of calculations of cross sections for the 
same reaction on 197Au using the codes NRV [7] and PACE 4 are shown also. The code NRV is used to the calculation 
reaction cross sections the couple- channel interaction and included Woods-Saxon potential. They give the closest cross 
section values to experimental results for some energy range. While we can not insist that the fusion enhancement or 
suppression occurs in this reaction at energies below the Coulomb barrier. 

In the experiments [8] was been shown the absence to fusion hindrance in reaction 198Pt + 6Li in comparison with 
results of couple- channels calculation using Woods - Saxon potential. 
 

3.2 Direct reactions 
 

First we were observed a large cross section for neutron transfer with the 6He to nucleus of the target in the reactions 
6He + 197Au at sub-barrier energies [3]. The excitation functions for the formation of the gold isotopes 194Au, 196Au and 
198Au for this reaction are shown in Fig. 5. The contribution of transfer of charged particles and complete fusion for the 
formation of these isotopes is negligibly small. Thus, the simplest ways in which target-like isotopes might be formed in 
the given reaction are: the isotopes 196Au and 194Au result after the removal of one and three neutrons from 197Au, 
respectively, whereas 198Au is formed after the pick-up by 197Au of one neutron from 6He. The transfer reactions of one 
neutron to the 197Au nucleus from 6Не take place with relatively high probability at deep sub-barrier energies. This may 
be connected with the interaction of quasi-free neutrons. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 5. Experimental excitation functions for the formation 
of the isotopes Δ - 194Au; ■ - 196Au; ○ - 198Au in the 
197Au + 6Не reactions [3]. 

Fig. 6. Excitation function for the isotope 199Au, produced 
in the interaction of 6Li with 198Pt. [8] ● - our data, for the 
d + 198Pt reaction presented by □, are shown for 
comparison. 

 

In the study of the reactions with 6Li beam have been 
measured yields of isotopes with the transfer of nucleons 
to the target nucleus [9]. In Fig. 6 is shown the excitation 
function with for formation of isotope 199Au in the 
reaction 198Pt (6Li, 5He) 199Au, which has a positive Q- 
value. Comparison of formation cross section for 199Au in 
the reactions of deuterons and 6Li indicate that, 
apparently, mainly in the bombardment of Pt nuclei by 
6Li, the reaction is the so- called inelastic sequential 
breakup of 6Li, leading to the target capture from 6Li only 
deuteron. These data were confirmed in articles [8].  

In Fig. 7 are shown the cross sections for formation 
isotopes of 44Sc and 46Sc Sc via the energy of 
bombarding particles of 3He at 45Sc+3He for one nucleon 
transfer reaction as stripping (46Sc) and pickup (44Sc) 
product. [10].Both of these reactions due to positive Q-
values well manifested at energy 3He below the Coulomb 
barrier. In the case of transfer to the target nucleus 45Sc 
one neutron from3He excitation function (46Sc) has a 
characteristic behavior for a single neutron transfer 
reactions. Some unusual behavior of excitation function 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 7. The excitation functions of the reaction products 
45Sc + 3He. Reaction cross sections are presented with 
symbols: square-cross section of the 45Sc (3He, 2p) 46Sc, 
triangles-45Sc (3He, αn) 43Sc and mugs-45Sc (3He, α) 44Sc. 
Curves are calculation of cross sections for these reactions 
is the code ALICE-MP. 
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is observed, when 44Sc is formed. Despite on the large positive value of Q (+9,254 MeV) for the reaction (3He, α) there 
is a clear maximum of the excitation function near the Coulomb barrier. Competing with the channel reaction (3He, αn) 
appears at energies above the Coulomb barrier, but a neutron pickup channel 3He continues to occur with appreciable 
cross section. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

a b 
Fig. 8. The excitation functions for formation of: 

a - 196Au; b - 198Au- in the interaction of 197Au with 3He (Bc = 22,4 MeV). 
 
In reactions 197Au + 3He were measured cross-sections of nuclei 196 Au and 198Au (Fig. 8). It is noted that in this 

case, both the reaction 197Au (3He, 2p) 198Au and 197Au (3He, α) 196Au take place at the sub-barrier energy. The 
excitation function for 196Au, it is formed the α-particle, as in the case of reactions with 45Sc (see Fig. 7), reaches its 
maximum at the Coulomb barrier of this reaction. 
 

3.3. Fusion reactions up to 20 MeV/A 
 

We have extended the experiments [11] to study the fusion and transfer reactions at higher energy of the accelerated 
ions of 6He about 20 MeV/A. The results of measurements of excitation functions for complete fusion reactions with the 
formation of the compound nucleus 203Tl and subsequent evaporation of neutrons are shown in Fig. 9. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 9. The excitation functions of reactions 197Au (6He, xn) 203-xnTl. Open symbols-data of [3], 
the dark symbols-data of the work. [9] Solid curves-calculation program ALICE [3, 9] (left) and NRV [7] (right). 
 
Calculations were performed using the code ALICE-MP [3] and the NRV [7]. We used the standard parameter 

values for both codes. Systematic delays in high-energy branches of the experimental excitation functions in 
comparison with the results of calculations related to the pre-equilibrium process of decay of excited nuclei. A 
comparison of calculations with experimental data shows that significant suppression for complete fusion is not 
observed. 
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Conclusions 
 

On the basis of experimental data on the interaction of the halo nuclei 6He with 197Au and 206Pb can draw the 
following conclusions: 

- The data on two neutrons evaporation channel infusion reactions at energies close to the Coulomb barrier are 
different from predictions within the framework of the statistical model for compound nuclei decay. The strong 
enhancement was observed and that is in agreement with the model of "sequential fusion".  

- Above the Coulomb barrier, the process of fusion with halo nuclei is well described by the evaporation models, 
and the suppression in the fusion was not observed at the energy of 20 MeV/A. 

- The data on cross sections of reactions and comparison with experiments at lower energies suggest that the features 
of the nuclear structure of 6He more pronounced at energies near the Coulomb barrier reactions. With increasing energy 
6He nature of the interaction in a similar reaction channels is not different from the interaction with other light particles 
(α and d).  

In the case of positive Q-value for reactions with weakly bound nuclei, the neutron transfer could take place both for 
target and projectile nuclei at sub-barrier energies.  

Neutron transfer reaction cross sections or cluster capture cross sections reach its maximum value at the Coulomb 
barrier in the case of the formation of α-particles as reaction product. 
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MICROSCOPIC  DESCRIPTION  OF  RESONANCE  STATES 
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V. S. Vasilevsky 
 

M. M. Bogolyubov Institute for Theoretical Physics, National Academy of Sciences of Ukraine, Kyiv, Ukraine 
 

We investigate both bound and resonance states in 12C embedded in a three-α-cluster continuum using a three-
cluster microscopic model. The model relies on the Hyperspherical Harmonics basis to enumerate the channels 
describing the three-cluster discrete and continuous spectrum states. It yields the most probable distribution of the three 
α-clusters in space, and the dominant decay modes of the three-cluster resonances.  
 

Introduction 
 

The 12C nucleus is an interesting example of the so-called Borromean nuclei, as it has no bound states in any two-
cluster subsystem of its three-cluster configuration. The lowest dissociation threshold (7.276 MeV above the ground 
state) is that of a three α particles disintegration. This three-cluster configuration is thus responsible to a great extent for 
the formation of a few bound, and many resonance states. The next threshold is of a two-cluster nature: 11B + p [1]. It 
opens when the excitation energy of 12C exceeds 15.96 MeV. One therefore expects only a negligible influence of the 
latter channel on the bound and resonance states of 12C in the vicinity of the α + α + α threshold. The 12C nucleus is 
unique because of its excited “Hoyle state”. This state is important in the context of the nucleosynthesis of carbon in 
helium-burning red giant stars. It is a 0+ state with an energy of 7.65 MeV above the ground state, or 0.4 MeV above the 
three-cluster α + α + α threshold. Its width is only 8.5 eV, indicating a long lifetime. One immediately relates this to the 
0+ state in 8Be described by two α particles, with an energy of 0.092 MeV above the α + α threshold, and a width of 
5.57 eV. Many efforts have been made to reproduce the experimentally observed structure of 12C, and to explore and 
understand the nature of the ground, excited and resonance states. This was, for example, done within so-called semi-
microscopic models (considering structureless α-particles) and within fully microscopic models.   

A somewhat general feature of the calculations is that, with potentials which adequately reproduce the α-α 
interaction (this includes the phase shifts for 0+, 2+ and 4+ states, and the position of the corresponding resonance states), 
one obtains a noticeably overbound ground state for 12C. To determine the energies and widths of the resonance states 
created by a three-cluster continuum, only a few methods can be used. One popular method for obtaining the resonance 
properties in many-cluster, many channel systems is the Complex Scaling Method (see reviews [2, 3] and references 
therein). Other methods start from a calculated form of the S-matrix in a wide energy range, and determine the 
resonance states as the pole(s) of the S-matrix. The advantage of these methods is that they provide the scattering 
quantities (such as phase-shifts, cross-sections, etc.) and the resonance properties (energies and widths), as well as the 
wave functions of scattering and resonance states. The latter then allow one to obtain more information about the nature 
of the resonance states.  

12C is known from theory and experiment (see, e.g., [4] and [5]) to have some very narrow resonances above the 
three α threshold. One may wonder why a system with several open channels does not decay instantly, but manifests 
these narrow resonance states. There are two possible answers to this question. First, a resonance state appears in one 
single channel of the multi-channel system. Such particular channel is usually weakly coupled to a number, or all, of the 
other open channels. It is well-known that this weak coupling of channels predetermines the existence of long-lived 
resonance states. Second, a resonance can be more or less uniformly distributed over all open channels, and the 
compound system needs (some) time for the resonance to be accumulated by one or a few number of open channels to 
decay into. Such a distribution over many open channels leads to very narrow resonances, as was predicted by A. Baz' 
[6]. It is referred to as diffusion-like processes in scattering. This type of resonance is attributed to the effect that “the 
system spends most of its time wandering from one channel to another”' [6]. 

In this paper we wish to calculate and analyze the bound and continuum structure of 12C, and gain some insight in 
the nature of these states. Indeed, in some publications (e.g. [7 - 10]) the suggestion for a dominant linear, chain-like, 
three-cluster structure appears for some of the 12C resonances. We will look for confirmation of this structure. To this 
end, we determine the most probable configuration of the three α particles both in coordinate and momentum space. We 
also qualify those channels on which the resonance states of 12C preferentially decay.  

The main results of this paper are obtained by applying the “Algebraic Model in a Hyperspherical Harmonics Basis” 
(AMHHB) [11 - 13] on a configuration of three α-particles. In this model the three clusters are treated equally, and their 
relative motion described by Hyperspherical Harmonics. The latter enumerate the channels of the three-cluster 
continuum and allow one to implement the correct boundary conditions for the three-cluster exit channels. The 
AMHHB was applied successfully to study resonances in nuclei with a large excess of protons or neutrons such as 6He, 
6Be, 5H. The method provides the energies and widths of the resonances, and their total and partial widths, as well as the 
corresponding wave functions. The latter allow one to analyze the nature of the resonance states. The results of this 
model are compared to those obtained in other, more or less comparable, microscopic descriptions from the literature, 
and to experiment. In the next section we elaborate on the method used to calculate the spectrum of 12C. Section three 
focuses on the results obtained using this method. We also present correlation functions and density functions to 
characterize more precisely the spatial configuration of the three α particles for specific resonance states. We also 
compare the results to those of other microscopic calculations as well as to experiment.  
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1. The microscopic cluster model 
 

In this section we describe the microscopic model used to determine the structure of 12C in the present paper. As it 
has already been introduced and used in several publications, we will limit ourselves to the most important notations 
and aspects of importance to the current calculations.  

The three-cluster “Algebraic Model in a Hyperspherical Harmonics Basis'' (AMHHB) [11 - 14] will be applied to a 
single 12C = α + α + α three-cluster configuration. This model takes a Hyperspherical Harmonics basis (HH) to 
characterize and enumerate the different three-cluster channels. In each of these channels an oscillator basis describes 
the radial behaviour, and is used to expand the many-particle wave function. A matrix version of the Schrödinger 
equation is obtained after substitution of this wave function. It solved by the Algebraic Method (also called the 
Modified J-Matrix method [13]) for both bound and scattering states using the correct asymptotics. A similar approach, 
using the Hyperspherical Harmonics, was proposed in [15, 16] in coordinate representation, using the generator 
coordinate technique to solve the corresponding Schrödinger equation. The AMHHB wave function for 12C is written as 

 

( ) ( ) ( ) ( ){ }
( ) ( ) ( ) ( ){ }
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1 2 3

1 2 3
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x y

x y
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                                               (1) 

 

where 1 2, , , ;n K l l LMρ  is a cluster oscillator function [11]: 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }{ }ρ 1 2 1 2ρ 1 2 1 2 3 , , ,
ˆˆ ˆ ˆ ˆ, , , ; ; ρ,θ, , α α α ρ χ θn K K l l l l LM

n K l l LM A R Y Y= Φ Φ Φx y y x .                  (2) 
 

These functions are enumerated by the number of hyperradial excitations nρ, hyperspherical momentum K and two 
partial orbital momenta l1, l2. The vectors x and y form a set of Jacobi coordinates, and ρ and θ are hyperspherical 
coordinates, related to the Jacobi vectors by: 

 
2 2ρ= +x y  

 
ρcosθ, ρsinθ= =x y .                                                                  (3) 

 
The notation x  and y  refers to unit length vectors. Vector x corresponds to the distance between two selected α 

particles, with an associated partial orbital angular momentum l2. Vector y is the displacement of the third α particle 
with respect to the center of mass of the other two, with an associated angular momentum l1. The three quantum 
numbers c = {K, l1, l2} determine the channels of the three-cluster system in the AMHHB. The fact that all three clusters 
are identical leads to some specific issues. The wave function (1) for 12C is antisymmetric with respect to the 
permutation of any pair of nucleons. Because the three clusters are identical, this function should be symmetric with 
respect to the permutation of any pair of alpha particles. This imposes constraints on the allowed quantum numbers of 
the wave function. Because of this symmetry, for instance, the partial orbital momentum l2 of a two-cluster subsystem 
can only have even values. As the parity of 12C states is defined as ( ) 1 21 l l+π = − , it is fully determined by the partial 
orbital angular momentum l1 of the relative motion of the remaining cluster with respect to the two-cluster subsystem.  

After solving the system of linear equation of the AMHHB model, we obtain the wave functions of the continuous 
spectrum states, and the scattering S-matrix. We consider two different representations of the S-matrix. In the first 
representation, the elements of the S-matrix are described through the phase shifts δij and the inelastic parameters ηij: 

 

{ }ij ij ijS = η exp 2iδ                                                                            (4) 
 
of which one usually only analyzes the diagonal matrix elements by displaying the δii and ηii quantities. In the second 
representation the S-matrix is reduced to diagonal form, leading to the so-called eigenphases, which now represent the 
elastic scattering of the many-channel system in independent (uncoupled) eigenchannels: 

 
1−= ⋅ ⋅S U D U .                                                                       (5) 

 
Here U  is an orthogonal matrix, connecting both representations, and D  is a diagonal matrix with nonzero elements  

 

{ }αD exp 2 δaa i=                                                                              (6) 
 

defining the eigenphases δα.  The phases shifts δii, inelastic parameters ηii and eigenphases δα then provide sufficiently 
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detailed information about the channels that are involved in the production of resonance states. The eigenphases are 
used to extract the resonance positions and total widths in the traditional way 

 
1

2
α α
2

δ δ0, 2
rr

EE E

d d
dE dE

−

=

⎛ ⎞
= Γ = ⎜ ⎟⎜ ⎟

⎝ ⎠
                                                             (7) 

 

whereas the orthogonal matrix U  leads to the partial decay widths of the resonance (for details see, e.g., [13]). 
As we pointed out, the AMHHB model allows one to calculate the scattering properties, but also to obtain the wave 

function at any energy, in particular at the resonance positions. The latter is of the utmost importance to analyze the 
nature of the system at these energies. Within the AMHHB model the solution is fully expressed by the expansion 
coefficients { },n cC

ρ
 and the S-matrix. The expansion coefficients { },n cC

ρ
 determine both the total three-cluster wave 

function of a compound system Ψ , as well as the wave function of the relative motion of three clusters ( ),f x y  (see 
Eq. (1)). The latter contains all information on the dynamic behaviour of the three-cluster system for bound as well as 
continuum states. It is interesting to note that these coefficients are identical in both the representations of the wave 
function in coordinate and momentum space, because of the Fourier transform properties of the oscillator states. The 
wave function f(k, q) in momentum space has arguments that are directly related to the coordinate representation: k is 
the momentum of relative motion of two clusters, whereas q is the momentum of the third cluster with respect to the 
center of mass of the two-cluster subsystem. We obtain the density distribution in coordinate space as 

 

( ) ( ) ( ) 2
ˆ ˆ, ρ,θ ,D x y D f d d= = ∫ x y x y                                                            (8) 

 

and the corresponding correlation function as 

( ) ( ) ( ) 22 2 ˆ ˆ, ρ,θ ,C x y C x y f d d= = ∫ x y x y                                                     (9) 
 

directly from the wave function of relative motion f(x, y). Both the density distribution and correlation function in 
momentum space are obtained in the same way using the wave function of relative motion in momentum space f(k, q). 
In a calculation with Nch open channels, one obtains Nch independent wave functions describing the elastic and inelastic 
processes in the many-channel system. It is quite impossible to analyze all of these wave functions when many channels 
are open. Some principles have to be set up on how to select the most important wave functions. In [13] we formulated 
some criteria for selecting the dominant wave function of a resonance. We will use the same criteria in this paper to 
select the “resonance wave functions”. 
 

2. Calculations and results 
 

In the present calculations for 12C we consider for the 
nucleon-nucleon interaction the Minnesota potential [17]. 
The oscillator basis is characterized by an oscillator 
length b = 1.2846 fm, to minimize the ground state 
energy of the α particle using the above potential. 
Parameter u of the Minnesota potential is taken to be      
u = 0.94 to reproduce the phase shifts for α + α scattering, 
and the 0+, 2+ and 4+ resonances in 8Be. The same 
parameters were used by Arai [18].  

In Fig. 1 we show results of the AMHHB calculations 
for the 2+ state in terms of the symmetrical 
Hyperspherical Harmonic channels through the 
(diagonal) phase shifts δii and the inelastic parameters ηii. 

The scattering parameters are obtained from a 
calculation with maximal Hypermomentum Kmax = 14. 
One observes from Fig. 1 that for small energies the 
channels are totally uncoupled (ηii ≈ 1). A first 2+ 
resonance appears at E = 2.731 MeV, and is mainly 
produced in the first channel with Hypermomentum 
K = 2, whereas a second resonance at energy 
E = 3.113 MeV is dominated by Hypermomentum K = 4. 
The inelastic parameters for the first two channels have a 
pronounced minimum at the energy of the first resonance, 
and a shallow minimum at the second resonance energy. 
Also, the first resonance displays a “shadow resonance” 
behavior in the second channel. This is a typical behavior 

Fig. 1. Diagonal phase shifts and inelastic parameters 
for the Jπ = 2+ state. 
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for resonances in a many-channel system (see, for instance, the detailed analysis of two-channel resonances in 5He in 
[19]). The minimum in the inelastic parameters indicates that the compound system is being reconstructed at this energy, 
and transits from one channel to another. 

In Fig. 2 we display the corresponding eigenphase 
shifts δα for the first three eigenchannels. One observes 
now that both resonance states are mainly associated with 
the first eigenchannel, and that the second eigenchannel 
only contributes marginally. 

A convergence study of the energies (and widths) for 
bound and resonance states should indicate whether the 
Hilbert space is sufficiently large for stable and reliable 
results. The AMHHB model space is characterized by 
two parameters: the maximal value of Hypermomentum 
Kmax, and the maximal value of the Hyperradial 
excitation nρ. Usually the choice is a compromise 
between the convergence of the results and the 
computational burden. A set of Hyperspherical 
Harmonics with Kmax = 14 for even parity states, and 
Kmax = 13 for odd parity states, seems sufficient and 
remains computationally feasible. This choice accounts 

for a large number of three-cluster configurations or, in other words, for a sufficient number of inherent (triangular) 
shapes for the three clusters. We refer to [20] for examples of most probable triangular shapes for the Hyperspherical 
Harmonics from K = 0 to K = 10. A first convergence test considers the 0+, 2+ and 4+ bound states of 12C, shown in 
Fig. 3 as a function of Kmax. 
 

One observes that the deeply bound states (Jπ = 0+, 2+) 
require significantly less Hyperspherical Harmonics for a 
converged energy than the shallow, or weakly bound, 
state with Jπ = 4+. At least all Hyperspherical Harmonics 
with Kmax ≥ 6 are required to bind the latter state, whereas 
for Jπ = Jπ = 0+ one already obtains binding with a single 
Hyperspherical Harmonic with K = 0. Fig. 3 further 
demonstrates that the above choice of Kmax amply leads 
to sufficient precision for the bound states. In Table 1 we 
turn to the energies and widths of the 0+ and 2+ 
resonances obtained with increasing number of 
Hyperspherical Harmonics. One observes that sufficient 
convergence of the resonances occurs at Kmax = 12. It is 
furthermore interesting to note that these resonances 

already appear with reasonable energy and width values when only the lowest channel (K = 0 for the 0+, and K = 2 for 
the 2+ state) is considered. This is a remarkable result for 12C, as e.g. for 6Be it was impossible to generate a 0+ 
resonance with a single K = 0 channel (see [12]).  
 

Table 1. Low-lying resonances in terms of Kmax. Energy in MeV, width in keV 
 

Jπ Kmax 0 4 6 8 10 12 14 

0+ E 0.40 0.75 0.74 0.72 0.70 0.68 0.68 
Γ 205.08 13.40 11.79 7.10 4.35 2.71 2.78 

0+ E 1.15 7.34 6.09 5.55 5.54 5.16 5.14 
Γ 510.16 897.64 422.50 539.21 586.08 534.33 523.46 

2+ E - 3.28 2.89 2.83 2.78 2.74 2.73 
Γ - 30.19 13.07 11.85 9.95 8.84 8.75 

2+ E - 3.50 3.27 3.22 3.17 3.14 3.11 
Γ - 274.51 351.57 308.29 280.23 263.80 246.78 

 
In all calculations we have considered states with hyperradial excitation up to nρ = 70, which covers a large range of 

intercluster distances, and reaches well into the asymptotic region. 
In Table 2 we display the energy, the total width (Γ) and the partial widths (Γi, i = 1, 2, …) in the corresponding 

decay channels for the even parity resonances, and in Table 3 for the odd parity resonances. 
 

Fig. 2. Eigenphase shifts for Jπ = 2+  
for the first three eigenchannels. 

Fig. 3. Convergence of the bound states in AMHHB. 
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Table 2. Partial widths of the even parity resonances in 12C. Energy in MeV, widths in keV 
 

Jπ 0+ 2+ 2+ 4+ 
E 0.68 2.78 3.17 5.60 
Γ 2.78 9.95 280.24 0.55 
Γ1 K = 0 2.78 K = 2 6.11 K = 2 13.46 K = 4 0.23 
Γ2 K = 4 0 K = 4 3.84 K = 4 278.89 K = 6 0.15 
Γ3 K = 6 0 K = 6 <10-5 K = 6 <10-5 K = 8 0.16 

 
 

One observes that in most cases only one or two 
channels are responsible for the decay of the 
resonance states. The remaining channels contribute 
negligibly, and the corresponding partial width does 
not exceed 10-5 keV. Only for the 4+ resonance a 
significant distribution over multiple channels is 
apparent.  

One should note that, although the resonances are 
created by only a few channels, the role of the other, very weakly coupled, channels is still important. This can be seen 
from Table 1 for the first 0+ resonance: it is indeed generated mainly by the channel with minimal Hypermomentum     
K = 0, but modified substantially with increasing number of Hypermomentum. The same applies to the other resonance 
states. 

Fig. 4. Correlation function for the 12C ground state 
in coordinate space. 

Fig. 5. Correlation function for the first 0+ resonance state 
of 12C in coordinate space. 

 
In Fig. 4 we show the correlation function for the 12C ground state, and observe that this state displays a compact 

spatial configuration, as it is expected for such a deeply bound state. The most probable shape of the three α-cluster 
system is an almost equilateral triangle with a distance between any two α-particles of approximately 3 fm. 

The correlation function for the first 0+ resonance state on the other hand, shown in Fig. 5, shows a more deformed 
system with two α particles relatively close to one another (about 3.5 fm) and the third alpha-particle further away 
(approximately 5 fm). So 12C features a prolate triangle as a dominant configuration for this state.  One also observes in 
Fig. 5 a small maximum for the correlation function corresponding to an almost linear configuration of three α particles, 
two of them being approximately 4 fm apart, and the third 0.2 fm away from their center of mass. However, the weight 
of this linear configuration is approximately 6 times less than the weight of the prolate triangular configuration. Our 
calculations therefore do not agree with other authors advancing a dominant linear structure [7 - 10].  

We now compare the AMHHB results to the existing literature. In Table 4 we display the AMHHB results to those 
of Arai [18] and Pichler et al. [21], both obtained by the Complex Scaling Method (CSM). The latter authors [21] use a 
somewhat different value for the parameter u in the Minnesota potential, and a different oscillator length b; because of 
this, different results are obtained for the bound states.   

Table 3. Partial widths of the odd parity resonances in 12C. 
Energy in MeV, widths in keV 

 

Jπ 1- 3- 
E 3.52 0.67 
Γ 0.21 8.34 
Γ1 K = 3 0.206 K = 3 8.34 
Γ2 K = 5 0.002 K = 5 0 
Γ3 K = 7 <10-5 K = 7 0 
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Table 4. Bound and resonance states of 12C obtained with the AMHHB model, 
compared to CSM results from the literature 

 

Method AMHHB CSM-Arai CSM-Pichler et al. 
Reference Present paper [18] [21] 

Jπ E, MeV Γ, keV E, MeV Γ, keV E, MeV Γ, keV 

0+ 
-11.372  -11.37  -10.43  

0.684   2.78 0.4 <1 0.64 14 
5.156 534.00 4.7 1000 5.43 920 

2+ 
-8.931   -8.93  -7.63  
2.775 9.95 2.1 800 6.39 1100 
3.170 280.24 4.9 900   

4+ -3.208   -3.21    
 5.603 0.55 5.1 2000   

1- 3.516 0.21 3.4 200 3.71 360 

3- 
0.672  8.34 0.6 <50 1.16 25 
4.348 2.89 7.1 5400 11.91 1690 
5.433 334.90 9.6 400   

 

Comparison with the results of Arai [18] indicates that the AMHHB model leads to resonance states with higher 
energy and smaller widths than those obtained with the CSM. This can be attributed to the difference in the methods, and 
to the different Hilbert spaces. Formally the Hilbert space of basis functions used by Arai [18] is quite close to the one 
considered in the AMHHB. Actually, in the present calculations the partial orbital momenta l1 and l2 are restricted by the 
condition L ≤ l1 + l2 ≤ Kmax, so that, for instance, for total orbital momentum L = 0, they run from l1 = l2 = 0 to l1 = l2 = 6 
with Kmax = 14. Arai on the other hand, restricted himself with l1, l2 ≥ 4. In [12 - 14] we observed the tendency that the 
more Hyperspherical Harmonics (thus the more channels) are involved in the calculation, the smaller the resonance 
energy and width becomes. This tendency is again confirmed by the present AMHHB calculations. Thus some reduction 
of the width of the resonances, observed in our calculations with respect to Arai [18], can be attributed to the larger 
number of channels in our model. Comparing the AMHHB results to the Complex Scaling Model calculations of Pichler 
et al. [21], one observes that both yield close results for the first and second 0+ resonance states. On the whole one can 
conclude that there is consistency in the results for resonance properties in all three microscopic models.   

In Table 5 we compare the theoretical AMHHB results for 12C to available experimental data.  
 

Table 5. Bound and resonance states of 12C obtained with the AMHHB model, compared to experiment 
 

Method AMHHB Experiment 
Reference Present paper [1] 

Jπ E, MeV Γ, keV E, MeV Γ, keV 

0+ 
-11.372  -7.2746  
0.684 2.78 0.3796±0.0002 (8.5±1.0)·10-3 
5.156 534.00 3.0±0.3 3000±700 

2+ 
-8.931  -2.8357±0.0003  
2.775 9.95 3.89±0.05 430± 80 
3.170 280.24 8.17±0.04 1500 ±200 

4+ -3.208    
 5.603 0.55 6.808±0.015 258 ±15 

1- 3.516 0.21 3.569 ± 0.016 315 ± 25 

3- 
0.672 8.34 2.366 ± 0.005 34 ± 5 
4.348 2.89   
5.433 334.90   

 

One notices that the first 0+ resonance state (the Hoyle state) appears in the current calculations as a narrow 
resonance with an energy of 0.684 MeV and width 2.7 keV, which is considerably wider than the experimental Hoyle 
state (about 8.5·10-3 keV). This contrasts with the generally observed feature of the AMHHB calculations that the 
calculated widths are significantly less than the corresponding experimental widths of the 12C resonances. The 
discrepancies between the theoretical and experimental data have essentially two origins. The first one relates to the 
choice of the nucleon-nucleon interaction: it was tuned to reproduce the phase shifts and resonance properties for alpha-
alpha scattering. As a result it leads to overbound 0+ and 2+ states in 12C, and binds the 4+ state. The second one relates 
to the specific choice of three-cluster model and corresponding model space, as well as to the method by which the 
energy and width of the resonance states are obtained.  
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In this paper we used a Minnesota nucleon-nucleon 
potential tuned to reproduce the phase shifts for α-α 
scattering, as well as the 8Be resonances. This however 
leads to overbound 0+ and 2+ states, and a bound 4+ state. 
Moreover, the obtained resonance structure for the 12C 
three-cluster continuum deviates from the experimentally 
observed one, which can also be attributed to the specific 
choice of semi-realistic nucleon-nucleon potential.  We 
therefore wish to discuss the dependence of the results to 
the choice of parameter u on the results. To do so we use 
different criteria to optimize this parameter. We first 
determine a value to reproduce the ground state energy of 
12C, followed by an attempt to reproduce the energy and 
width of the 0+ Hoyle state. In Fig. 6 we display the 
ground state energy as a function of the parameter u, 
compared to experiment (dashed line). One observes that 
the ground state is reproduced with u = 0.910.  

One observes a monotonously decreasing linear 
dependence of the ground state energy on u within the 
selected range. For the Hoyle state position and width the 
dependency is less trivial, as is shown in Fig. 7. One 
however observes that the value u=0.948 reproduces the 
position of the Hoyle state, and leads to a close match for 
its width too.  The correlation functions for the ground 
state and Hoyle state obtained with their respective 
optimal values were very close to the ones obtained with 
the value u=0.94 and displayed in Figs. 4 and 5, so that 
the conclusions remain unaltered.  
 

Conclusions 
 

In this paper we described the 12C nucleus with a 
three-cluster microscopic model.  The model correctly 
handles the three-cluster continuum, i.e. correctly 
implements the suitable boundary conditions, by using a 
Hyperspherical Harmonics basis. It leads to the scattering 
matrix S in many-channel space, and the energy, total 
and partial widths of the resonance states and their 

corresponding wave functions can be obtained.  It was shown that the obtained resonances of 12C agree well with other 
methods, and that the lowest resonances are generated by only a few numbers of weakly coupled channels, leading 
narrow resonance states. The partial widths determine the most probable channels for resonance decay. Correlation 
functions and density distributions revealed the dominant shape of the three-cluster triangle configuration for the lowest 
bound and resonance states of 12C. There were no indications of a prominent linear three-cluster structure for the 
resonance states.  It was also shown that it is impossible to fix a unique value for the u parameter of the Minnesota 
nucleon-nucleon potential to fit all desired physical properties for 12C, and for the disintegrating α particles. However 
the qualitative conclusions remained unaltered under slight adaptation of u.  As a final conclusion we can state that the 
model is consistent with other microscopic models using the Complex Scaling methodology to determine the energy 
and total width of three-cluster resonance states.  
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A new semi-empirical formula for the calculation of the (n, 3He) cross section at 14.6 MeV neutron energy is 
obtained. It is based on the evaporation model and uses the droplet model of Myers and Swiatecki to express the 
reaction energy Q (n, 3He). The behavior of the different terms of the droplet model involved in Q (n, 3He) was checked 
individually before choosing the pertinent terms and setting up the formula. The new formula includes five parameters 
on 13 nuclei with 31 ≤ A ≤ 181. The predictions of this formula are compared with those of the existing formulae and 
with the experimental data for 13 nuclei. The new formula gives a better fit to the data and shows an improvement in 
describing the (n, 3He) cross sections data compared with the previous formulae.  

 
1. Introduction 

 
In this paper, we develop a semi empirical formula, which depends only on the mass and charge numbers, in order 

to calculate the (n, 3He) reaction cross section for 14.6 MeV neutrons. This formula is based on the evaporation 
statistical model Weisskopf and Ewing [1] and uses the Droplet model mass-formula of Myers and Swiatecki [2] for the 
reaction energy Q (n, 3He) that is needed.  

 
2. Formalism and model parameters 

 
Let us consider the reaction X (n, b) Y with the symbol definitions given as follow: En: the neutron kinetic energy; 

Sn: neutron separation energy; E = En + Sn: the excitation energy of the compound nucleus; Sb: emitted particle 
separation energy; Eb: emitted particle kinetic energy: U = E - Eb - Sb: the excitation energy of the residual nucleus. One 
can write down the (n, b) reaction cross section (Blatt. and Weisskopf [3] and Kikuchi K. and Kawai [4]) as: 

 

( , )
'

n b
n b CN

b

F
F

σ = σ
∑

,                                                                             (1) 

 
where n

CNσ  is the compound nucleus (CN) formation cross section through the neutron entrance channel. Fb represents a 
quantity that is proportional to the partial decay width Γb of the compound nucleus  for  the emitted particle through the 
decay channel (b) calculated  via the detailed balance theorem and  Σ indicates the sum over all  the  decay channels b'. 
One can write Fb as: 

 

2
0

2 (2 1) ( )
bE S

bb
b b CN b b

mF I E U dE
−

= + σ ω∫ ,                                                        (2) 

 
It is related to the nuclear temperature T through the thermodynamical relation: 
 

1 ln ( )

b

d U
T dE

ω= .                                                                            (3) 

 
In the vicinity of E, one can write 

 

0( ) ( ) exp b bE SU E
T
+⎛ ⎞ω ≈ ω −⎜ ⎟

⎝ ⎠
                                                                   (4) 

 
b
CNσ  is the compound nucleus formation cross section through the inverse channel (b), it can be written for charged 

particle as: 
 

2

0

1  

b b
b
CN b

b b
b

if E V

VR if E V
E

≤⎧
⎪σ = ⎛ ⎞⎨π − 〉⎜ ⎟⎪

⎝ ⎠⎩

,                                                        (5) 

 
where Vb is the Coulomb barrier for the channel decay b. Using Eq. (5), the quantity Fb of Eq. (2) can be put for helium-
3 emission and neutron emission as: 
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m S VF E R T

T
+⎛ ⎞= ω π −⎜ ⎟

⎝ ⎠
,                                                   (6) 

 

2 2
024 ( ) expn n

n
m SF E R T

T
⎛ ⎞= ω π −⎜ ⎟
⎝ ⎠

,                                                              (7) 

 

3' ...b n p nHe
F F F F F Fα= + + + + ≈∑ .                                                              (8) 

 

Now with Eqs. (1), (6) and (7), one can write: 
 

3 33 3

3

3 3

( , )
,

exp expn n He Hen nn He He n
CN CNn He

He He

Q VS S Vm m
m T T m T

−⎛ ⎞−⎛ ⎞
σ = σ − = σ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

.                            (9) 

 
On the basis of the mass formula of Myers and Swiatecki, [2], Kalbach [5] gives the separation energy for compound 
nucleus C into b particle and nucleus Y as: 
 

2 2
2 3 2 3

1 2 3
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C Y

N Z N ZS A A A A
A A
− −= α − + α − + α − +   

 
2 2 22 2 2

4 5 64 3 4 3 1 3 1 3

( ) ( )C C C CY Y Y Y
b

C Y C Y C Y

N Z Z ZN Z Z Z w
A A A A A A

⎛ ⎞ ⎛ ⎞ ⎛ ⎞− −α − + α − + α − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

                          (10) 

 
With this, the expression of 3( , )n He

Q  becomes: 

 

3 1 2 3 44 3 1 3( , )

1 1 1 1
n He

N Z N Z Z ZQ
A A A A

− + − + − −= α + α + α + α ,                                          (11) 

 
where αi are the constants of the mass formula. Here the different terms are: (N - Z + 1)/A the asymmetry term;  
(N – Z + 1)/A4/3 the surface asymmetry term; (Z - 1)/A1/3 the Coulomb term; (Z-1)/A the Coulomb diffuseness term. 
Eqs. (9) and (11) allow to write 3( , )n He

σ  as: 
 

3

3
2 1 3 2 31 2 4

0 4 3 1 3( , )

1 1 1 1(1 ) exp He
n He

VN Z N Z Z Zr A
T A T A T A T A T
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⎝ ⎠

                   (12) 

 
n
CNσ  can be approximated at 14 MeV neutron energy to the total reaction cross section Rσ ,  

 
2( )n

CN R Rσ ≈ σ = π +   (13) 
 

With the dependence of 3( , )n He
σ  on 3 /

He
V T

 
neglected, Eq. (13) can be written as: 

 

3
31 2 4

4 3 1 3( , )

1 1 1 1expn
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N Z N Z Z Z
T A T A T A T A
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This work helped us to select terms from Eq. (14), which showed a good analytical behaviour against the 
ratio 3( , )

/ Rn He
σ σ . A good description of the ratio 3( , )

/ Rn He
σ σ  on the ((N - Z + 1)/A)1/2, ((N - Z + 1)/A4/3)2,  

((Z - 1)/A1/3)1/2 and ((Z-1)/A) 1/2 terms is obtained (Figs. 1 - 4), respectively with the correlation coefficient values 
R = 0.78, 0.70, 0.80 and 0.69. The systematics resulting from Eqs. (13) and (14) are derived: 
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(15) 
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on ((N – Z + 1)/A)1/2 obtained from Table 2 and Eq. (13). 

Fig. 2. Values of the ratio 3( , )
/ Rn He
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for 14.6 MeV 

neutrons showing a linear dependence of 3( , )
ln / Rn He

σ σ  on 

((N – Z + 1)/A4/3)2 obtained from Table 2 and Eq. (13). 
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Fig. 4. Values of the ratio 3( , )
/ Rn He

σ σ  for 14.6 MeV 

neutrons showing a linear dependence of 3( , )
ln / Rn He

σ σ
 
on 

((Z - 1)/A)1/2 obtained from Table 2 and Eq. (13). 
 

3. Fitting of the Systematics parameters 
 

The best fit is obtained with five free parameters α1, α2, α3, α4 and α5 of Eq. (15):  
 

2exp

exp
1

calN
i i

i i=

⎛ ⎞σ − σ
∑ = ⎜ ⎟Δ σ⎝ ⎠

∑ ,                                                                       (16) 

 
where the 3( , )n He

σ  experimental values and their errors taken from Sublet et al. [6], Qaim [7], Qaim [8] and Csikai [9], 

and cal
iσ  is the cross section calculated through Eq. (15). The minimum value, corresponding to the best fit, of 2χ  was 

deduced through: 
 

2 /( )N Mχ = ∑ − ,                                                                          (17) 
 

where N is the number of experimental points and M the number of free parameters that need to be fitted. Table 1 gives 
the fit-values for the different parameters αi for our relation Eq. (15), for two parameters relation of Broeders et al. [10] 
and Qaim [7] and three others parameters relation of Broeders et al. [10]. Table 2 presents the experimental data, the 
calculated cross sections cal

iσ  and the values ( )2exp exp( ) /cal
i i iσ − σ Δσ . 
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Table 1. The parameters αi of the different systematics with their ∑ and χ2 
 

 Eq. ∑ χ2 α1 α2 α3 α4 α5 
This work 15 4.66 0.51 169.581 -27.942 -3978.17 -2.71 -230.14 
Qaim [7] 20 21.8 1.99 8.475×10-2 -1.6467    
Broeders et al. 
[10] 

18 20.8 1.89 5.8701×10-3 1.738×10-2    
19 15.1 1.51 1.6534 0.15257 -2.3   

 

Table 2. The experimental (n, 3He) reaction cross-sections for 14.6 MeV and 14.7 MeV neutrons energy 
σexp ± Δσexp, the calculated cross-sections σcal through Eq. (15) with parameters from Table 1 

and (σexp-σcal)2 /(Δσexp)2 corresponding to the target nucleus with mass number A and charge number Z 
 

Z A Neutron energy, 
MeV σexp ± Δσexp, µb Reference σcal, µb ∑= ((σexp-σcal) /(Δσexp))2 

15 31 14.7 25.0±10.0 Sublet et al. [6] 26.19 0.01 
19 41 14.6 5± 2.5 Sublet et al. [6] 7.18 0.76 
21 45 14.6 8. 5± 4 Sublet et al. [6] 6.98 0.14 
27 59 14.6 4. 6 ± 2.1 Qaim [8] 3.86 0.12 
29 63 14.6 3. 8± 1.9 Sublet et al. [6] 3.56 0.02 
33 75 14.6 3.5 ± 1.9 Qaim [8] 2.48 0.28 
41 93 14.6 3. 1 ± 1.5 Qaim [8] 2.12 0.43 
45 103 14.7 1. 2 ± 1. Csikai [9] 1.99 0.62 
55 133 14.7 2. 30± 0.43 Sublet et al. [6] 2.45 0.13 
58 142 14.6 3. 3 ± 1.3 Qaim [7] 2.71 0.20 
65 159 14.6 4. 6 ± 1.8 Qaim [7] 2.74 1.06 
69 169 14.6 3.90± 1.95 Sublet et al. [6] 2.77 0.34 
73 181 14.6 3.23± 1.42 Sublet et al. [6] 3.22 0. 00 

 
4. Comparison with others systematics 

 

Our relation Eq. (15) gives a better fit ( 2 0.51χ = ) than the Broeders et al. [10] pre-equilibrium exciton model 
formulae Eq. (18) and Eq. (19) ( 2 1.89χ =  and 2 1.51χ = ), and Qaim [7] simple evaporation model formula Eq. (20) 
( 2 1.99χ = ).  
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5. Conclusions 

 

In this work a new semi-empirical formula has been derived to systematise the 14.6 MeV (n, 3He) cross section data. 
This relation is based on the evaporation model and the Droplet model mass-formula used to express the Q(n, 3He). This 
formula with five parameters leads to the lowest value of χ2 = 0.58, when compared with the existing relation.  
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TUNNELING  BETWEEN  ASYMMETRIC  POTENTIAL  WELLS 
AND  NO-SEMICLASSICAL  CALCULATIONS  OF  FISSION  HALF-LIVES 

 
S. V. Belchikov,  S. P. Maydanyuk 

 
Institute for Nuclear Research, National Academy of Sciences of Ukraine, Kyiv, Ukraine 

 
A new fully quantum method of determination of penetrabilities through double-humped spontaneous fission barrier 

of arbitrary shape is developed. In such approach exact analytical solutions for amplitudes of wave function, 
penetrability T and reflection R for the barrier composed from n rectangular steps at arbitrary n which approximates the 
studied realistic barrier, are found. Penetrabilities through the barrier and half-lives for variety of actinide nuclides are 
calculated for spontaneous fission from ground state. In contrast to semiclassical approach, by this method we establish 
essential dependence of the half-life on starting coordinate εstart in the first internal well (accuracy is 141 10T R −+ − < ). 
We impose a new condition: in the beginning of fission the emitted fragment starts to move outside from minimum of 
the internal well. Such a condition provides minimal calculated half-life and gives stable basis for predictions. 

 
1. Introduction 

 
The most of actinide nuclei exhibit double-humped barrier against fission. Developed procedure of determination of 

half-lives is based on semiclassical calculations of penetrabilities through such barriers [1]. According to our previous 
results [2], fully quantum determination of penetrabilities is sensitive to the dynamics and can lead to essentially 
different results. At the same time semiclassical approach has no such sensitivity. 

Initially, the parent nucleus is in ground state, and fission may be considered as a process where the fragment 
tunnels through potential barrier along the coordinate of deformation. In theory of fission one can find prevailing 
approach for estimation of half-life based on penetration through the barrier in terms of one-dimensional semiclassical 
method. Calculation of penetrability of the barrier is keystone in estimation of fission half-lives. Importance of proper 
choice of boundary condition, reinforces our interest in the fully quantum consideration of unite tunneling process in 
this task, while the detailed analysis of selection this boundary condition and its real influence on results is practically 
missed in semiclasical approaches. 

A main objective of this paper is to pass from semiclassical description of the process of penetration of fissioning 
fragment through the barrier used in the semiclasical approach to its fully quantum analogue, to put a fully quantum 
grounds for determination of the penetrability. In order to provide such a formalism, we have improved method of 
multiple internal reflections (MIR, see Refs. [2 - 6], and references therein) generalizing it on the fission barriers of 
arbitrary shapes. 

 
2. Theoretical approach 

 
An approach for description of one-dimensional motion of a non-relativistic particle above a barrier on the basis of 

multiple internal reflections of stationary waves relatively boundaries has been studied in number of papers and is 
known (see [7-9] and references therein). Tunneling of the particle under the barrier was described successfully on the 
basis of multiple internal reflections of the wave packets relatively boundaries (approach was called as method of 
multiple internal reflections or method MIR, see Refs. [2 - 6]). In such approach it succeeded in connecting:  
1) continuous transition of solutions for packets after each reflection, total packets between the above-barrier motion 
and the under-barrier tunneling; 2) coincidence of transmitted and reflected amplitudes of stationary wave function in 
each spatial region obtained by approach MIR with the corresponding amplitudes obtained by standard method of 
quantum mechanics; 3) all non-stationary fluxes in each step, are non-zero that confirms propagation of packets under 
the barrier (i. e. their “tunneling”). In frameworks of such a method, non-stationary tunneling obtained own 
interpretation, allowing to study this process at interesting time moment or space point. In calculation of phase times 
this method turns out to be enough simple and convenient. It has been adapted for scattering of the particle on nucleus, 
proton-decay and α -decay in the spherically symmetric approximation with the simplest radial barriers and for 
tunneling of photons [2 - 6].  

However, further realization of the MIR approach meets with three problems (see Ref. [2], for details): (1) problem 
on effectiveness, (2) problem on correctness and (3) problem on uncertainty in radial problem. The first point indicates 
on a serious unresolved problem of realization of the approach of multiple reflections in real quantum systems with 
complicated barriers, and clear algorithms of calculation of amplitudes should be constructed. The second point puts 
question on whether MIR method gives the same results as standard quantum mechanics or principal difference exists. 
The third point indicates on influence of potential non-locality on calculations of penetrability in radial tasks (for 
example, at the same boundary condition we obtain different values of penetrability in dependence on point of start of 
wave incidenting on the barrier, that connects initial condition and dynamics of decay). 

The first attempt to resolve these problems was made in Ref. [2] were we present generalization of MIR approach 
for calculations of transmission and reflection amplitudes for one-dimensional barrier of arbitrary shape and apply this 
method for estimation of half-lives of some proton-emitters (at that time, similar estimations were also performed for 
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alpha-decay problem, and similar results were obtained). The first interesting result was essential influence of 
conditions of start of wave on penetrability. Practically, by such a way the half-life of proton decay of some emitters 
can be changed up to 200 times, which essentially differ from existed semiclassical, DWBA and TPA calculations. At 
the same time (and in contrast to other known approaches), we give standard test of quantum mechanics, perform 
calculations and demonstations confirmed our results. In this paper, we study spontaneous fission from the ground state 
in frameworks of tunneling through double-humped barrier using our approach. 

 
2.1. Parameterization of fission barriers 

 
We shall consider the double-humped barrier of 

general form used in fission problem. Such barrier consists 
of primary potential well containing ground state of the 
spontaneously fissioning nucleus, and the second well 
flanked by barrier from each side (Fig. 1). In present paper 
we use parameterization, according to Ref. [1]. The 
potential barrier has been connected by smoothly joining 
four parabolas. It is given as a function of dimensional 
deformation parameter ε by 

 

2 21( ) ( )
2j jV E wε = ± μ ε − ε .                  (1) 

 
2.2. Penetrability of barrier composed 

from arbitrary number of rectangular steps 
 

Let us assume that before fission the nucleus can be 
considered as system composite from residual nucleus 
and fragment emitted. Its fission is described by a 
particle with reduced mass m which moves along 

deformation coordinate direction through a potential barrier. We shall be interesting in the double-humped barrier of 
arbitrary shape, which has successfully been approximated by finite number N of rectangular steps: 
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where Vi are constants (i = 1 … N). We define the first region 1 starting from point εmin, assuming that the fragment is 
formed here and then it moves outside. We shall be interesting in solutions for above barrier energies while the solution 
for tunneling could be obtained after by change ii kχ → . A general solution of wave function has the following form: 
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                                     (3) 

 
where αj and βj are unknown amplitudes, AT and AR are unknown amplitudes of transmission and reflection, 

1 2 ( )i ik m E V= −  are complex wave numbers. We shall be looking for solution for such problem in approach of 

multiple internal reflections. 
According to this method, scattering of the particle on the barrier is considered on the basis of wave packet 

consequently by steps of its propagation relatively to each boundary of the barrier (the most clearly idea of such 
approach can be understood in the problem of tunneling through the simplest rectangular barrier, see Refs. [2–6]). Each 
step in such consideration of propagation of the packet will be similar to one from the first 2N-1 steps, independent 
between themselves. From analysis of these steps recurrent relations are found for calculation of unknown amplitudes 

( )n
TA , ( )n

RA , ( )nα  and ( )nβ  for arbitrary step n, summation of these amplitudes are calculated. We shall be looking for the 
unknown amplitudes, requiring wave function and its derivative to be continuous at each boundary. We shall consider 

Fig. 1. Asymmetric double-humped fission barrier. The 
barrier is constructed using smoothly joined parabolic 
segments, according to Eq. (1). 
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the coefficients ( )
1T ± , ( )

2T ± , ( )
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Using recurrent relations: 
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and selecting as starting the following values: 

 

1 1 1 1 1 1, , ,N NR R R R T T+ + − − + +
− −= = =                                                               (6) 

 
we calculate successively coefficients 2NR+

− … 1R+ , 2R− … 1NR−
−  and 2T + … 1NT +

− . We determine amplitudes of 
transmission and reflection, penetrability T and reflection R as 

 

1 1, ,T N RA T A R+ +
−= =       2 2

1

, .n
MIR T MIR R

kT A R A
k

= =                                              (7) 

 
At finishing, we check the property: 

 
2 2

1

1n
T R

k A A
k

+ =  or 1MIR MIRT R+ =                                                   (8) 

 
which should be test, whether the method MIR gives proper wave function. Now if energy of the particle is located 
below then height of one step with number m, then for description of tunneling it needs to use m mk i→ ξ . For the 
potential from two rectangular steps after comparison between the all amplitudes obtained by method of MIR and the 
corresponding amplitudes obtained by standard approach of quantum mechanics, we obtain coincidence up to first 15 
digits. Increasing of number of steps up to some thousands keeps such accuracy and fulfilment of the property (8). This 
is important test which confirms reliability of the method MIR. So, we have obtained full coincidence between all 
amplitudes, calculated by method MIR and by standard approach of quantum mechanics. 

 
2.3. Fission half-life calculations 

 
Spontaneous fission decay half-life from the ground state Eg is written as [1]: 

 

0

2 1ln 2
( )gs

gw T E
πτ = ,                                                                         (9) 

 
where w0 is frequency of assault on the barrier which we take to be equal to 1 MeV like [1]. T is penetrability through 
barrier at ground state with energy Eg, which we shall calculate by approach MIR or by approach [1]. 
 

3. Results 
 

Results of the fission half-lives calculations are shown in the Table. The interesting result is essential dependence of 
the half-life on the position where we localize start of the wave incident on the internal barrier (Fig. 2).  
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Fig. 2. Dependence of fission half-life on starting coordinate for fission of the 238Pu and 238U nuclei. 
 

Comparison of the ground-state spontaneous fission half-lives calculated 
using various different parameterisation of double-humped fission barrier versus measured data 
for half-lives for corresponding nuclei. In calculations by MIR approach for each nucleus we use: 

number of intervals in region from εmin to maximum of the barrier is 1000, 
from maximum of the barrier to εmax is 1000 

 
 Calculated half-lives (s) using the double-humped barrier Measured 

values (s), 
[1] 

Compound 
nucleus 

Even-odd 
character 
of Z - N 

Results from Ref. [1] at parameterization 
MIR approach Smoothly joined 

parabolic segments 
Third order 
polynomial Straight lines 

236U e-e 3.85 ⋅ 109 9.43 ⋅ 1010 2.15 ⋅ 1011 5.98 ⋅ 108 6.34 ⋅ 108 
238U e-e 1.10 ⋅ 109 2.14 ⋅ 1010 9.43 ⋅ 1010 2.049 ⋅ 108 1.90 ⋅ 108 

237Np o-e 4.29 ⋅ 1010 5.44 ⋅ 1011 3.51 ⋅ 1012 9.37 ⋅ 1010 1.36 ⋅ 1012 
235Pu e-o 9.43 ⋅ 1010 7.24 ⋅ 1011 6.52 ⋅ 1011 1.203 ⋅ 1010 2.99 ⋅ 1011 

238Pu 
e-e 

(outer 
region) 

8.53 ⋅ 103 6.21 ⋅ 103 3.45 ⋅ 103 1.732 ⋅ 103 1.744 ⋅ 103 

238Pu e-e 
(2-nd hole) 8.53 ⋅ 104 7.52 ⋅ 103 2.53 ⋅ 103 2.044 ⋅ 103 1.744 ⋅ 103 

242Cm e-e 
(2-nd hole) 8.53 ⋅ 10-1 2.12 ⋅ 10-1 3.45 ⋅ 10-1 3.838 ⋅ 10-1 2.28 ⋅ 10-1 

 
4. Conclusions 

 
The method of multiple internal reflections (method MIR) is generalized on determination of half-lives for the 

spontaneous fission of the actinide nuclei. Note the following:  
• Exact analytical solutions for amplitudes of wave function, penetrability T and reflection R are found by the 

method MIR for n-step barrier at arbitrary n, which approximates arbitrary shape of double-humped spontaneous fission 
barrier. Estimated error is 141 10T R −+ − < .  

• In contrast to the semiclassical approach [1], the approach MIR gives essential dependence of the penetrability 
on the starting coordinate εstart inside the internal well which indicates starting condition for further fissioning process. 
Comparison with the calculations [1] shows that that approach has no such a sensitivity.  

• In order to resolve uncertainty in calculations of the half-lives caused by the sensitivity of the penetrability on 
εstart, we introduce the initial condition: in the first stage of fission the fragment starts to move outside from state with 
coordinate in the minimum of the internal well. Such condition provides minimal calculated half-life and gives stable 
basis for predictions, and better agreement with experimental data [1]. 
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The isovector particle densities and surface tension coefficients for the average binding energy in the approximation 

of a sharp edge proton-neutron asymmetric nucleus are used for analytical calculations of its neutron skin and isovector 
stiffness coefficients. They are significantly different from the well-known ones for the most Skyrme forces. The 
energies and energy-weighted sum rules of the isovector giant dipole resonances obtained within the Fermi-liquid drop 
model are in good agreement with the experimental data.  

 
1. Introduction 

 
The neutron skin of the exotic nuclei with a large excess of neutrons against protons is still one of the remarkable 

subjects of the nuclear and astronomic physics [1 - 6]. The simple and accurate solution for the isovector particle 
density distributions were obtained within the nuclear effective surface (ES) approximation [7 - 11]. It exploits the 
property of saturation of the nuclear matter and a narrow diffuse-edge region in finite heavy nuclei. The ES is defined as 
the location of points of the maximum density gradient. The coordinate system related locally to the ES is specified by a 
distance ξ  from the given point to the surface and tangent coordinate η  at the ES. The variational condition of the 
nuclear energy minimum at some fixed integrals of motion in the local energy-density theory is simplified in the ,ξ η  
coordinates. In particular, in the extended Thomas - Fermi (ETF) approach [12, 13] (with the Skyrme forces [14]) it can 
be done for any deformations by using expansion  in a small parameter 1/3/ 1a R A−∼  for heavy enough nuclei ( a  is 
of the order of the diffuse edge thickness of the nucleus, R is its mean curvature radius, and A  the number of 
nucleons). The accuracy of the ES approximation in the ETF approach without spin-orbit (SO) and asymmetry terms 
was checked [9] by comparing results of the Hartree - Fock (HF) and ETF theories [12] for some Skyrme forces. The 
ES approach [7 - 9] was extended by accounting for the SO and asymmetry effects [10]. Solutions for the isoscalar and 
isovector particle densities and energies in the ES approximation of the ETF approach were applied to analytical 
calculations of the neutron skin and isovector stiffness coefficients in the leading order of the parameter /a R  [11]. 
Our results are compared with the fundamental researches [1 - 3] in the liquid droplet model (LDM). In the present 
work, we used the derived energy surface constants for calculations of the Isovector Giant Dipole Resonances (IVGDR) 
within the Fermi Liquid-Drop model (FLDM) [15 - 17].   

 
2. Asymmetry energy and stiffness 

 

We start with the nuclear energy, ( ( ), ( ))E d + −= ρ ρ∫ r r rE , in the local density approach [7 - 14], 
 

[ ] ( ) ( ) ( ) ( )2 22( , ) ( )Vb J I+ − + + + + + − + + + + − − + −ρ ρ ≈ − ρ + ρ + ρ ε ρ − ε + + ρ ρ + + ρ ρE C D C D∇ ∇ ,                      (1) 
 

where n p±ρ = ρ ± ρ  are the isoscalar +ρ  and isovector −ρ  particle densities; ( ) /I N Z A= −  is the asymmetry 

parameter; ( )nN d= ρ∫ r r  and ( )pZ d= ρ∫ r r
 
are the neutron and proton numbers and A N Z= + . As usually, E   

(Eq. (1)) contains the volume and surface terms (two first and three last with the gradient-density ones) [7 - 11], 
16Vb ≈ MeV is the separation energy per particle and 30J ≈ MeV is the volume symmetry-energy constant of the 

nuclear matter. Eq. (1) can be applied approximately for the most of realistic Skyrme forces [14] by neglecting the 
relatively small semiclassical corrections of the ETF kinetic energy and Coulomb terms as shown in [9, 10]. They all 
can be easily taken into account (without small exchange Coulomb terms) [9, 10]. ±C  and ±D  are constants defined by 
the Skyrme force parameters ( −D  is relatively small). The isoscalar surface energy-density part, independent explicitly 
of the density gradient terms, is determined by the function ( )+ +ε ρ  which satisfies the saturation condition: ( ) 0+ε ρ = , 

( ) / 0d d+ +ε ρ ρ = , where 3
03 / (4 ) 0.16rρ = π ≈ fm 3−  is the density of the infinite nuclear matter, 1/3

0 /r R A= is a radius 

constant independent of A . The isovector component can be simply evaluated as ( )2 2 2/J I− − +ε = − ρ ρ . The isoscalar 

SO gradient terms in (1) are defined with a constant: 2 2
09 / (16 )mW+ = −D , where 0 100 130W ≈ − MeV ⋅ fm5 and m  is 

the nucleon mass (see [12, 14]). From the condition of the minimum energy E  under the certain constraints, like the 
fixed ( )A d += ρ∫ r r  and ( )N Z d −− = ρ∫ r r  one arrives at the Lagrange equations with the isoscalar and isovector 

multipliers (chemical potentials). To satisfy the condition of the particle number conservation with the required 
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accuracy we account for relatively small surface corrections ( 1/3/a R A−∝ ∼  at the first order) to the leading terms in the 
chemical potentials [9, 10]. 

Using the analytical solutions of the Lagrange equations for the isoscalar and isovector particle densities ±ρ  one 
obtains [9 - 11] the nuclear energy, V SE E E= + , in the ES approximation in terms of the volume, 2

V VE b A JI A= − + , 
and the surface, ( ) ( )

S S SE E E+ −= + , components where  
 

( ) ( ) 2
0/ (4 )S SE b r± ±

±= σ = πS S ,         ( ) ( )2( ) 2
08 1 / /Sb r d

∞
±

± ± + ± ±
−∞

≈ π ξ + ρ ∂ρ ∂ξ∫C D C ,                              (2) 

 
S  is the area of the ES. For the isovector surface energy constant ( )

Sb − one obtains  
 

( ) 2
S Sb k I− = ,     ( )06 /Sk r a− −= ρC J ,     ( ) ( ) ( )

1
2

0

11 1 1
1 ( )

w w
dw w cw

w−

+ β
= − +⎡ ⎤⎣ ⎦+ β ε∫J .                       (3) 

 

Here, ( )2/ 30 0.5Va K b+= ρ ≈C fm is the diffuseness parameter, 230K ≈ MeV is the incompressibility modulus, 

/+ +β = ρD C  is the dimensionless SO parameter, ( )1 / symw w c= − , ( )/ | |symc a J −= ρ C , ( )/ 2 1 / (1 )symc c= β − + β . 

With the quadratic approximation 2( ) (1 )w wε ≈ − one obtains simple expressions for these constants ( )
Sb ±  (or Sk , see 

Eqs. (2) and (3)) in terms of the elementary functions. 
According to the theory [1 - 3], one can define the isovector stiffness Q  with respect to the neutron skin variable τ  

(the dimensionless measure of the difference between the neutron and proton radii n pR R− ): 
 

2
( ) 20

2
03 4S

r QE d Q
r

− ρ τ= − τ ≈ −
π∫
S

S ,      
0

n pR R
r
−

τ = .                                                  (4) 

 
Using also Eq. (2) for the isovector surface energy ( )

SE −  one may express Q  through the isovector surface energy 
constant Sk  as ( ) 2 2 2/ /S SQ b k I−= − τ = − τ . Defining the neutron and proton ES radii ,n pR  as the positions of the maxima 
of the neutron and proton density gradients and expanding in powers of small ,n pR R−  near the ES up to the first order 
terms one obtains [11] 

 

( )
2

0

8 r

sym

ag w
I

r c
τ = ,    ( ) ( )

( )

5/23/2 1
(1 ) 3 1 4

w w
g w

w w
+ β

=
+ β + + β

}{ 2(1 2 ) 2 (1 )[ (1 2 )]symw cw w cw cw c cw+ + + − + ,            (5) 

 
where (0)rw w=   is the value of w  of the ES, determined by the equation: ( ) (1 ) ( ) 0r r r rw w w w′ε + + β ε = . Within a 

good approximation 2( ) (1 )w wε = −  [9, 10], one simply has ( 9 8 3) / (4 )rw = + β − β . In Eq. (5), we used also the 
expressions for the isovector density −ρ  [9, 10]. The neutron and proton particle-density variations conserve the 
position of the center of mass in the linear approximation in ,n pRδ  and asymmetry parameter I . Using Eqs. (3) - (5) 
one finally arrives at  

 
2 2/ /S SQ k J k= τ = −ν ,               2 2 2 2 2 2/ ( ) 9 / 16 ( )S rk I J g w− ⎡ ⎤ν = τ = ⎣ ⎦J ,                             (6) 

 
where −J  and ( )rg w  are given by Eqs. (3) and (5). Note that the first relationship in Eq. (6) between the isovector 
quantities, the stiffness Q  and  the volume J  and surface Sk  energy constants has the same analytical form as 
predicted in [1 - 3], 29 / (4 )SQ J k= − , where 9 / 4ν = . Its difference from Eq. (6) in terms of J  and Sk  is in the 
constant ν  which is however proportional to the function 2 2/ ( )rg w−J  in our derivations, instead of 9/4. This function 
depends significantly on the SO interaction β  parameter but not much on the surface asymmetry constant −C . The 
constant ν  (see Eq. (6)) is weakly sensitive to the specific Skyrme interaction because the most sensitive parameter 

−C was mainly excluded in ν , 21 / symc −τ ∝ ∝ C and Sk −∝ C  (see Eqs. (3), (5) and (6)). This constant ν  at 0β =  
( 1 / 3rw = ) can be easily evaluated using Eqs. (3), (5) and (6) ( 2 1(108 / 25)[1 8 / (7 )] [1 4 / (3 )]sym symc c −ν ≈ − −  up to small 

terms 21 / symc∝ , 2 6symc ≈ −  for the Skyrme parameters of [14]). Another difference is the expression (3) itself for Sk . 
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Thus, the isovector stiffness coefficient Q  introduced originally by Myers and Swiatecki [1] is not a parameter of our 
theory but it was found analytically in the explicit closed form (6), (3) through the parameters of Skyrme forces. 
 

3. FLDM and IVGDR 
 

For calculations of the IVGDR we may use the FLDM based on the linearized Landau - Vlasov equations for the 
dynamical part of distribution functions ( , , )f t±δ r p  in the phase space [17], 

 

( )*( , , ) ( , , ) F extf t f t e e e V St
t m

±
± ± ± ± ±

±

∂ ⎡ ⎤δ + ∇ δ + δ − δ + = δ⎣ ⎦∂
pr p r p ,                                   (7) 

 
where *m±  are the isoscalar ( + ) and isovector ( − ) effective masses; 2 */ 2e p m±= , 2 *( ) / 2F Fe p m±

±=  is the Fermi 

energy; (1 )F Fp p± = Δ∓  is the Fermi momenta; 02(1 ) / 3F I′Δ = + , 0 3 / 1FF J e′ = −  is the isotropic isovector Landau 
constant of the quasiparticle interaction; e±δ  is the quasiparticle interaction energies; exp( )extV i t± ∝ − ω  is the periodic 
time-dependent external field and /St f± ±δ ≈ −δ T  is the collision term in the simplest T -relaxation time 
approximation. Solutions of these equations (7) related to the dynamic dipole particle-density variations, 

( ) ( )10( , ) cost Y r±δρ ∝ ∝ θr  in the spherical coordinates r , θ , ϕ  can be found in terms of a superposition of the plane 

waves over angles of the wave vector q  as 
 

( )Ff e e±δ = δ − ( ) ( )10sin expd d Y q i t±θ θ ϕ Φ − ω⎡ ⎤⎣ ⎦∫ q q q qr ,        /q q= q ,                                   (8) 
 

( ) */Fp s q m± ±
±ω = , s s+ = , 2/ ,s s NZ A− =  | |q = q  (the factor 2/NZ A  ensures the conservation of the center-of-

mass position, see [18]). ±Φ  are the amplitudes of the Fermi surface distortions determined  from Eq. (7). The 
dynamical variations of the quasiparticle interaction ( , , )e t±δ r p  at the first order with respect to the equilibrium energy 

2 */ 2p m±  are defined through the particle and current density variations and Landau interaction constants (the isoscalar 
( 0F ) and isovector ( 0F ′ ) isotropic interaction constants related to the volume incompressibility modulus K  and 
symmetry energy constant J  as well as the anisotropic interaction constants corresponding to the effective masses 

*m± ). The two dispersion relations (26) in [17] determine the solutions for the two sounds ns s=  ( 1,2n = ) as functions 
of ωT , the main ( 1n = ) peak and its satellite ( 2n = ) in the nuclear volume due to the nuclear asymmetry. 

For the finite Fermi-liquid drop with a sharp ES we may use the macroscopic boundary conditions for the pressures 
and those for the velocities [10, 11, 17]. For small isovector vibrations near the spherical shape the mean normal 
velocity uξ  and normal momentum flux-tensor ξξδΠ  components (moments of the distribution function f−δ , (see 
Eq. (8)) are reduced to the radial ones, ru  and rrδΠ ,  respectively,  

 

r r R Su u= =∣ .          rr r R SP=δΠ = δ∣     with     ( ) ( ) 1/3
10 ˆ2 ( ) / 3S S SP b A Y r− −δ = α ρ .                            (9) 

 
The right hand sides of the boundary conditions are the isovector ES velocity ( )

10 ˆ( )S Su R Y r−= α  and capillary pressure 
excess SPδ . In Eq. (9), SPδ  is given through the isovector surface energy constant ( ) 2

04Sb r−
−= π σ  (Eq. (3)), ( )

S
−α  is the 

dynamical isovector-dipole amplitude of the motion of the neutron drop surface against the proton one 
( ( )

10 ˆ( ) [1 ( ) 4 / 5 ( )]SR t R t Y r−= + α π  keeping also the volume and the position of the center of mass conserved).  

The energy constant 1/3D A= ω  and energy weighted sum rules (EWSR, 2 Im ( ) /S d= − ωω χ ω π∫ ) for the 

IVGDR can be found from the response function ( )χ ω . Solving the Landau - Vlasov equations (7) in terms of the zero 
sound plane waves (8) with using the dispersion equations (26) in [17] for ns  and macroscopic boundary conditions (9) 
on the nuclear ES one obtains 

 
2

1

( )( )
( / 2)

n

n n

q
i=

χ ω =
ω− Γ∑ A

R
,    1 1 11/3

3( ) ( ) ( ) ( )
2

F
n n n

S

e qRj qR c j qR d j qR
k A

⎡ ⎤′ ′′ω = + +
⎣ ⎦

R .                               (10) 

 

Here 2
1 1 01 3c s F ′≈ − + , 2

1 1 01d s F ′≈ − +  for the main ( 1)n =  IVGDR peak, and more bulky expressions for 2s  of the 
satellite ( 2n = ) peak of a smaller ( I∝ ) strength (see Eq. (D11) in [17]). 3 2

1 1( ) ( ) / ( )q R j qR m≈ −ρ ωA  and 2 ( )q ∝ ΔA  
(Eq. (60) in [17]) are the amplitudes for the 1,2n =  modes, 1( )j z  is the standard spherical Bessel function and 
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1 1( ) /j z dj dz′ = . The poles of the response function ( )χ ω  Eq. (10) (roots nω  of the equation ( / 2) 0n iω− Γ =R  or nq ) 
determine the IVGDR energies nω  as their real part (the IVGDR width Γ  is determined by their imaginary part). The 
residue nA  is important for the calculations of the IVGDR strength (EWSR) by taking the integral of Im ( )ω χ ω  (see 
Eq. (10)) at a small width of the IVGDR Γ . Note that the expression like Eq. (10) for the only one main peak in 
symmetrical nuclei ( N Z= ) with using phenomenological boundary conditions was obtained earlier in [15]. However, 
in our derivations of Eq. (10), Sk  is related to the surface tension coefficient, ( ) 2 2 2

0 0/ (4 ) / (4 )S Sb r k I r−
−σ = π = π , through 

the isovector capillary pressure SdP  of Eq. (9) and surface energy ( )
SE −  (Eq. (2)). Therefore, Sk  (with the opposite sign) 

differs essentially from the isovector stiffness coefficient Q  (defined through Eq. (4) in [1 - 3]) by 2τ  (see Eq. (6)), in 
contrast to another interpretation of the corresponding quantity (denoted by B− ) in Eqs. (3) and (20) of [15]. 
 

4. Discussion and summary 
 

The isovector surface energy constants Sk  (Eq. (3)), the neutron skin τ  (Eq. (5)) and the stiffness coefficients Q  
(Eq. (6)) in the ES approach using the simplest quadratic approximation for ( )wε are shown in the Table for several 
Skyrme forces [14]. The constants Sk  (see Eq. (3)) are rather sensitive to the choice of the Skyrme forces. The modulus 
of Sk  for the Lyon Skyrme forces SLy4-7 and SLyb230 [14] is significantly larger than for other forces. Relatively, the 
stiffness Q  is even more sensitive to constants of the Skyrme forces, especially for SGII, than the well-known empiric 
values 14 35Q ≈ −  MeV suggested in [1 - 3]. For T6 [14] one has 0− =C  and therefore, 0Sk =  and Q = ∞  ( ν  is 
weakly dependent of −C ), in contrast to all other forces shown in the Table. Notice that the isovector gradient terms 
which are important for the consistent derivations within the ES approach [11] are not also included ( 0− =C ) into the 
energy density in [4, 5]. For RATP [14] the stiffness Q  is even negative as 0− >C  ( 0Sk > ). The reason of significant 
differences in the Q  values might be related to those of the critical isovector Skyrme parameter −C  in the gradient 
terms of the energy density (see Eq. (1)). Different experiments used for fitting this parameter were found to be almost 
insensitive in determining uniquely its value, and hence, Sk  (or ( )

Sb − , see Eq. (3)) and Q  (Eq. (6)), as compared to the 
well-known isoscalar ( )

Sb + surface-energy constant. The isovector surface-energy constant Sk  (Eq. (3)) and stiffness Q  
(Eq. (6)) depend much on the SO β  through the constants −J  in Eq. (3) and ( )rg w of the neutron skin τ  (Eq. (5)). In 
Eq. (6), ν  is roughly constant ( 2 4ν ≈ − ) for all Skyrme forces at 0β =  but significantly varies as function of β  
depending on different Skyrme forces. The values of ν  are mostly smaller than 9/4 suggested in [1] (besides of SGII 
where we found much larger values). Swiatecki and his collaborators found [2] the stiffness 14 20Q ≈ − MeV from 
fitting the nuclear IVGDR energies calculated in the simplest hydrodynamic model (HDM) to the experimental data. 
Then, larger values 30 35Q ≈ − MeV were suggested in the last two references in [1]. In spite of the several misprints in 
these derivations [2] (see [11]) the final result for the IVGDR energy constant D  is close to that for the asymptotically 
large values of Q  ( 1/33 / 1JA Q− ). The IVGDR energy constants D  of HDM are roughly in good agreement with the 
well-known experimental value exp 80D ≈ MeV for heavy nuclei within a precision better or of the order of 10%,  as 

shown in [11] (see also [15 - 17,19 - 21]). More precise 1/3A− dependence of D  with the finite values of Q  seems to be 
beyond the accuracy of these HDM calculations even accounting more consistently for the ES motion because of 
several other reasons (structure of the IVGDR, curvature, quantum-shell and Coulomb effects in the low energy region) 
towards the realistic calculations based on the Skyrme HF approach, see larger 30 80Q ≈ − MeV found in [6, 12]. With 
larger Q  (see the Table) the fundamental parameter of the LDM expansion in [1], 1/3(9 / 4 )J Q A− , is really small for 

40A  and therefore, the results obtained by using this expansion are justified. 
The Table shows the IVGDR energies 1/3

n nD A= ω  ( 1,2n = ) and EWSR nS  (normalized to 100 % for both peaks) 
obtained within a more precised FLDM [17]. The IVGDRs even for the spherical nuclei have a double-resonance 
structure, the main peak 1n = which exhausts mainly the EWSR for almost all Skyrme forces and the satellite one 

2n =  with significantly smaller EWSR contribution proportional to the asymmetry parameter I , especially for heavy 
nuclei. The last row shows the average D  weighted by their EWSR distribution in rather good agreement with the 
experimental data within the same accuracy about 10 %, including SLyb230 ( 81 91D = −  MeV) and skipped here in 
Table 1 for the sake of space. Exclusion can be done for the Skyrme forces SIII (see the Table) and SLya230 
( 101 105D = −  MeV) of [14]. Note that the main characteristics of the IVGDR described by D  are almost insensitive 
to the isovector surface energy constant Sk . 
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The isovector energy, Sk , and stiffness, Q , coefficients for several Skyrme forces [14]; 
ν  is the constant of Eq. (6); / Iτ  is the neutron skin calculated by Eq. (5); the intervals of functions ( )nD A  

and 1 1 2 2 1 2( ) ( ) / ( )D A D S D S S S= + +  are related to 60 210A ≈ −  
 

Calculated  
quantites 

Skyrme forces 
SkM* SkM SIII SGII RATP SkP T6 SLy5 SLy7 

−C MeV · fm5 -4.79 -4.69 -5.59 -0.94 13.9 -20.2 0 -22.8 -13.4 
β  -0.64 -0.69 -0.57 -0.54 -0.52 -0.37 -0.45 -0.58 -0.65 

Sk  MeV -0.77 -1.90 -0.52 -0.21 1.42 -1.93 0 -6.96 -6.32 
ν  0.34 0.46 1.42 17.9 0.45 1.76 4.30 0.59 0.67 

Q  MeV 398 234 2168 60998 -270 823 ∞  87 109 
/ Iτ  0.044 0.090 0.40 0.040 0.072 0.035 0 0.0019 0.048 

1D  MeV 75 - 82 75 - 76 49 - 106 76 - 77 87 50 - 122 86 - 88 64 - 91 63 - 92 

1S  %  93 - 98 85 - 96 57 - 92 95 - 99 70 - 90 65 - 98 100 58 - 77 53 - 88 

2D  MeV 50 - 88 51 - 82 118 - 79 51 - 81 55 - 89 75 - 80 60 - 59 92 - 63 92 - 71 

2S  %  7 - 2 5 - 4 43 - 8 5 - 1 30 - 10 35 - 2 0 42 - 29 47 - 12 
D  MeV 73 - 82 71 - 76 79 - 104 74 - 77 77 - 87 70 - 69 86 - 88 76 - 84 77 - 89 

 
As conclusions, simple solutions of the isovector particle density and energies, in the leading ES approximation 

were used for analytical calculations of the neutron skin and isovector stiffness coefficients. Results for the isovector 
surface energy constant Sk  and stiffness Q  are rather sensitive to the choice of the Skyrme force parameters, especially 
those in the isovector gradient terms ( −C ) and SO interaction (β ). The mean IVGDR energies and sum rules calculated 
within the FLDM [17] for the most of constants Sk and Q  of the Table are in good agreement with the experimental 
data. For further perspectives, it would be interesting to compare the found constants with those of [19 - 21] within the 
macroscopic-microscopic models accounting however for the critical comments mentioned above, especially 
concerning the structure of the IVGDR. We are going to analyze the Sk  dependence of the IVGDR satellite within the 
FLDM in relation to the well-known pygmy GDR resonances [22, 23] which are expected to be more sensitive to the 
values of Sk . It would be also worth to apply our results to calculations of the energies and sum rules for the isovector 
low-lying collective states within the periodic orbit theory [13, 24 - 26]. 
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Differential cross sections of natCd(n, xγ) reactions measured using time-of-flight method are presented. Pulse 

neutron generator was used as neutron source of 14 MeV neutrons.  Experimental results are compared with theoretical 
calculations performed within Hauser - Feshbach statistical model. EMPIRE and TALYS codes were used for the 
calculations. Sensitivity of the calculated cross sections to the characteristics of excited nuclei is analyzed. 
 

Introduction 
 

Nuclear data on (n, xγ) reactions induced by fast neutrons are of considerable interest for the development of  the 
advanced reactor technologies as well as for investigations of the different nuclear reaction mechanisms in the neutron 
induced reactions, characteristics of excited nuclear states and its decay. The experimental measurements are usually 
performed with 14.1 MeV neutrons due to the possibility of using neutron generators based on DT-reaction, but the 
experiments in which γ-spectra was obtained in full  energy range (up to the highest possible excitation energy) are 
practically absent.  

In this contribution we present results of the investigation of the γ-spectra within the energy interval from 2 to 
18 MeV. Differential cross sections of the (n, xγ) reactions for cadmium were unfolded from amplitude instrumental 
spectra and cross sections uncertainties were estimated. The experimental cross sections are compared with theoretical 
calculations performed assuming gamma-emission from compound nucleus as well as emission on preequilibrium 
processes. 

 
Experimental technique 

 
The measurements of γ-spectra are performed using scintillation γ-spectrometer based on 15 × 10 cm NaI(Tl) 

detector. Reaction T(d, n)4He in Ti-T target was used as neutron source. Deuterons were accelerated by low-voltage 
accelerator with klystron bunching of deuteron beam and finally deuteron energy was 130 KeV. Pulse generation 
frequency was equal to 7.25 MHz, average neutron intensity ∼ 107 s-1. Measurements were performed with neutrons of 
energy 14.0+0.2 MeV which corresponds to the angle 90 ° relatively to the deuteron beam line. The geometry of the 
experiment is presented in Fig. 1. 

 

 
 

Fig. 1. Geometry of the experiment. 
 

Measurements have been performed in circular geometry. Neutron source was placed in the centre of ring sample of 
cadmium with radius 16 cm. Time-of-flight method was applied for separation of prompt γ-rays from source neutrons, 
background and rescattered γ-rays.The flight path between the neutron source and NaI(Tl) detector was equal to 172 cm 
which provides reliable separation of prompt γ-rays from neutron and γ-ray background. More details concerning 
experiment can be found in Refs. [1, 2]. 

Relation between amplitude spectra A V V γΔ θ( , , )  and differential cross section 2E d E dE dγ γ γ γ γ γ γσ θ ≡ σ θ Ω( , ) ( , ) /  
is given by the expression 

 

0

A V V R V E E dE
Ε

γ γ γ γ γ γΔ θ = ⋅σ θ∫
max

( , , ) ( , ) ( , ) ,                                                          (1) 
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2

V V

V V

R V E G E V E dV
+Δ

γ γ γ γ
−Δ

= α ε∫
/

/

( , ) ( ) ( , ). ,                                                             (2) 

 
where V is signal amplitude; ∆V - signal amplitude width; θγ  -  scattering angle; Eγ  -  γ-ray energy; G - geometry 
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factor; α(Eγ) - energy-depended coefficient of the γ-ray self-absorption by sample detector; ε(V, Eγ) - detector response 
function. Double differential cross section σγ(Eγ, θγ) have been measured at θγ = 90°. Weak angle dependence of the 
cross section allows to estimate energy spectra σ(Eγ) in the following way 

 

4
d E

E E
dE

γ
γ γ γ γ

γ

σ
σ ≡ = π⋅σ θ

( )
( ) ( , ).                                                                (3) 

 
The expression for the detector response function А(V, Eγ) was taken from Ref. [3].  
 

Data analysis and results 
 

The Fredholm integral equation of the first kind should be solved to unfold cross section σ (Eγ) from amplitude 
spectrum U (V)  

0

R V E E dE U V
Ε

γ γ γσ =∫
max

( , ) ( ) ( )                                                                 (4) 

 
There are problems in solving (4) due to instability of unfolded spectra to the experimental data uncertainties (so called ill-
posed). To find cross section σ (Eγ) an algorithm on the compact set of limited variations [4] was used. Uncertainties of the 
cross sections were estimated in assumption that the amplitude spectrum is distributed with Gauss distributions due to the 
large number of external factors. More details about estimation of cross section uncertainties can be found in [2].  

Experimental values of the unfolded differential cross 
sections and their uncertainties are shown in Fig. 2. 

As one can see, stable solution is obtained for the 
cross sections of the nat Cd(n, xγ) reactions. Set of 
monotonically decreasing functions were used for the 
unfolding procedure. Rather good agreement of our 
experimental results with results from Ref. [5, 6] is 
obtained. 
 

Calculations and discussions 
 

Experimental results were compared with 
theoretical calculations performed allowing gamma-
emission from compound nucleus (CN) and pre-
equilibrium stages [7]. Calculations of inclusive 
γ-spectrum for (n, xγ) reactions were performed by 
summarizing of exclusive spectra for all possible 
(n, ib+jγ) reactions: 

 

j i

d n x d n ib j
dE dEγ γ

σ γ σ + γ=∑∑( , ) ( , ) ,            (4) 

 

where i – is number of emitted particles b (b =n, p, d, t, α) and j – is number of emitted γ-rays. 
Calculations assuming CN emission were performed using the Hauser - Feshbach statistical model. Within the 

framework of this model for example, cross section of the reaction (a, bc) with emission of particles b and c is given by 
the following expression 

 

0

bC
b

c

E E
X z

C C X C b Y Y C C Z Z Y Y
Jb

d E J J J E J R U J U J RY c U J U J
dE

−

π

σ = σ π π ⋅∑ ∫
max

,
,
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( , , , ) ( , , , , ) , ( , ; , ) ,            (6) 

 

where Cσ – cross section of the compound nucleus (CN) production with excitation energy UC; spin JC  and parity π,  
E – energy of initial particle; X – initial nucleus, Y – nucleus residual after emission of particle b, Z - nucleus residual 
after emission of particle c, JX, JY  and JZ – spin of X,Y and Z nuclei respectively. Probability RC,b of CN-decay with 
emission of particle b is given by: 
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Fig. 2. Differential cross sections of the reactions 
nat Cd(n, xγ) obtained using regularization algorithm on the 
compact set of limited variations: points – results of our 
experiment, crosses – experimental data from [5], 
triangles –  [6]. 
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Here UY =UC - SbC - E is excitation energy of residual nucleus Y; SbC  - is separation energy of the particle b from CN; 
Cρ  is nuclear level density of CN; C b−ρ  - nuclear level density of residual nuclei; Tb

l,j stands for the transmission 
coefficient for emitted particle b with energy b C bC YE U S U= − −  and orbital angular momentum l which together with 
particle spin s couples to the channel angular momentum j. Probability RY,,c of decay of Y-nucleus with emission of 
particle c  can be defined by Eq. (7) with indexes Y, c and Z instead of C ,b and Y respectively. In case of nucleons - 
transmission coefficient is calculated using optical model, whether for γ-rays the following expression for transmission 
coefficient is used: 

 
2 12lj

l X X
X E M

T l E f E′π λ+
γ λ γ

=

′= π ⋅ ω π ⋅∑
,

( , ) ( ) ,                                                      (9) 

 

where factor X l ′ω π( , )  is taking into account law of parity conservation, Xf E
γλ ( )  - radiation strength function (RSF) of 

the γ-decay. 
Fig. 3 shows experimental differential cross sections of the reactions nat Cd(n, xγ) in comparison with theoretical 

calculations performed using EMPIRE [8] and TALYS [9] codes with default set of input parameters. Calculations have 
been performed with and without taking into account preequiliblirum emission. 

 

a b 
 

Fig. 3. Differential cross sections of the reactions nat Cd(n, xγ) performed using EMPIRE (a) and TALYS (b) codes: 
points – our experimental results, solid curve – calculations within Hauser - Feshbach statistical model, dashed curve – 
calculations within Hauser - Feshbach statistical model with taking into account preequilibrium emission (PE). 

 
As one can see from Fig. 3, rather satisfactory agreement of the theoretical calculations with experimental data is 

obtained for the natCd(n, xγ) reactions almost in all energy range accept interval from 6 MeV to 11 MeV, where 
experimental results exceed theoretical ones. It is also can be concluded that taking into account preequilibrium 
processes gives the better agreement of experimental data and theoretical calculations for the energy range above 
12 MeV. Calculations within EMPIRE and TALYS codes are in rather good agreement. 

As it can be seen from Eqs. (6) - (9), the following input parameters are required for cross section calculations: 
optical potential, nuclear level density and RSF. In this work we analyzed the sensitivity of the calculated cross sections 
to input parameters mentioned above [10].  

To investigate dependence of the cross sections on optical potential we have used different potentials from Refs. [11 
- 13]. Potential parameters were obtained from the fitting of the experimental data on the elastic neutron scattering. 
According to our calculations, cross sections of the natCd(n, xγ) reactions are practically insensitive to the optical 
potential variation. 

To check sensitivity of the cross sections to the different approaches for nuclear level densities the following models 
were used: Enhanced Generalized Super-Fluid Model (EGSM), Back-Shifted-Fermi-Gas Model (BSFG) and Gilbert-
Cameron approach (GC). More detailed description of all the models mentioned above can be found in Ref. [10]. Fig. 4 
demonstrates the example of the dependence of natCd(n, xγ) reaction cross sections on nuclear level density. It can be 
seen from Fig. 4 that theoretical results obtained using both EGSM and BSFG models gives rather same agreement of 
theoretical calculations with experimental results.  

We also checked sensitivity of the calculations to the shape of RSF. Calculations were performed using the 
following models [10]: Standart Loretzian (SLO), Enchanced Generalized Loretzian (EGLO), modified 
Loretzian (MLO1), Generalized Fermi liquid (GFL) model. For the nuclear level densities EGSM model was used. 
Results of the calculations are shown in Fig. 5.  
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As one can see, the best agreement with the experiment is obtained in case of using SLO and MLO models for 

radiative strength function. 
From the results presented on Figs. 4-6, one can conclude that good agreement of the theoretical calculations with 

experimental results can be obtained in the case of simultaneous changes of the models both the nuclear level density 
and radiative strength function .  

 
Conclusions 

 
Differential cross sections of natCd(n, xγ) reactions were measured using time-of-flight technique. The algorithm on 

the compact set of limited variations was used in order to obtain the cross sections values. Cross section uncertainties 
are extimated. 

Experimental results are compared with theoretical calculations performed in consideration of gamma-emission 
from equilibrium as well as from preequilibrium stages. Results of the calculations are rather in good agreement with 
experimental data except energy region from 6 to 11 MeV. Disagreement within mentioned interval can be caused by 
uncertainties of the input parameters of the calculations. It is also demonstrated that taking into account preequilibrium 
processes gives the best agreement of experimental data and theoretical calculations.  

In order to obtain the best agreement of calculated cross sections with experimental results, the optimal set of 
models for RSF, nuclear level densities and optical potential should be used. According to our analysis, cross sections 
of natCd(n, xγ) reactions calculated by the use SLO and MLO models for radiative strength functions with EGSM for the 
nuclear level densities give the best agreement with experimental results. 
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A unified model for alpha-decay and alpha-capture is discussed. Simultaneously the half-lives for alpha-transition 

between ground states as well as ground and excited states and alpha-capture cross-sections by spherical magic or near-

magic nuclei are well described in the framework of this model. Using these data the alpha-nucleus potential is 

obtained. The simple empirical relations for handy evaluation of the half-lives for alpha-transition, which take into 

account both the angular momentum and parity of alpha-transition, are presented.  
 

1. Introduction 
 

Alpha-decay is very important and widely known process in nuclear physics [1]. The experimental information on 

alpha-decay half-lives is extensive and is being continually updated [1]. The theory of alpha-decay was formulated by 

Georgii Antonovich Gamow in 1927. Various microscopic, macroscopic cluster, fission and simple empirical 

approaches to the description of alpha-decay have been proposed; see Refs cited in [2 - 6].  

The unified model for alpha-decay and alpha-capture (UMADAC) [2 - 5] allows describing two opposite processes 

the alpha-particle emission from parent nucleus and capture of alpha-particle by daughter nucleus at the same time. The 

same potential between alpha-particle and daughter nucleus is used for description of the both processes. The ranges of 

parameters of the model can be reduced and refined by using such set of data. In the framework of the UMADAC we 

can describe alpha-transitions between ground states as well as ground and excited states for all range of nuclei, which 

can decay by alpha-emission, and alpha-capture cross-sections near and well-below barrier.   

Simple and accurate empirical relationships for handy evaluation the alpha-decay half-lives are still required. Here 

we discuss the sets of empirical relationships for alpha-decay half-lives [6], which for the first time take into account 

both the angular momentum and parity of alpha-transition. Due to these effects the accuracy of these empirical relations 

is drastically improved and very high. 

Short description of both the UMADAC and simple empirical relations is presented here. 
 

2. UMADAC 
 

The both data for alpha-decays andsubbarrier fusion for determining the alpha-nucleus potential are used in this 

model [2 - 5]. The alpha-decay half-lives  in UMADAC depends on the total width  of the alpha-emission [2 - 5] 

                                                                      (1) 
 

The total width Г is the averaging on the partial width , related to alpha-particle emission in direction 

therefore 

                                                                    (2) 
 

For axial-symmetric nuclei the partial emission width in the direction  is 
 

                                                        (3) 
 

where  is the alpha-particle assault frequency (i.e., the frequency of collisions with the barrier), which takes into 

account the alpha-particle preformation,  is the transmission coefficient, which gives the probability of 

penetration through the barrier, and  is the released energy of alpha-decay. The transmission coefficient in the WKB 

approximation is 
 

                           (4) 
 

where  and b  are the turning points, where , μ is the reduced mass. The 

alpha-nucleus potential  consists of Coulomb , nuclear  and centrifugal 

 parts  
 

                                (5) 
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which are  

                     (6) 
 

 
 

                                             (7) 
 

                                                             (8) 
 

Here  and  are number of protons, radius, quadrupole and hexadecapole deformations of daughter nucleus,  

is the charge of proton,  and  are the spherical harmonic functions;  and  are the depth and 

effective radius of alpha-nucleus potential.  

The alpha-particle emission from nuclei obeys the spin-parity selection rule. The minimal value of alpha-particle at 

alpha-transition is 

                                         (9) 
 

Here ,  and  are the spin and parity values of the parent and daughter nuclei, respectively.  

The alpha-capture cross-section is  
 

                     (10) 
 

where transmission coefficient  is defined by Eq. (4). 

To build the alpha-nucleus interaction potential only precise experimental data for alpha-decay half-lives, total 

probabilities of the alpha-decays and corresponding branch ratios for ground-state to ground-state alpha-transitions are 

used. The energies of alpha-transitions are evaluated by atomic masses, but the alpha-decay is the pure nuclear process 

related to emission of alpha-particle from the parent nucleus. Therefore we take into account the contribution of atomic 

electronic shell energy into the atomic mass at evaluation of the energy of alpha-transition 
 

                                 (11) 
 

where  are the mass defects of parent, daughter 

and alpha-particle nuclei respectively,  are 

electrons binding energy of parent and daughter atoms. 

The experimental values of the alpha - capture reaction 

cross sections for spherical and near spherical nuclei 
208

Pb, 
209

Bi, 
59

Co and 
40,44

Ca are also considered. As the 

result we find the potential parameters and well describe 

the data for alpha-decay half-lives in 344 nuclei and 

alpha-capture cross-section near and below barrier for 

nuclei 
208

Pb, 
209

Bi, 
59

Co and 
40,44

Ca. The RMS errors of 

decimal logarithm of half-lives  
 

 

 

calculated for the total set of nuclei in the framework of 

the UMADAC is 0.6199 [3]. The RMS errors evaluated 
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Fig. 1. The comparison of alpha-capture cross-sections near 

and below barrier for nuclei 
208

Pb, 
209

Bi, 
59

Co and 
40,44

Ca 

evaluated in the UMADAC with the experimental data. 



277 

for the even-even, even-odd, odd-even and odd-odd subsets of nuclei in the framework of the UMADAC are 0.2980, 

0.7805, 0.7613 and 0.7405 respectively [3].The values of RMS errors are lower than the ones in previous works, see for 

details [3]. The comparison of alpha-capture cross-section near and below barrier for nuclei 
208

Pb, 
209

Bi, 
59

Co and 
40,44

Ca 

evaluated in the UMADAC with the experimental data are given in Fig. 1 (the details for this Figure are discussed in 

Ref. [2]).  

Note that many daughter nuclei formed at alpha-decay are deformed. The deformation of nucleus leads to very 

important effect on the alpha-nucleus potential (Fig. 2). We see that various direction of the alpha-emission lead to 

various barrier heights and thicknesses, which are induced the strongly different values of the partial emission width. 

The emission of alpha-particle from equator of nucleus relates to the higher and thicker barrier, than the ones in the case 

of emission from the pole of nucleus. However the various direction of alpha-particle emission is equivalent, therefore it 

is necessary to make averaging on the all possible direction of emission, see eq. (2). The deformations of daughter 

nuclei are taken into account in the UMADAC. The values of deformation parameters are picked up from the 

experimental data or theoretical calculations (if there are no experimental data), see detail in [3]. 
 

 
 

Fig. 2.The Coulomb, nuclear and total potentials between alpha-particle and 
234

Th, 

which taken place at the alpha-decay of 
238

U. E is the energy of alpha-decay transition. 
 

The alpha-decay from the ground state of parent nucleus can go into various final states of daughter nucleus [4]. The 

experimentalist can observe such various transitions and measure the relative intensity of various transitions [1]. The 

experimental and theoretical probabilities B and half-lives T of alpha-decay into ground (0
+
→0

+
transitions with 

) and first excited (0
+
→2

+
transitions with ) states are presented in the Table 1. Comparing the 

experimental and theoretical values of probabilities and half-lives we conclude that the UMADAC model describes well 

the data.  

We propose in the framework of UMADAC that the shape of daughter nucleus and structure are the same as in the 

ground state. Due to this the difference between transitions into the ground and the first excited states is related to the 

contribution of centrifugal potential, see Eq. (8).However the structure of more excited states became much complex, 

due to this the structure effects became more important and the nuclear shape of strongly excited states deviate from the 

ground state the one. As the result, the quality of description of the both probabilities B and half-lives T is reduces with 

increasing the angular momentum of the transition, see [4] for details. Similar tendencies are also observed in other 

approximations for alpha-decay [5]. 

The half-lives of superheavy elements are discussed in the framework UMADAC too [5]. The alpha-decay half-lives 

of even-even superheavy elements within the range of proton number 104 ≤ Z ≤ 126, which can be formed by possible 

cold and hot fusion reactions,are calculated in the framework of the UMADAC and various other approaches for alpha-

decay half-life evaluation and by using the Q-values of alpha-transitions obtained within different approximations for 

atomic masses. The dependencies of alpha-decay half-lives of superheavy elements on model approaches for both the 

Q-values and half-lives calculations are discussed in detail [5]. 
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Table 1. The experimental and theoretical probabilities B and half-lives T of alpha-decay 

into ground and first excited states, angular momentum of the transition  

 and reaction Q-value. 

Parent and daughter 

nuclei Transition . MeV 
   

. s . s 

222 218

88 86Ra Rn  0
+
→0

+
 6.717 0 96.90 96.88 37.33 43.64 

222 218

88 86Ra Rn  0
+
→2

+
 6.393 2 3.05 3.07 1.19 ∙ 10

3
 1.38 ∙ 10

3
 

224 220

88 86Ra Rn  0
+
→0

+
 5.827 0 94.92 95.98 3.33 ∙ 10

5
 1.10 ∙ 10

6
 

224 220

88 86Ra Rn  0
+
→2

+
 5.586 2 5.06 3.97 6.25 ∙ 10

6
 2.67 ∙ 10

7
 

228 224

90 88Th Ra  0
+
→0

+
 5.560 0 72.20 77.39 8.36 ∙ 10

7
 1.39 ∙ 10

8
 

228 224

90 88Th Ra  0
+
→2

+
 5.475 2 27.20 21.10 2.22 ∙ 10

8
 5.10 ∙ 10

8
 

232 228

90 88Th Ra  0
+
→0

+
 4.121 0 78.20 81.81 5.67 ∙ 10

17
 1.40 ∙ 10

18
 

232 228

90 88Th Ra  0
+
→2

+
 4.057 2 21.70 17.67 2.04 ∙ 10

18
 6.49 ∙ 10

18
 

236 232

92 90U Th  0
+
→0

+
 4.614 0 74.00 72.72 9.99 ∙ 10

14
 1.16 ∙ 10

15
 

236 232

92 90U Th  0
+
→2

+
 4.565 2 26.00 25.15 2.84 ∙ 10

15
 3.36 ∙ 10

15
 

238 234

92 90U Th  0
+
→0

+
 4.311 0 79.00 75.25 1.78 ∙ 10

17
 4.39 ∙ 10

17
 

238 234

92 90U Th  0
+
→2

+
 4.262 2 21.00 23.28 6.71 ∙ 10

17
 1.42 ∙ 10

18
 

240 236

94 92Pu U  0
+
→0

+
 5.298 0 72.80 66.49 2.84 ∙ 10

11
 2.04 ∙ 10

11
 

240 236

94 92Pu U  0
+
→2

+
 5.253 2 27.10 29.15 7.64 ∙ 10

11
 4.65 ∙ 10

11
 

242 238

94 92Pu U  0
+
→0

+
 5.027 0 76.49 68.63 1.54 ∙ 10

13
 3.02 ∙ 10

13
 

242 238

94 92Pu U  0
+
→2

+
 4.982 2 23.48 27.91 5.02 ∙ 10

13
 7.44 ∙ 10

13
 

 

3. Empirical relations 

 

Simple and accurate empirical relationships are very useful for handy evaluation of the alpha-decay half-lives for 

unknown cases. We found the sets of empirical relationships for alpha-decay half-lives [6], which for the first time take 

into account both the angular momentum and parity of alpha-transition. For full set of the alpha-transitions between the 

ground states we found [6] separate relations for even-even, even-odd, odd-even and odd-odd nuclei respectively 

 

 
 

 
 

 
 

 
 

where 
1/6

.
 

For set of heavy nuclei (with Z > 82 and N > 126) we found [6] corresponding relations for alpha-decay half-

lives for the alpha-transitions between the ground states in the forms 
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For set of light nuclei (rest of nuclei after subtractions the set of heavy nuclei from the full set) we found [6] 

corresponding relationships for alpha-decay half-lives for the alpha-transitions between the ground states in the forms 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

The RMS errors of decimal logarithm of half-lives calculated for the total, heavy and light sets of nuclei are 

presented in Table 2.  

 

Table 2. The RMS errors of decimal logarithm of half-lives calculated for the total, 

heavy and light sets of nuclei 
 

 RMS errors 

 total set even-even Even-odd odd-even odd-odd 

full set of nuclei 0.5488 0.3308 0.6177 0.6772 0.6916 

set of heavy nuclei 0.5291 0.1907 0.6610 0.7590 0.5388 

set of light nuclei 0.4955 0.2674 0.5767 0.5834 0.6653 
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In conclusion, we found parameters of UMADAC using both the data for alpha-decay half-lives in 344 nuclei and 

the data for alpha-capture cross-section near and below barrier for nuclei 
208

Pb, 
209

Bi, 
59

Co and 
40,44

Ca. We fitted 

experimental alpha-decay half-lives between ground states for 344 nuclei and find parameters of empirical relations 

which take into account both the angular momentum and parity of alpha-transitions. We split these relations for full, 

light and heavy subsets, as well as even-even, even-odd, odd-even and odd-odd subsets additionally. We obtain good 

description of available data in our approaches. 
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The expression for polarized electric dipole moment of well-deformed reflection asymmetric nuclei is obtained in 

the framework of liquid-drop model in the case of geometrically similar proton and neutron surfaces. The expression for 
polarized electric dipole moment consists of the first and second orders terms. It is shown that the second-order 
correction terms of the polarized electric dipole moment are important for well-deformed nuclei. 

 
1. Introduction 

 
Reflection asymmetric deformation of nucleus induces the proton-neutron redistribution. As a result, the both proton 

and neutron density distributions became slightly polarized and reflection asymmetric in the nuclear volume. Due to 
such density polarization the position of proton center of mass is shifted relatively the nuclear center of mass; therefore 
reflection asymmetric nuclei have the polarized electric dipole moment (PEDM). 

The PEDM of nuclei with quadrupole and octupole surface deformations was firstly obtained by V. M. Strutinsky in 
1956 [1] in the framework of liquid-drop model. A short time later A. Bohr and B. R. Mottelson were evaluated the 
PEDM in the same model [2], but Strutinsky's derivation is the correct [3]. Note the PEDM discussed in Refs. [1 - 3] is 
only related to the proton-neutron polarization in the volume of nuclei with quadrupole and octupole surface 
deformations.The proton-neutron density polarization in the nuclear volume induces the variation of proton and neutron 
radii and, therefore, leads to the corresponding surface contribution into the PEDM [4 - 5].We emphasize that the 
PEDM obtained in the first non-zero order on multipole deformations of nuclear surface is proportional to βƖβƖ+1and all 
expressions for the PEDM presented in Refs. [1 - 5] are derived in this approximation.Numerical study of the PEDM in 
well-deformed nuclei in Ref. [6] shows that the first approximation for PEDM is strongly underestimated the numerical 
one. Moreover the difference between the numerical and first-order values of PEDM increases with values of 
deformation parameters strongly [6]. 

The nuclei with quadrupole and octupole deformations, E1 transitions and the PEDM are studied intensively. The 
PEDM plays important role in various phenomena of well-deformed reflection asymmetric nuclei. Thus Karpeshin has 
shown that well-deformed fission fragments of such shapes formed during prompt fission give rise to both the 
anomalous E1 internal conversion and the prompt gamma radiation related to the PEDM [7 - 9]. The E1 transitions 
possibly linked to octupole vibrations around super-deformed shape can be also enhanced by the PEDM [6]. Strong E1 
transitions related to the low-energy shape oscillations of negative parity in the first and second (isomeric) minima in 
actinides are also connected to the PEDM [10]. 

However application of expression for the PEDM obtained in the first order for well-deformed nuclei is 
questionable. Therefore it is desirable to obtain expression for the PEDM in the next order at least, which is the second 
order approximation for the PEDM contained terms proportional to βƖβƖ’βƖ’’. Such expression should be helpful and 
practical for description of various nature E1 transition in well-deformed nuclei. Below we derive such expression for 
PEDM, see also [11]. 
 

2. PEDM 
 

Let us consider the axial nucleus with proton and neutron radii described by  
 ( ) = ( ) = 1 + ( ) = ( )	.																																																										(1) 

 
There are no any density polarizations in spherical nuclei, therefore the equilibrium neutron and proton density 
distributions in deformed nucleus can be presented as ρn = ρ0n + δρn and ρp = ρ0p + δρp. Here ρ0n = 3N/(4π ) and 
ρ0n = 3Z/(4π )are the equilibrium neutron and proton densities in spherical nucleus, δρn and δρp are the variations of 
neutron and proton densities induced by surface deformation, Z and N are the numbers of protons and neutrons in the 
nucleus. Due to high value of the nuclear matter incompressibility the total nuclear density ρ = ρn + ρp in the nuclear 
volume is constant ρ = ρ0n + ρ0p, therefore δρn = −δρp. 

We should take into account that the numbers of protons and neutrons in deformed nucleus are, respectively, Z and 
N; and the center of mass must lie in the plane of mirror symmetry of the nucleus [1, 5, 11, 12], because the reflection 
asymmetric nuclear shapes are coupled by sub-barrier tunnel transition [5, 11, 12]. These two conditions can be easy 
fulfilled by introduction of auxiliary monopole β0 and dipole β1 deformations. For the sake of simplicity we take into 
account the most important mutipole deformations of nuclear surface β2, β3, β4, β5, β6. 

The PEDM is defined as 
 = 	 cos ( )	 V.																																																																																(2) 
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Due to deviation of the nuclear surface from spherical form there is variation of the proton density into the nuclear 
volume δρp(r). The variation of nucleon density in nuclear volume induces the deviation of the proton radius δRp( ) 
from the equilibrium position on the nuclear surface. The proton radius variation induces the proton density variations 
in the volume δRp(ϑ)ΔS, where ΔS isthe element of surface square. Therefore the PEDM in reflectionasymmetric nuclei 
with axial symmetry is relatedto the redistribution of protons relatively neutrons intothe nuclear volume and on the 
nuclear surface, see also [4, 5, 11], 

 	 = 	 	+	 ,																																																																										           (3) 
where ≈ 	 cos [ + ( )]	 V = 2 	 	 sin 	 cos 	 ( )	 ( ) 	,							    (4) 

 

( ) ( ) ( )
( ) ( ) ( )

1
2 2'

3
0

0

3coscos S sinsin coscos 1 .
2s p p p p

fZeD R R d d f R
f

π ϑ
ϑ ϑρ δ ϑ ϑ ϑ ϑ ϑ δ ϑ

ϑ

⎡ ⎤⎛ ⎞
⎢ ⎥≈ = + ⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

∫ ∫          (5) 

 
The proton (or neutron) density variation induced by surface deformation produces additional pressure on the free 
nuclear surface. Due to this pressure the position of corresponding surface is slightly shifted. Both the surface symmetry 
energy and Coulomb force counteract the surface shift and neutralize the additional pressure on the free nuclear surface 
induced by density variations, see for details [4, 5]. Normal to the surface variation of the proton radius is defined by 
the boundary condition [4, 5, 11], which equalizes the normal to surface pressures induced by density fluctuations, 
neutron-skin stiffness and Coulomb interaction, and equals to 

 ( ) = − ( ) −	 	 ( ) / 	 ,																																										(6) 

 
where Q is the neutron-skin stiffness coefficient [4, 5, 11, 12], φ(r) is the Coulomb potential related to the protons and 
A = Z + N. Note that ( )+ ( ) = 0	[11]. 

We can evaluate the PEDM if we know ( )and ( ). Let us these quantities in the framework of liquid-drop 
model. The energy density functional, which is described density distribution in the nuclear volume, can be written in 
the simple form [1, 11] 						 ≈ − 	 + 	+ 	 	 = − 	 + 	+ 	 	 ,																																							(7) 

 
where − 	is the bulk energy per nucleon in symmetric nuclear matter and J is the volume symmetry energy. The 
energy of nucleus E is related to the energy density functional E = ∫dV E. The equation determined the equilibrium 
distribution of the charge into the nuclear volume can be obtained by variation of the energy 

 = 	 	[ − ] = 	[−4 ( 	 − 	2 )/ + − ( + )]	 																												(8) 
 

on  with the additional condition conserved the number of protons in the nucleus. As the result, we get 
 8 = − ( − 4 − ),																																																																																							(9) 

 
where λ′ = av + λ and λ is the Lagrangian coefficient related to the additional condition. The solution of this equation is 

 = + − 	,																																																													                 (10) 
 = − ( )	,																																																									                        (11) 
 < >= 		 .																																																																			                      (12) 
 

Substituting (6), (10) - (12) into (4) - (5) we link volume and surface contributions of PEDM with Coulomb potential, 
which for deformed nuclei can be presented as ( ) = 	 | | .																																							                             (13) 

 

It is possible to find potential ( ) by applying the perturbation theory [11]. We expand the potential and the variation 
of proton density into the perturbation series 
 ( ) ≈ 	 ( ) + ( ) + ( ) +⋯, 
 ( ) ≈ ( ) + ( ) + ( ) + ⋯.                                                  (14) 
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As the result, the macroscopic PEDM can be written as [11] 
 	= 	 	+ 	 	+ 	+ 	+	 	+ 	 ,																										                      (15) 
where = √ + √ + √ + √ ,																										                                (16) 

 = / √ + √ + √ + √ ,																				                               (17) 
 = / 356√7 + 7898624√11 + 48721	101640	√35 + 65685	44044	√455 + 1658135	2186184	√55 + 35403	11440	√715 + 388√7+ 195571041040√11 + 27147220220√7 + 657095	528528	√91 + 1417231041040√7 + 110793√7 	5348200+ 2456251457456√11 + 46892	36465	√143 + 3275746√11+ 64461369512√11 ,																																																																																						(18) 

 = // 2972240√7 + 2027768992√11 + 80181	54208	√35 + 204545	352352	√455 + 16455195	5829824	√55 + 252207	18304	√715+ 81704√7 + 5602575712√11 + 177669352352√7 + 8432595	1409408	√91 + 11131291665664√7 + 1037259√7 	8557120+ 980230511659648√11 + 299061	38896	√143 + 3145591936√11 + 36799652956096√11 ,																																													(19) 
 = / 47715680√35 + 3719194040√7 + 1769336342336√11 + 6272195725720√143 ,														(20) 

 = / 4597840√35 + 9623258720√7 + 32881604032√11 + 7020813271840√143 .																		(21) 
 
Here and  are the volume and surface first-order contributions, which was obtained in [4, 5], = / . The 
first term in Eq. (16) is obtained by Strutinsky [1]. , ,  and  are the volume and surface first-order 
contributions. Terms  and  are related with direct second-order corrections induced by deformation, while 
terms  and  are related to next order perturbation of the Coulomb potential induced by deformation 
andsequential evaluation of the corresponding integrals in Eqs. (4) and (5). 

 
3. Discussion and results 

 
The total value of the PEDM, , is the sum of 

the macroscopic, , and the microscopic, 
, shell-correction contributions [6, 12, 13] 

calculated for the same shapes of the proton and 
neutron surfaces [12], i.e. 

 = + .              (22) 
 

The total values of the PEDM evaluated in the 
framework of various models are compared with the 
experimental data for thorium isotopes in Fig. 1. The 
experimental data are taken from refs. [13, 14, 11]. 
Our calculation of the macroscopic part  is 
done with the help of Eqs. (15) - (21) using the recent 
parameter values of the droplet model J = 32.5 MeV, 
Q = 29.4 MeV, r0 = 1.16 fm [4]. The values of the 
multipole deformation parameters βℓ and the 
microscopic part of PEDM, , are taken from 
ref. [13]. The results obtained in our model well agree 
with the experimental data for 220−228Th, see Fig. 1. 

218 220 222 224 226 228 230 232

0,0

0,2

0,4

 exp
 Dmacro+Dmicro  Dmacro 
 Dmicro  DSHF

A

D
, e

 fm

Th

 

Fig. 1. Experimental (points) and theoretical (lines) values of 
the PEDM as well as macroscopic and microscopic 
contributions to the PEDM for Th isotopes. For details on 
theoretical lines see the text. 
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The values of the PEDM obtained in the framework of the cranking Skyrme - Hartree - Fock approach DSHF [14] are 
also presented in Fig. 1. The values of the PEDM evaluated in the cranking Skyrme - Hartree - Fock model 
underestimatethe experimental data for 222−227Th and overestimate theones for 229,230Th.  

The macroscopic PEDM consists of 6 contributions, see Eqs. (15) - (21). Contributions of all these terms to the 
PEDM in 220Th as well as the total first- and second-orders macroscopic PEDM values are shown in Figs. 2 - 3. The 
values of deformation parameters of 220Th are taken from [13]. 
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β2 0,0 0,2 0,4 0,6
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β2=0.12, β4=0.075,
β5=0.045, β6=0.02

D
, e

 fm

β3
Fig. 2. Dependencies of the total macroscopic PEDM in 
220Th evaluatedin the first D1macro and second Dmacro orders 
on thequadrupoleβ2 deformation as well as the same 
dependenciesof contributions Dv1, Dv20, Dv21, Ds1, Ds20, and 
Ds21 to thePEDM.  

Fig. 3.Dependencies of the total macroscopic PEDM in 
220Th evaluatedin the first D1macro and second Dmacro orders 
on theoctupoleβ2 deformation as well as the same 
dependenciesof contributions Dv1, Dv20, Dv21, Ds1, Ds20, and 
Ds21 to thePEDM. 

 
Comparing the various lines in Figs. 2 and 3 we conclude that: 
1. The total first-order contribution of the PEDM is mainly determined by the value of the PEDM at small values of 

the deformation parameters. The influence of the second-order terms rises with the values of the deformation 
parameters. 

2. The surface contribution of any type is approximately twice as small, than the volume contribution of the same 
type. 

3. The total PEDM evaluated at large octupole and fixed quadrupole deformations is larger than the one for large 
quadrupole and fixed octupole deformations. 

We evaluated the PEDM of the hyperdeformed state of 152Dy. The values of the deformation parameters of152Dy in 
the hyperdeformed state are β2 = 0.61, β3 = 0.1,β4 = 0.11, β5 = 0.05 and β6 = 0 [6]. The values of themacroscopic part of 
the PEDM obtained in the first and second orders using Eqs. (15) - (21) are Dmacro = 0.67 e fm and D1macro = 0.46 e fm, 
respectively. The microscopicshell-correction part of the PEDM (22) evaluated for geometricallysimilar proton and 
neutron surfaces is Dshell = −0.34 e fm [6]. As a result the total values of the PEDM (22) found by applying the first-  
and second-order calculationof the macroscopic part of the PEDM are Dmacro + Dshell = 0.33 e fm and D1macro + Dshell = 
= 0.12 e fm, respectively. Note that the total value of the PEDM evaluatedusing the exact numerical calculation of the 
macroscopiccontribution in the framework of the droplet modelis DmacroSkalski + Dshell = 0.06 e fm [6]. Hereby, thePEDM 
depends strongly on the second-order terms inwell-deformed nuclei as well as on the neutron skin shape. 

In conclusion, the expression for macroscopic PEDMtaking into account the first- and second-order terms in the 
parameters of multipole deformations is obtained inthe case of geometrically similar proton and neutron surfacesof 
reflection asymmetric nuclei. The second-order terms are important at large valuesof the deformation parameters. 
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MEASUREMENT  OF  ELECTRON  MOMENTUM  DISTRIBUTIONS 
IN  TUNGSTEN  WITH  662 keV  GAMMA  RADIATION 

 
S. A. Hamouda 

 
Department of Physics, University of Benghazi, Benghazi, Libya  

 
Compton profile measurement of Tungsten polycrystalline sample has been performed with 662 keV γ-radiation 

from a caesium-137 source scattered at 900. The Spectrometer calibration and data corrections for the high energy 
experiment are discussed. The data are compared with the augmented-plane-wave (APW) band theoretical Compton 
profile of Tungsten. Theoretical predictions show the band theory overestimates the momentum density at low momenta 
and underestimates it at intermediate momenta. The discrepancies between experiment and theory were attributed to 
some non-local exchange-correlation effects and the spin-orbital interaction effect which were neglected in the 
theoretical calculation. 

 
1. Introduction 

 
Compton scattering is a technique for obtaining an experimental measure of the momentum distribution of electrons 

in materials [1, 2]. The scattering from a distribution of moving electrons is Doppler-broadened due to the motion of the 
target electrons. This broadened line shape, referred to as the Compton profile, J(pz), is defined within the impulse 
approximation [3] as the projection of the ground state electron momentum density distribution, ρ(p), along the 
scattering vector (assigned as the z axis) and is given by 

 
J(pz) =  ∫ ∫ n( px, py, pz) dpxdpy                                                                (1) 

 
The impulse approximation implies that the energy transfer is much larger than the one-electron binding energies. 

However the conditions imposed by the impulse approximation had made Compton profile measurements to be 
restricted to materials of low atomic number Z when using low gamma-ray energies [4, 5].  

To extend the applicability of Compton profile measurements to materials of higher atomic number Z while 
maintaining the validity of the impulse approximation, together with overcoming the practical limitation imposed by the 
photoelectric absorption require the use of high gamma-ray energies [6]. For 662 keV gamma ray radiation, the 
Compton cross section is greater than the photoelectric cross section up to about Z = 90 see DuBard [7]. Since 
theoretical Compton profile has already been computed for W(Z = 74) by Papanicolaou et al. [8] using the wave 
functions from self-consistent augmented-plane-wave (APW) method. It was therefore thought to be of interest to 
measure the Compton profile of W in order to provide a possible check for the new APW theoretical calculation.  

An outline of this paper is as follows: Sec. II describes briefly the experimental procedure and other experimental 
aspects of the measurement. Sec. III presents the experiment and data analysis. Sec. IV discusses experimental and 
theoretical results, followed by some concluding remarks. 
 

II. The experimental procedure 
 

The experimental setup used in this study is introduced elsewhere [9] and can be described as follows: γ-rays from a 
10 Ci 137Cs (662 keV) source scatter from a sample through a mean angle of 900. The scattered radiation is detected by a 
HpGe detector. A photon entering the detector generates an electrical pulse which was converted to a voltage pulse 
proportional to the initial photon energy by the detector pre-amplifier. The output pulses are fed to the amplifier at 
which they are reshaped and transmitted to the Analogue to Digital Converter (ADC). Finally the energy and counts of 
photons recorded spectrum is stored in a Multi-Channel Analyzer (MCA).  

Using the 133-Ba point source lines, the relative efficiency of the HPGe detector was found to be 10 % at the 
Compton line (288 keV). The energy resolution of the detector was measured using the 133-Ba point source lines in the 
energy range from 53 keV to 384 keV. At the Compton line the energy resolution of the detector was found to be 
FWHM = 0.33 a.u. which corresponds to FWHM = 750 eV. The geometrical resolution of the Compton scattered 
radiation was approximated as FWHM = 0.5 a.u. (1a.u. of momentum is 2.0 · 10-24 kg m s-1). By combining the detector 
resolution function and the geometrical resolution function an overall experimental resolution function of FWHM = 
= 0.6 a.u was obtained. 

 
III. The experiment 

 
The sample used in this experiment was a 20 mm × 40 mm × 1 mm tungsten (Z = 74) polycrystalline sample which 

has a density of 19.3 gram/cm3. In this measurement 40,000 counts were collected at the peak channel and 8 × 106 
counts under the Compton peak (-10 a.u. to +10 a.u.). The multichannel analyzer channel width was 89 eV which 
corresponds to 0.04 a.u. The statistical error at the Compton peak was 0.5 and 0.3 % at J(0). The background spectrum 
was measured (with no sample in position) and time scaled with measurement. The signal-to-background ratio at the 
Compton peak was 73:1. Before the data can be interpreted, a series of energy dependent corrections have to be applied. 
Our data reduction procedures were adapted from the software package created by the Compton group at the University 
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of Warwick [10]. These were applied to the measured data and the corrected data was extracted on a momentum scale 
(pz) division of 0.1 a.u. The multiple scattering contributions under the Compton profile from -10 a.u to +10 a.u were 
11 %. After correction for multiple scattering the Compton profile was normalized to the free atom profile value of 
60.4901 in the momentum range from -10 a.u. to +10 a.u. 

 
IV. Results and Discussion 

 
The experimental profile was normalized to the free 

atom profile value of 30.2475 in the momentum range 
from 0.0 a.u to 10 a.u. and then compared with the APW 
calculation of Papanicolaou et al. [8] which was 
convoluted with 0.60 a.u. to mimic the experimental 
resolution and normalized to the same area. Figure shows 
the difference between the APW calculation and the 
experimental Compton profile of tungsten. 

As can be seen from Figure there is a significant 
difference between the APW calculation and the 
experimental result. The most obvious feature of this 
comparison is the excess of electron momentum density 
for the APW calculation at low momenta (pz < 1 a.u.). 
The difference between the APW calculation and the 
experimental profile amounts to 7.3 % at J(0). On the 
other hand the APW calculation appears to underestimate 

the electron momentum density at the intermediate momenta (1.0 a.u. < pz < 3 a.u.). However, above 3 a.u. the APW 
calculation is in good agreement with experiment. 

 
The discrepancies between APW calculation and 

experiment were attributed to some non-local exchange-
correlation effects and the spin-orbital interaction effect. All 
these effects were neglected in the APW calculation of 
Papanicolaou et al. [8]. The non-local exchange-correlation 
effects which are not included in the local density 
approximation may affect the electron momentum 
distribution since the delocalization of the d electrons was 
shown to increase from V to Ta see Chang et al. [11]. The 
spin-orbital interaction has been investigated through the 
Hamiltonian of H = ξl.s. by Bacalis et al. [12] and found that 
the coupling constant ξ to increase with the mass of the 
element and the average splitting of the d state. This implies 
that a correction of the spin-orbital interaction for Compton 
profile may appear larger with an increase of the mass of the 
element. This may well be applied to the case of tungsten. In 
a recent work on tungsten, Rozing et al. [13] have suggested 
that the spin-orbital coupling may affect the Fermi surface 
and hence the electron momentum distribution. All these 
effects were neglected in the APW calculation of 
Papanicolaou et al. [8]. Therefore, the non-local exchange 
effect and the spin-orbital interaction correction are necessary 
to correct the band structure theory to bring it closer to 
experiment. The theoretical and experimental Compton 
profiles of tungsten are summarized in the Table. The 
theoretical profile was convoluted with 0.6 a.u. to mimic the 
experimental resolution. It can be seen from the Table that the 
experimental profile values smoothly approach the free atom 
profile values [14]. 
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The difference between the APW theory and experimental 
Compton profile of tungsten measured with 662 KeV 
radiation 

Experimental and theoretical Compton profiles 
of tungsten 

P. EXP. APW Free Atom 
0.0 8.646 + 0.027 9.322 10.09 
0.1 8.618 9.292 9.994 
0.2 8.56 9.203 9.727 
0.3 8.473 9.062 9.342 
0.4 8.355 8.876 8.903 
0.5 8.199 8.651 8.464 
0.6 8.012 8.393 8.061 
0.7 7.803 8.105 7.699 
0.8 7.584 7.791 7.375 
0.9 7.336 7.454 7.075 
1.0 7.077 7.102 6.788 
1.2 6.542 6.394 6.231 
1.4 6.019 5.74 5.698 
1.6 5.534 5.187 5.215 
1.8 5.082 4.754 4.802 
2.0 4.688 4.419 4.461 
2.4 4.118 3.966 3.969 
3.0 3.531 3.488 3.495 
4.0 2.846 + 0.015 2.853 2.859 
5.0 2.236 2.239 2.245 
6.0 1.747 1.737 1.728 
7.0 1.359 1.358 1.364 
8.0 1.102 1.098 1.102 
9.0 0.908 0.912 0.914 
10.0 0.785 + 0.007 0.782 0.783 
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V. Conclusions 
 

In this paper the performance of the high energy (662 keV) gamma-ray 137Cs 10 Ci Compton spectrometer was 
tested and its quality was assessed. This was done by measuring the Compton profile of tungsten and compared with the 
available theoretical models. Despite the reasonable resolution of the present system comparison between experimental 
data and the theoretical model can be made and the discrepancies can be revealed and distinguished. This has been 
demonstrated in the measurements made on tungsten discussed above. This allows the use of this system to study a 
wide range of high Z-materials and their alloys. 
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NUCLEAR  DIFFUSE  INTERFACE  AND  TOLMAN  LENGTH 
 

V. M. Kolomietz,  S. V. Lukyanov,  A. I. Sanzhur 
 

Institute for Nuclear Research, National Academy of Sciences of Ukraine, Kyiv, Ukraine 
 

We redefine the surface tension coefficient for a nuclear Fermi-liquid drop with a finite diffuse layer. Following 
Gibbs - Tolman concept, we introduce the equimolar radius eR  of droplet surface at which the surface tension is 
applied and the radius of tension surface sR  which provides the minimum of the surface tension coefficient σ . This 
procedure allows us to derive both the surface tension and the corresponding curvature correction (Tolman length) 
correctly for the curved and diffuse interface. We point out that the curvature correction depends significantly on the 
finite diffuse interface. We show that Tolman's length ξ  is negative for a nuclear Fermi-liquid drop. The value of the 
Tolman length is only slightly sensitive to the Skyrme force parametrization and equals 0.36ξ = −  fm. 
 

1. Introduction 
 

The curvature correction to the planar tension coefficient and the corresponding Tolman length [1] can be estimated 
phenomenologically using the polynomial, in powers of 1/3A , expansion of mass formula [2 - 5]. However the influence 
of the curved interface on the properties of small quantum systems is still poorly studied because of the finite diffuse 
layer where particle density drops down to the zero value. The presence of the finite diffuse layer in a small drop creates 
two, at least, questions: (i) What is the actual radius of a drop? (ii) What is the physical surface where the surface 
tension is applied? Because of the presence of the diffuse layer, different definitions for the size of the drop are possible 
[6] which all give the value of drop radius located within the diffuse layer. Note also that though the width of diffuse 
layer is much less than the range of approximate uniformity of the particle density, one still needs the strict definition of 
the drop size because of the following reason. In contrast to the planar geometry, the area S for the spherical (curved) 
surface will depend on the choice of drop radius and this will affect the value of the surface tension σ derived from the 
surface energy. 

Gibbs was the first who addressed the problem of the correct definition ofthe radius and the surface of tension to a 
small drop with a diffuse interface [7]. After him, Tolman drew attention [1] that two different radii have to be 
introduced in this case: the equimolar radius eR which gives the actual size of the corresponding sharp-surface droplet 
for a given particle number A , and the radius of tension sR ,which derives, in particular, the capillary pressure, see 
below in Sec. 2. Following Tolman, see also Ref. [8], the surface tension ( )e eRσ ≡ σ  approaches the planar limit ∞σ as 

 

 ( )22( ) 1 ,e e
e

R O R
R

−
∞
⎛ ⎞ξσ = σ − +⎜ ⎟
⎝ ⎠

                                                                       (1) 

 
where ξ  is the Tolman's length [1]. At the same time the capillary pressure capilP , which is generated by the 

curvedsurface and provides the equilibrium condition for the well-defined radius eR , is determined by the radius of 
tension sR  [7] 

capil
2 .

s
P

R
σ=                                                                                 (2) 

 
In general, the presence of the curved interface affects both the bulk and the surface properties. The curvature 

correction 1/3
curv 2 / eR A−

∞Δσ = − σ ξ ∼  is usually negligible in heavy nuclei. However, this correction can be important 
in some nuclear processes. For example the yield of fragments at the nuclear multifragmentation or the probability of 
clasterization of nuclei from the freeze-out volume in heavy ion collisions are derived by the statistical weight W of the 
radius fluctuations [9]. In both above mentioned processes, small nuclei necessarily occur and the exponential 
dependence of the statistical weight W  on the surface tension σ  [9] should cause a sensitivity of both processes to the 
curvature correction curvΔσ . 
 

2. Equimolar surface 
 
We will calculate the dependence of the surface tension coefficient on the position of the dividing surface in a small 

Fermi-liquid drop with a finite diffuse layer similarly to the procedure described in Ref. [8]. The goal of calculations is 
to determine the position of the equimolar surface, the dependence of surface tension on the bulk density and the 
sensitivity of the curvature correction (Tolman length ξ )to the parametrization of the effective nuclear forces. 

We consider the uncharged symmetric ( N Z= ) droplet having the number of particles A N Z= + , the chemical 
potential λ  and the free energy F . Note that the thermodynamical consideration is most adequate here because of the 
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finite diffuse interface in a cold nucleus is similar to the vapor environment in a classical liquid drop. In order to 
formulate proper definition for the drop radius, we will use the concept of dividing surface of radius R , originally 
introduced by Gibbs [7]. Following Refs. [7, 8], we introduce the formal (arbitrary but close to the interface) dividing 
surface of radius R , the corresponding volume 34 / 3V R= π  and the surface area 24S R= π . The droplet free energy F  
will be then split between the volume, VF , and surface, SF , parts 

 

V SF F F= + ,                                                                                (3) 
where 

( ) ( ), .V V S SF P V F S= − + λρ = σ + λρ                                                         (4) 
 
Here, ( )P P= λ is the pressure of nuclear matter achieved at some volume particle density /V VA Vρ = and /S SA Sρ =
is the surface particle density, where VA  and SA  are the volume and the surface particle numbers, respectively. 
Irrespective to the way of calculation of the total free energy F , its volume part VF stands for the nuclear matter free 
energy of the uniform density Vρ  within the volume V . The state of the nuclear matter inside the specified volume is 
chosen to have the chemical potential λ equal to that of the actual (in the presence of the finite diffuse layer) drop. 
Having the value of λ one can calculate all the intensive quantities like the free energy per particle /V VF A , the particle 
density Vρ and the pressure /

VV AP F V= −∂ ∂  from the equation of state for the infinite nuclear matter. The surface part 

of the free energy SF  as well as the surface particle number SA  are considered as the excess quantities responsible for 
"edge" effects with respect to the corresponding volume quantities. Thus, the chemical potential λ  is the key quantity 
needed to determine both the volume part of the free energy VF  and the surface energy SF  due to Eq. (3). 
The actual particle number is given by 
 

.V VS SA A A V S= + = ρ + ρ                                                                            (5) 
 
Note also that the surface (superficial) particle number SA is a formal quantity which is caused by the deviation of the 
volume part VA from the actual particle number A  through an arbitrary choice of the dividing surface. The value of SA  
disappears for the actual size of the sharp-surface droplet given by the equimolarradius eR , see Refs. [7, 8] and below 
in Sec. 3.The use of Eqs.(3) - (5) gives the following relation for the surface tension 
 

,VF A PV
S S S

Ω − Ω− λσ = + =                                                                     (6) 

 
where symbol F AΩ = − λ  stands for the grand potential and V PVΩ = − . To reveal a R -dependence of the surface 
tension σ , it is convenient to introduce the grand potential per particle /F Aω = − λ  for the actual droplet and 

/V V V VF A Pω = − λ = − ρ  for the volume part. Then the surface tension is written as 
 

 [ ] 2 2

1 .
4 3 4 3V V

A A PR R R
R R

ω ωσ = − ω ρ = +
π π

 (7) 

 
Here, the square brackets denote a dependence of an observable on the dividing surface radius R  which is different 
than the dependence on the physical size of a droplet [8]. Taking the derivative from Eq. (7) with respect to the formal 
dividing radius R  and using the fact that the observable quantities F , λ  and P  should be R -independent (changing 
dividing radius R  we keep the particle density invariable), one can rewrite Eq. (7) as 

 

 [ ]2 ,P R
R R
σ ∂= + σ

∂
 (8) 

which is the generalized Laplace equation. 
The choice of the dividing radius R  is arbitrary, the only condition is tokeep the same chemical potential λ . So, the 

formal value of surface density Sρ  can be positive or negative depending on R . From Eq. (5) one finds 
 

 [ ] 2

1 .
4 3 VS

AR R
R

ρ = − ρ
π

 (9) 

 
The volume part of free energy /V VF A  is associated with the energy per particle for the nuclear matter, ( )f ρ , 

taken at certain value of matter density ρ . Using the evaluated chemical potential ,λ we fix the particle density 
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( )V Vρ = ρ λ  from the condition 

 ( )( ) .
VV

V

V A

F f
A ρ=ρ

∂ ∂= ρ ρ = λ
∂ ∂ρ

 (10) 

 
For an arbitrary dividing radius R  we evaluate then the volume particle number 34 / 3V VA R= π ρ  and the volume part 
of free energy /V VF A . Finally, evaluating the surface parts VSA A A= − and VSF F F= − , we obtain the surface tension 
coefficient [ ]Rσ  and surface density [ ]S Rρ  for an arbitrary radius R  of dividing surface. 

Note that, in general, the surface free energy SF  includes both contributions from the surface tension σ  itself and 
from the bulk binding energy of SA particles within the surface layer. The equimolar surface and the actual physical 
radius eR  of the droplet are derived by the condition [ ] 0eS Rρ =  [1, 8], i.e., the contribution from the bulk binding 
energy should be excluded from the surface free energy SF . The equimolar dividing radius eR  defines the physical size 
of the sharp surface droplet and the surface at which the surface tension is applied. Function [ ]Rσ  has a minimum at 
radius sR R=  (radius of the surface of tension [7, 8]) which usually does not coincide with the equimolar radius eR . 
The radius sR  denotes the location within the droplet interface. Note that for sR R= the capillary pressure of Eq. (8) 
satisfies the classical Laplacerelation 

 [ ]2
.

sR R

R
P

R =

σ
=  (11) 

 
3. Surface tension and Tolman length 

 
Considering an arbitrary choice of the dividing surface and following the Gibbs - Tolman concept, we have 

determined two radii, the equimolar dividing radius eR  which corresponds to zero surface density Sρ and the radius of 
tension sR  which corresponds to the minimum value of the surface tension. From Eqs. (7) and (9) the values of these 
radii are given by 

 
1/3 1/34 2, .

3 3
V V V

e sR R
A A

− −πρ πρ ω⎛ ⎞ ⎛ ⎞= = −⎜ ⎟ ⎜ ⎟ω⎝ ⎠ ⎝ ⎠
 (12) 

 
Following Gibbs and Tolman [1, 7], we will assume that the physical (measurable) value of the surface tension is that 
taken at the equimolar dividing surface. Taking Eq. (8) for sR R= , using Eqs. (11) and (1) and introducing small value 

e sR Rη = − , we obtain 

 ( )22 21 .s
s s

P O R
R R

−∞ ⎛ ⎞σ ξ= − +⎜ ⎟
⎝ ⎠

 (13) 

 
Taking Eq. (8) for eR R=  and Eq. (1) we find 

 ( )22 1 .s
s s

P O R
R R

−∞ ⎛ ⎞σ ξ + η= − +⎜ ⎟
⎝ ⎠

 (14) 

 
Comparing Eqs. (13) and (14) for sR → ∞ , we obtain the Tolman result [1] 
 
 ( )lim .

A e sR R
→∞

ξ = −  (15) 
 
This result leads to the important conclusions. First, one needs to define two different radii: the equimolar radius, eR , 
for a proper extraction of the surface energy from the total energy of nucleus and the radius of tension, sR , to determine 
the capillary pressure. Second, to obtain the non-zero value of Tolman length, and, consequently, the value of the 
curvature correction curv 0Δσ ≠ for a curved surface, the droplet must have the diffuse surface layer. 

The value of Tolman's length could be positive or negative. Positive value of Tolman's length 0ξ >  means e ∞σ < σ  
(see Eq. (1)) and negative one leads to e ∞σ > σ  for curved surface. The Gibbs concept of dividing surface does not 
imply any specific energy density functional and relies on the value of the binding energy and the chemical potential 
which are measurable quantities. It is possible to apply this concept to the phenomenological droplet model [2] as well. 
The result of the Tolman length calculation in terms of the droplet model reads (see [10] for details) 
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0

2

,
2
a r
a

ξ = −  (16) 

 

where ( )0
1/34 / 3r −

∞= πρ , ∞ρ  is the saturation density for infinite nuclear matter, 2a  and 3a  are, respectively, the 
surface and the curvature correction coefficients (see [2, 3]). 

The value of the Tolman length can be related to nuclear incompressibility, K , with reasonable assumptions [11]. 
We consider the thermodynamic expansion like (1)around the equilibrium state of the semi-infinite matter also for the 
density and chemical potential: 

 
2 2

0 0 0 0
1 2 1 22 2, .V

e e e e

r r r r
R R R R∞ ∞ρ = ρ + ρ + ρ + λ = λ + λ + λ +… …  (17) 

 
Here ∞λ  is the equilibrium chemical potential for the infinite matter, iρ , iλ  are the expansion coefficients. Combining 
Gibbs - Duhem relation VdP d= ρ λ  and the generalized Laplace equation (8) with Eqs. (1), (17) one obtains 

 

 
2 2
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1 2 1 22 2 2
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e e e e e e
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∞ ∞
∞ ∞

⎛ ⎞ ⎛ ⎞ ⎛ ⎞σ σ ξ− + = ρ + ρ + ρ + λ + λ + λ +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

… … … . (18) 

 
Nuclear incompressibility K  in terms of expansion (17) reads 
 

 1

1

9 9 9 .
V V

V
V V

PK
∞ ∞

∞
ρ =ρ ρ =ρ

λ∂ ∂λ= = ρ = ρ
∂ρ ∂ρ ρ

 (19) 

 
Equating in (18) the terms of the same order in curvature 1

eR−  and taking the advantage of the in compressibility 
definition (19), one obtains the following relations 
 

 1 1
0 0

18 , 2 ,
K r r

∞ ∞

∞

σ σρ = λ =
ρ

 (20) 

 

 2
0

1

9 .r
K
∞

∞

σ λξ = − −
ρ λ

 (21) 

 
Eq. (21) gives an idea how the Tolman length depends on the incompressibility. In particular, if the chemical potential 
is linear in curvature, namely 1 12 eR− −

∞ ∞ ∞λ = λ + σ ρ  (the second and the higher order terms in (17) are neglected), we can 
estimate the Tolman length as 

 9
K
∞

∞

σξ ≈ −
ρ

 (22) 

 

It is seen from Eqs. and (21) that such approximation is justified when the inequality 2
0

2
18
K r

∞

∞

⎛ ⎞σλ << ⎜ ⎟ρ⎝ ⎠
 is fulfilled. In 

view of Eq. (22), to obtain the nonzero value of ξ  the nuclear matter should have finite incompressibility. 
 

4. Numerical results 
 

We have performed the numerical calculations using Skyrme type of the effective nucleon-nucleon interaction. The 
energy and the chemical potential for actual droplets have been calculated using a direct variational method within the 
extended Thomas - Fermi approximation [2].The dependence of the surface tension [ ]Rσ  on the location of the 

dividing surface for 208A =  is shown in Fig. 1. As seen from Fig. 1, function [ ]Rσ  has a minimum at radius sR R=
(radius of the surface of tension [7]).  

Since we consider a non-charged droplet (without Coulomb),the calculation is possible up to very high values of 
particle number 610A ∼ . Fig. 2 shows the result of calculation for the tension eσ as a function of doubled droplet 
curvature 2 / eR .The calculation was carried out using the SkM force. Fig. 2 demonstrates the negative value of ξ  for 
this calculation. An extrapolation of curve in Fig. 2 to zero curvature 2 / 0eR →  allows one to derive both the surface 
tension coefficient ( )e eR∞σ = σ → ∞ in a planar geometry and the slope of curve which gives the Tolman length ξ . 
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Fig. 1. Surface tension σ  as a function of the dividing 
radius R for 208A = . The calculation was performed 
using the SkM force. sR  denotes the dividing radius where 
σ  approaches the minimum value. 

Fig. 2. Surface tension of the droplet versus the surface 
curvature for the range of particle number 2 410 10A = − . 
The calculation was performed using the SkM force. 

 
The result of such kind of extrapolation of ( )e eRσ  is shown in Fig. 2 by dashed line. We have determined the 

Tolman's length ξ  and the planar surface tension ∞σ  for several sets of Skyrme interaction. For this purpose we have 
performed calculations up to particle number 610 and extrapolate them to zero curvature. Results for ξ , ∞σ  (see Eq. (1)
) and also expansion coefficients 1ρ , 2ρ , 1λ , 2λ  (see Eq. (17)) are summarized in Table 1.We can see from Table 1 that 
Tolman's length ξ  is negative for a nuclear Fermi-liquid drop. This conclusion is also supported by the results of Ref. 
[2]. The value of the Tolman length is only slightly sensitive to the Skyrme force parametrization with the exception of 
old one SIII. 
 

Table 1.Values of Tolman's length ξ  and planar surface tension ∞σ  obtained for different parametrizations 
of Skyrme forces. Along with values of ξ  and ∞σ  the values 

of expansion coefficients 1ρ , 2ρ , 1λ  and 2λ  are presented 
 

Force ξ , fm ∞σ , MeV/fm3 1ρ , fm-3 2ρ , fm-3
1λ , MeV 2λ , MeV 

SkM 0.36−  0.92  0.067  0.025−  10.0  1.05  
SIII 0.26−  0.93  0.040  0.013−  10.8  0.91 
Sly230b 0.37−  1.01  0.069  0.028−  11.0  1.18  
T6 0.36−  1.02  0.068  0.027−  11.1  1.16  
 

It is interesting to analyze the applicability of the Gibbs - Tolman approach for the case of small mass numbers. 
According to Gibbs [7] the the rmodynamical relation (2) remains exact up to the zero value of sR , provided the 
pressure is calculated for the matter at the value of chemical potential of the actual drop. The Gibbs - Tolman (GT) 
procedure described in Sec. 2 defines surface quantities as the excess ones with respect to a certain volume of uniformly 
distributed matter which conserves the saturation property. This procedure itself does not bring any extra approximation 
like the leptodermous one, so the question on the applicability of the GT procedure in the case of low masses should be 
addressed tothe model which is used for the calculation of the free energy and the chemical potential. One can obtain 
the binding energies for the range of low masses solving numerically the Euler - Lagrange equation within the extended 
Thomas - Fermi theory [13] avoiding the use of the leptodermous condition. Based on the exact numerical solution of 
the Euler - Lagrange equation it was shown in Ref. [10] that the use of the leptodermous approximation overestimates 
the value of the surface tension σ  for nuclei with low masses 10 20A −∼ . 

The effect of finite size of the drop on the surface tension value can essentially affect the yield of fragments in the 
nuclear multifragmentation observed for heavy ion collisions. The yield ( )Y A  of the fragment having a certain mass 

number A  is given by ( ) ( )exp /Y A w T∝ −  [9], where T  is the temperature, w  is the work which is needed to form 
the fragment from the nucleon vapor. Leaving apart the temperature dependence of w , let us estimate the effect of the 
drop size on the value of w . The comparison of w  with its value for the semi-infinite matter  
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( ) ( )1/3 2/34 / 3 /w A∞ ∞ ∞= σ π ρ  should apparently allocate the 
effect of the finite drop size. We have performed the calculation 
for the work of drop formation for several small mass numbers 
using the SkM force. The values of the free energy and the 
chemical potential were obtained by solving numerically the 
Euler - Lagrange equation within the extended Thomas - Fermi 
theory [13]. Then GT procedure was applied to evaluate w , 
see Ref. [10] for details. The results are presented in the second 
column of Table 2 and show values of about 20% higher than 
w∞  for mass numbers from 12 to 24. This should bring the 
hindrance of the yield of fragments with those masses due to 

the effect of the finite fragment size. From the third column of Table 2 one can see a significant overestimation of the work 
w∞  if one uses the leptodermous expansion around the value of w∞  for the semi-infinite matter. 
 

5. Conclusions 
 

Considering a small droplet with a finite diffuse layer, we have introduced a formal dividing surface of radius R  which 
splits the droplet onto volume and surface parts. The corresponding splitting was also done for the free energy. Assuming 
that the dividing surface is located close to the interface, we are then able to derive the pressure P and the surface free 
energy SF . In general, the surface free energy SF  includes the contributions from the surface tension σ  and from the 
binding energy of SA  particles within the surface layer. The equimolar surface and the actual physical size of the droplet 
was derived by the condition 0Sρ = . In a small nucleus, the diffuse layer and the curved interface affect the surface 
properties significantly. In agreement with Gibbs - Tolman concept [1, 7], two different radii have to be introduced in this 
case. The first radius, sR , is the surface tension radius which provides the minimum of the surface tension coefficient σ  
and the fulfillment of the Laplace relation (11) for capillary pressure. The another one, eR , is the equimolar radius which 
corresponds to the equimolar dividing surface and defines the physical size of the sharp surface droplet, i.e., the surface at 
which the surface tension is applied. The difference of two radii e sR R−  derives the Tolman length ξ  in an asymptotic 
limit of large system A → ∞ . That means the presence of curved surface is not sufficient for the calculation of the 
curvature correction to the surface tension. The finite diffuse layer in the particle distribution is also required.  

We point out that the Gibbs - Tolman theory allows to treat a liquid drop within thermodynamics with minimum 
assumptions. Once the binding energy and chemical potential of the nucleus are known its equimolar radius, radius of 
tension and surface energy can be evaluated using the equation of state for the infinite nuclear matter. In this sense the 
Gibbs – Tolman approach does not rely on details of the particle density profile. The sign and the magnitude of the 
Tolman length ξ  depend on the interparticle interaction. We have shown that the Tolman length is negative for a 
nuclear Fermi liquid drop. As a consequence, the curvature correction to the surface tension could lead to the hindrance 
of the yield of light fragments at the nuclear multifragmentation in heavy ion collisions. 
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Table 2. The work of the drop formation w  in units 
of the semi-infinite matter estimate w∞  

for mass numbers from 12 to 24. DMw  stands 
for the droplet model result, see [10] 

 
A  /w w∞  DM /w w∞  

12 1.17 1.42 
16 1.19 1.39 
20 1.19 1.36 
24 1.20 1.34 
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The radii of nucleon distribution and bulk density in nuclei beyond the β -stability line are studied within the direct 

variational method. We evaluate the partial equation of state of finite nuclei and demonstrate that the bulk density 
decreases beyond the beta stability line. We show that the growth of the neutron skin in unstable nuclei does not obey 
the saturation condition because of the polarization effect. The calculations of the isovector shift of the nuclear radius 
show its primarily linear dependence on the asymmetry parameter. 
 

1. Introduction 
 

Our knowledge about the properties of neutron excess in heavy nuclei and its relation to the neutron-rich nuclear 
matter and the isotopic symmetry energy is still strongly limited. In heavy stable nuclei, the average changes in binding 
energy and nuclear radius R  with nucleon content obey the saturation properties. The volume part volE  of binding 
energy and the nuclear volume itself are proportional to the particle number A  with volE  Vb A= −  and 1 3

0R r A /= , where 
0Vb >  and 0r  are the constants. Both values of Vb  and 0r  depend, however, on the isotopic asymmetry parameter 
( ) ( )X N Z N Z= − / + . This is because of the difference in saturation bulk density, 3

0 0r
−ρ ∼ , of nuclei with different 

values of X . The saturation density 0ρ  is smaller beyond the beta-stability line for neutron-rich nuclei where more 
neutrons are pushed off to form the “neutron coating". One can expect then that the growth of the neutron skin in 
neutron-rich nuclei violates the saturation property 1 3R A /∼  for the nuclear radius providing a relative shift of both 
neutron and proton distributions [1].  

In the present paper we study a deviation of nucleon distribution from the saturation behavior in neutron-rich nuclei. 
We study also the related problems of the nucleon redistribution within the surface region (nuclear periphery), in 
particular, the neutron coating and the neutron excess for the nuclei far away from the β -stability line. 

 
2. Direct variational approach 

 
We will use the extended Thomas - Fermi approximation. The key point of the ETF is that the total kinetic energy of 

the many-body fermion system is given by the semiclassical expression [2 - 4] as follows:  
 

 { } { } [ ( ) ( )]kin n p kin q q kin n pE E dρ ,ρ ≡ ρ ,∇ρ = ε ρ ,ρ ,∫ r r r  (1) 
 
where [ ] [ ] [ ]kin n p kin n n kin p p, ,ε ρ ,ρ = ε ρ + ε ρ , and  
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2 2 3 5 3 2( )3 1[ ] (3 )
2 5 3

q
kin q q q q

qm

⎡ ⎤
⎢ ⎥/ /⎢ ⎥

, ⎢ ⎥
⎢ ⎥⎣ ⎦

∇ρ
ε ρ = π ρ + β + ∇ ρ .

ρ
 (2) 

 
Here qρ  is the nucleon density with q n=  for neutron and q p=  for proton. The semiclassical consideration gives the 
value of parameter β  in Eq. (2) 1 36β = /  [2, 3]. We point out that in the asymptotic limit r → ∞ , the semiclassical 
particle density qρ  with 1 36β = /  goes significantly faster to zero than the one from the quantum-mechanical 
calculation.  

We will follow the concept of the effective nucleon-nucleon interaction using the Skyrme-type force. The functional 
of the total energy of charged nucleus is given by  
 
 { } { } { } { }tot q q kin q q pot q q C pE E E Eρ ,∇ρ = ρ ,∇ρ + ρ ,∇ρ + ρ ,  (3) 
 
where { }pot q qE ρ ,∇ρ  is the potential energy of NN  interaction  
 

 { } [ ( ) ( )]pot q q pot n pE dρ ,∇ρ = ε ρ ,ρ ,∫ r r r  (4) 
 

[ ( ) ( )]pot n pε ρ ,ρr r  is the density of the potential energy of the nucleon-nucleon interaction and { }C pE ρ  is the Coulomb 
energy. In our consideration, the potential energy { }pot q qE ρ ,∇ρ  includes the energy of the spin-orbit interaction also.  

Following the direct variational method, we have to choose the trial function for ( )qρ r . We will assume a power of 
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the Fermi function for ( )qρ r  as  

 0( ) 1 exp q
q q

q

r R
a

−η

,

⎡ ⎤⎛ ⎞−
ρ = ρ + ,⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

r  (5) 

 

where 0 q,ρ , qR , qa , and η  are the unknown variational parameters. Considering the asymmetric nuclei with 
( ) 1X N Z A= − / , we will introduce the isotopic particle densities, namely the total density n p+ρ = ρ + ρ  and the 

neutron excess density n p−ρ = ρ − ρ  with − +ρ ρ . Assuming a small deviation of the isoscalar bulk density 

0 0 0n p,+ , ,ρ = ρ + ρ , the radii qR , and the diffuseness parameters qa  with respect to the corresponding average values of 

0ρ , R , and a , we introduce the density profile functions ( )r+ρ  and ( )r−ρ  to be given by  
 

 0 1 1 0
1 ( )( ) ( )
2 R a

df r r Rr f r
dr a

⎡ ⎤
⎢ ⎥
⎢ ⎥+,− , ,
⎢ ⎥⎣ ⎦

−ρ = ρ − ρ Δ + Δ .  (6) 

Here,  

 ( ) 1 exp r Rf r
a

−η
−⎡ ⎤⎛ ⎞= + ,⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

 (7) 

 

the values 0ρ  and 1ρ  are related to the bulk density, R  is the nuclear radius, a  is the diffuseness parameter, and 

R n pR RΔ = −  and aΔ =  n pa a−  are the parameters of the neutron skin. The profile functions ( )r+ρ  and ( )r−ρ  have to 
obey the condition that the number of neutrons and protons is conserved. For the ground state of the nucleus, the 
unknown parameters 0ρ ,  1 RR aρ , , , Δ , aΔ , and η  and the total energy totE  itself can be derived from the variational 
principle  
 ( ) 0n pE N Zδ − λ − λ = ,  (8) 
 

where the variation with respect to all possible small changes of 0ρ ,  1 RR aρ , , , Δ , aΔ , and η  is assumed. The Lagrange 
multipliers nλ  and pλ  are the chemical potentials of the neutrons and the protons, respectively, and both of them are 
fixed by the condition that the number of particles is conserved. We will also assume that the leptodermous condition 

1a R/  is fulfilled.  
In general, the change of the radius R  of the nucleon distribution with the nucleon number A  is caused by two 

factors. There is a simple geometrical change of R  because of 1 3R A /∝ . An additional change can occur due to the 
polarization effect (the bulk density distortion) with moving away the beta-stability line. In particular, the size of the 
neutron skin is sensitive to the symmetry and Coulomb energies. To see that we expand the total energy 0( )totE X Aρ , /  
around the saturation density 0 eq,ρ  keeping only terms quadratic in 0 0 0 eq,δρ = ρ −ρ  [5]  
 

 2 2
0 0 0 02 2

0 0

( ) ( ) ( )
18

A symA
tot tot eq

eq eq

PKE X A E X A X X,∗ ∗
,

, ,

ρ , / = ρ , / + δρ + − δρ ,
ρ ρ

 (9) 

 

where AK  is the incompressibility of finite nucleus and 

A symP ,  is the partial pressure related to the symmetry 
and Coulomb energies. As seen from Eq. (9), a 
deviation from the beta-stability line ( X X ∗≠ ) implies 
the change of the bulk density 0ρ . The corresponding 
change of 0ρ  is dependent on the incompressibility AK  
and the partial pressure A symP , . For an arbitrary fixed 
value of X , the equilibrium density 0 X,ρ  is derived by 
the condition 

0 0

0
0

( ) 0
X

tot
A

E X A
,,ρ =ρ

∂ ρ , / = .
∂ρ

         (10) 

 

Using Eqs. (9) and (10), we obtain the expression for 
the shift of the bulk density (polarization effect) in the 
neutron rich nuclei  

2
0 0 9 ( )A sym

X eq
A

P
X X

K
, ∗

, ,ρ = ρ − − .              (11) 

Fig. 1. The equilibrium density 0 X,ρ  as a function of X  for 
120A =  calculated for the SkM and SLy230b 

parametrizations of the Skyrme force. The asymmetry 
parameter at the beta-stability line 0 163X ∗ . . 
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In Fig. 1 we have plotted the equilibrium density 0 X,ρ  as a function on the distance X X ∗−  from the beta-stability 
line accordingly to (11).   

As is seen the equilibrium density has a maximum at the beta-stability line and decreases in directions to the drip 
lines. That means the partial pressure A symP ,  is positive; see also Refs. [6, 7].  

 
3. Radii of nucleon distributions 

 
As above noted, the bulk density 0 X,ρ  is smaller for neutron-rich nuclei; more neutrons should be pushed off to 

enrich the skin providing a polarization effect. The nuclear rms radius  
 

2 2 ( ) ( )r d r r d r+ += ρ / ρ .∫ ∫r r                                                                    (12) 
 

does not necessarily obey then the saturation condition having that 2r  is nonproportional to 1 3A / . As a consequence, 

the nuclei with significant excess of neutrons exhibit neutron coating, i.e., are characterized by larger radii for the 
neutron than for proton distributions.  
 

With the aim to extract the saturation properties 
we have multiplied the nuclear rms radii 2r  by a 

factor 5 3/  and divided it on 1 3A / . This is just the 
value 0r . In Fig. 2 we have plotted it (see the thick 
solid curves) as obtained from Eq. (12) for three 
nuclei. The results of Fig. 2 are only slightly sensitive 
to a small variation of the diffuse layer and we have 
here assumed that 0aΔ = . The thin solid line of 
Fig. 2 represents the rms radius along the beta-
stability line ( )X X A∗=  which is parametrized by 

2 3 1 3 2 3( ) 0 17 26 5 25 6 0 17X A A A A∗ / − / /⎛ ⎞
⎜ ⎟
⎝ ⎠

= . . − . + .  [8]. 
The deviation of the rms radii (thick solid lines) from 
the saturation behavior 1 3A /∼  (thin solid line) cannot 
be related directly to the appearance of the giant 
neutron halo at the approach to the drip line (dotted 
curve) because we have here assumed 0aΔ = . As 
above noted, there are two sources for the change of 
the radius of nucleon distribution with the nucleon 
number A . The first one is due to a simple 
geometrical reason and the second one is because of 

the polarization effect; see Eq. (11). To extract a simple geometrical change of the rms radius 2r  we will perform 

the calculations of 2r  with a step nucleon distribution  
 

 0( ) ( )r r Rρ = ρ Θ − .                                                                              (13) 
 
Then the geometric rms radius calculated with the step function is given by  
 

 2 3
5geom

r R= .                                                                               (14) 

 

We will normalize the “geometrical" rms radius to the one 2 3 5
geom

r R
∗ ∗= / , where R∗  is the nuclear radius on the 

beta-stability line which obeys the saturation behavior 1 3
0R r A∗ /= . Finally we obtain  

 

 
1 3

2 3 1
5 1geom

Xr R
X

/∗
∗⎛ ⎞−= .⎜ ⎟−⎝ ⎠

                                                                    (15) 

Fig. 2. The value 0r  near the beta-stability line. The thin solid 
line is for the beta-stability line, the thick solid line is beyond 
the beta-stability line for three nuclei, and the dotted curve is 
for the neutron drip line. The dashed lines are the rms radii 
calculated with the step distribution (13). The calculations 
have been performed for the SkM parametrization of the 
Skyrme force. 
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The results of calculations by use of Eq. (15) are shown in Fig. 2 with the dashed horizontal lines. As one can see these 
results for the nuclei 23 Na, 120 Sn, and 208 Pb are very close to the ones on the beta-stability line (thin solid line). The 
difference between the dashed lines and the thick solid ones represents the magnitude of the polarization effect given by 
Eq. (11). Thus, we can conclude that the deviation of 2r  from the saturation behavior 1 3A /∼  in the regions of 

medium and heavy nuclei is caused by the polarization effect which perturbs the distribution of the neutron excess.  
 

The A  dependence of the size of the neutron 
coating 2 2

np n pr r rΔ = −  is illustrated in Fig. 3 for 

Sn isotopes. The experimental data have been taken 
from Refs. [9 - 12]. As can be seen from the figure the 
Coulomb interaction affects the isovector shift of 
nuclear radii weakly but with growing of A  and X  
this influence slightly increases. The last is because the 
Coulomb interaction increases the distance between 
protons, i.e., 2

pr , and reduces thereby the isovector 

shift. The spin-orbit interaction produces the same 
effect as the Coulomb interaction but with stronger 
magnitude. As was mentioned above, the spin-orbit 
interaction leads to a deeper potential near the surface 
region and the nuclear core attracts the external 
neutrons decreasing the diffuse layer of the neutron 
distribution. That reduces the isovector shift of nuclear 
radii. The spin-orbit effect on nprΔ  increases with X  

because the increase of X  leads to the contribution to 
the density ( )n rρ  of neutrons with higher angular 
momentum.  

 
4. Summary 

 
We have applied the direct variational method within the extended Thomas-Fermi approximation with effective 

Skyrme-like forces to the description of the radii of nucleon distributions. In our consideration, the thin-skinned nucleon 
densities ( )pρ r  and ( )nρ r  are generated by the profile functions which are eliminated by the requirement that the 

energy of the nucleus should be stationary with respect to variations of these profiles. An advantage of the used direct 
variational method is the possibility to derive the equation of state for finite nuclei: dependence of the binding energy 
per particle or the pressure on the bulk density 0ρ .  

We have evaluated the partial equation of state of finite nuclei and demonstrated that the bulk density 0 X,ρ  
decreases beyond the beta stability line. That means the partial pressure A symP ,  is positive driving off the neutrons in 

neutron-rich nuclei to the skin.  
Using the leptodermous properties of the profile nucleon densities ( )pρ r  and ( )nρ r , we have established the 

presence of the neutron coating. The size of the neutron coating is growing with moving away from the beta stability 
line. In Fig. 2 this fact is demonstrated as a deviation of the rms radius of the nucleon distribution from the saturation 
behavior 1 3A /∼  in the nuclei beyond the beta-stability line.  

We have established the influence of the polarization effect given by Eq. (11) on the rms radius 2r  of the 

nucleon distribution. This effect increases with the asymmetry parameter X  and can be responsible for the appearance 
of the giant neutron halo in the nuclei close to the drip line.  

It was also shown that the isovector shift of the nuclear radius nprΔ  is primarily linear dependent on the asymmetry 

parameter X . The Coulomb and spin-orbit interactions do not affect significantly the isovector shift of the nuclear radius.  
 

Fig. 3. Isovector shift of nuclear rms radius nprΔ  in Sn 
isotopes for the SkM parametrization. Solid line 1 was 
obtained by use of trial functions Eq. (5), i.e., 0aΔ ≠ , and 

1 36β = / . The dotted line is the same but without spin-orbit 
interaction and the dash-dotted line is without Coulomb 
interaction. The solid line 2 is for 0aΔ =  and 1 36β = / ; the 
solid line 3 is for 0aΔ =  and 1 9β = / . 
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The general problem of diffusive overcoming of a single-well potential barrier in the presence of a periodic time 
forcing is studied within the generalized Langevin approach. We found that the thermal diffusion over the barrier can be 
resonantly accelerated at some frequency of the periodic modulation that is inversely proportional to the mean first-
passage time for the motion in the absence of the time-modulation. The resonant activation effect is rather insensitive to 
the correlation time of the random force term in the Langevin equation of motion. 
 

1. Introduction 
 

Nonlinear systems with a complex dynamics may show significantly different response on an external periodic 
forcing than the corresponding linear systems. In this respect one can mention stochastic resonance phenomenon [1], 
when the response of the nonlinear system on the harmonic perturbation is resonantly activated under some optimal 
level of a noise. The resonant activation of the system occurs when the frequency of the modulation, ω , is close to the 
Kramers' escape rate, Krr , Krrω ≈ , of the transitions from one potential well to another one. One can observe and 
measure stochastic resonance phenomenon in different physical systems like a ring laser [2], magnetic systems [3], 
optical bistable systems [4] and others.  

In the present paper, our aim is to study thermal non-Markovian diffusion over a one-humped potential barrier in the 
presence of periodic time modulation.  

The paper is organized as follows. In Sect. 2, we set in the basic Langevin equation of motion for diffusive 
dynamics over the potential barrier in the presence of a sinusoidal time modulation. In Sect. 3, it is considered the 
unperturbed path of the model system. The periodically perturbed diffusion is discussed in Sect. 4. Finally, the main 
conclusions are given in Sect. 5. 

 

2. Thermal non-Markovian diffusion over a potential barrier 
 

We start from the generalized Langevin equation of motion for a single dimensionless coordinate ( )q t  diffusively 
overcoming the potential barrier in the presence of a periodic force ( ) sin( )extF t t= α ω  [5]: 

 

0
( ') ( ') ' ( ) sin( )

tpotE
M q t t q t dt t t

q
∂

= − − κ − + ζ + α ω
∂ ∫ ,                                          (1) 

 

where M  is the constant mass parameter, ( ')t tκ −  is the memory kernel of the retarded friction force and ( )tζ  is the 
random force. The potential energy ( )potE q  is schematically shown in Fig. 1 and presents a single-well barrier formed 
by a smooth joining at 'q q=  of the potential minimum oscillator with the inverted oscillator, 

 

2 2
0 0

2 2
1 1

1 ( ) , '
2( )

1 ( ) , '
2

pot

b

M q q q q
E q

E M q q q q

⎧ ω − <⎪⎪= ⎨
⎪ − ω − ≥
⎪⎩

,                                                                (2) 

 

where bE  is the height of the barrier (Fig. 1). 
 

Fig. 1. A potential energy landscape defined by a smooth 
joining of a ground-state oscillator with an inverted 
saddle-point oscillator (2) with 0q  being the minimum at 
the point A, 1q  being the position of the top (point B) of 
the parabolic barrier. 
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A noise term ( )tζ  in Eq. (1) is assumed to be Gaussian distributed with zero mean and correlation function related 
to the memory kernel ( ')t tκ − : 

( ) ( ') ( ')t t T t tζ ζ = κ − ,                                                                      (3) 
 

where T  is the temperature of the system. Below we shall assume that the memory kernel is given by 
 

0
| ' |( ') exp t tt t −⎛ ⎞κ − = κ −⎜ ⎟τ⎝ ⎠

,                                                                  (4) 

where τ  is a correlation time. 
 

3. Unperturbed diffusion over the barrier 
 

At the beginning, we investigated the non-Markovian diffusive dynamics for the infinitely slow ( 0ω = ) time 
modulation and calculated a time-dependent escape rate ( )r t . For that, the Langevin equation (1) was solved 
numerically by generating a bunch of the trajectories 0{ ( )}, 1,...,iq t i N=  with the following initial conditions: 

 
2

0(0) , (0) 0, (0) /i i iq q q q T M= = = ,                                                        (5) 
 

where 0N   is a total number of the trajectories involved in the calculations.  
The escape rate over the barrier was defined by 

 
1 ( )( )
( )

dP tr t
P t dt

= − ,                                                                             (6) 

 
where ( )P t  is the survival probability, i.e., probability of  finding the system on the left from the top of the barrier till 
the time t : 

0

( )( ) N tP t
N

= .                                                                                   (7) 

 
Here, ( )N t  is a number of the trajectories which do not reach the top of the barrier before the time t . In the numerical 
calculations, all quantities of the dimension of energy is measured in units of the temperature T  of the system, 
quantities of the dimension of time are taken in units of /M T . For the system’s parameters we adopted the following 
values: 

0 1 0 1 01, ' 1.2, 1.6, 6.75, 9.59, 5.15, 1920bq q q E= = = ω = ω = = κ = ,                 (8) 
 

which are typical for diffusion-like studies of fission of highly excited atomic nuclei, see Ref. [6]. 
 

In Fig. 2, the typical time behavior of the escape rate 
( )r t  is plotted for two values of the correlation time τ : 

0.005τ =  (when the memory effects in the diffusive 
dynamics Eqs. (1) - (6) are quite weak) and 0.025τ =  
(when the memory effects are fairly strong), see [6]. 

It is seen from Fig. 2 that initially the escape is 
affected by transient effects, when the survival 
probability ( )P t  deviates strongly from the exponential 
form. With time, the escape process becomes more and 
more stationary giving rise to the corresponding 
saturation of the rate ( )r t  of Eq. (6) establishing of a 
quasistationary probability flow over the barrier. 
Qualitatively, one can describe typical time evolution of 
the escape rate as 

 

( )0( ) 1 exp[ / ]tranr t r t t= − − .                 (9) 
 

In both cases a duration of the transient time, trant , is 
almost the same ( 50trant ≈ ) for quite weak and fairly 
large memory effects in the diffusion process. However, 

 
Fig. 2. The time dependence of the escape rate ( )r t  (see 
Eq. (6)) for the non-Markovian diffusion dynamics Eqs. 
(1) - (6) calculated for two values of the correlation time 
τ : 0.005τ =  (when the memory effects in the diffusive 
dynamics are quite weak) and 0.025τ =  (when the 
memory effects are fairly strong), see [6]. 
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a saturation value, 0r , of the escape rate is significantly different. It is because of the memory effect for the large values 
of the correlation time τ . 

 

In Fig. 3, we showed how the value 0r  of Eq. (9) 
depends on the strength of the memory effects in the 
diffusive dynamics Eq. (1). Dotted line in Fig. 3 represents 
the famous Kramers' result for the escape rate [6] 

 

2

0

1 1

1 exp
2 2 2

b
Kr

Er
M M T

⎛ ⎞⎛ ⎞ω γ γ ⎛ ⎞⎜ ⎟= + − −⎜ ⎟ ⎜ ⎟⎜ ⎟π ω ω ⎝ ⎠⎝ ⎠⎝ ⎠

,  (10) 

 

where the friction coefficient γ  is assumed to be 
τ -dependent [5] 

 

0
2

0

( )
1 ( / )M

κ τγ τ =
+ κ τ

.                      (11) 

 

In paper [5], the friction coefficient of Eq. (11) is used 
within the Fermi-liquid approach to the nuclear collective 
motion with τ  being the relaxation time of the collective 
excitations. There, ( )γ τ  is taken as an interpolation 
formula for the τ -dependent friction coefficient between 
the first-sound regime (i. e., the regime of quite frequent 
collisions between nucleons, 0 / 1Mκ τ << , when 

( )γ τ ∝ τ ) and the zero-sound regime (i. e., the regime of 

fairly rare collisions between nucleons, 0 / 1Mκ τ >> , when ( ) 1 /γ τ ∝ τ ).  
We see that the memory effects significantly suppress the value of the escape rate in the saturation regime of 

probability flow over the potential barrier. Initially (i. e., at relatively small values of the correlation time τ ) the 
suppression is mainly caused by the growing role of the usual friction in the non-Markovian diffusion motion Eqs. (1) - 
(6). As is followed from Fig. 3, in this case the escape rate at saturation 0r  (9) may be quite well approximated by the 
Kramers' formula, see Eq. (10). On the other hand, at relatively large correlation times τ , the effect of the friction on 
the diffusion over the barrier is negligibly weak and the escape rate's suppression appears exclusively due to the 
additional conservative force, see Ref. [6]. As a result, the stationary value of the escape rate deviates substantially from 
the Kramers' escape rate Eq. (10) at the fairly strong memory effects in the diffusive motion across the barrier. Note 
also that, as shown in [8] and [9], the characteristics of the escape process depend much on the shapes of the potential 
barrier. Thus, for more complicated shapes (than the parabolic one shown in Fig. 1) of the potential energy ( )potE q , the 
Kramers’ model [7] cannot be applied.  
 

4. Periodic perturbation effect on the thermal non-Markovian diffusion over the barrier 
 

Now we will study the dynamics over the barrier Eqs. (1) - (6) in the presence of the external harmonic force. We will 
assume that the amplitude α  of the force sin( )tα ω  in Eq. (1) is so small ( 0.05α = ) that still the reaching the top of the 
barrier is caused exclusively by diffusive nature of the dynamics. In Fig. 4, we calculated the typical dependencies of the 
mean first-passage time mfptτ  (as a mean time of the first crossing of the top of the barrier) on the frequency ω  of the 
external harmonic force. The calculations were performed for the weak, 0.05τ = , (lower curve in Fig. 4) and strong, 

0.025τ = , (upper curve in Fig. 4) memory effects in the non-Markovian diffusive motion over the barrier.  
In both cases the mean first-passage time mfptτ  non-monotonically depends on the frequency of the perturbation that 

is character for the stochastic resonance phenomenon observed in a number of different physical systems. From Fig. 4 
one can conclude that diffusion over the potential barrier in the presence of the harmonic time perturbation is maximally 
accelerated at some definite so to say resonant frequency resω  of the perturbation, 

 
1.5
( 0)res

mfpt

ω ≈
τ ω =

.                                                                            (12) 

 
In fact, the quantity ( 0)mfptτ ω =  presents the characteristic time scale for the diffusion dynamics of Eq. (1). In the case 
of adiabatically slow time variations of the harmonic force, resω << ω , one can approximately use sin( )t tα ω ≈ αω  and  
 

Fig. 3. The saturation value 0r  of the escape rate (see Eq. 
(9)) vs the correlation time τ , measuring the strength of the 
memory effects in the non-Markovian diffusion dynamics 
(see Eqs. (1) - (6)). The dotted line represents the Kramers' 
result of Eq. (10) for the escape rate calculated with the 
τ -dependent friction coefficient of Eq. (11). 
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Fig. 4. The mean first-passage time mfptτ  of the non-
Markovian diffusion motion of Eqs. (1) - (6) is given as a 
function of the frequency ω  of the harmonic time 
perturbation at two values of the correlation time 0.05τ =  
(lower curve) and 0.025τ =  (upper curve). 

 
the diffusion over the barrier is slightly accelerated. As a result, the mean first-passage time ( )mfptτ ω  is smaller than the 
corresponding unperturbed value ( 0)mfptτ ω = . The same feature is also observed at the fairly large modulation's 
frequencies, when  resω >> ω . In this case the harmonic perturbation sin( )tα ω  may be treated as a random noise term 
with the zero mean value and variance 2α . Such a new stochastic term will lead to additional acceleration of the 
diffusion over the barrier. 
 

5. Conclusions 
 

We have investigated how model dynamics of the non-Markovian diffusion over the single-well parabolic barrier is 
affected by the external periodic time modulation. We have calculated both the mean first-passage time mfptτ  and the 
escape rate ( )r t  over the barrier. These two quantities have been found to be sensitive to the relative strength of memory 
effects in the diffusive dynamics Eqs. (1) - (6), measured by the correlation time τ . Having calculated the mean first-
passage time mfptτ  for different values of the frequency ω  of the modulation, we have found that the sinusoidal 
perturbation accelerates the diffusion over the barrier, see Fig. 4. The maximal (resonant) acceleration is achieved at the 

resω = ω , where resω  is inversely proportional to the mean first-passage time in the absence of the modulation, see 
Eq. (12). We have seen that a value of the resonant activation over the barrier ( ) / ( 0)mfpt res mfptτ ω τ ω =  remains practically 
the same for the quite weak as well as for the fairly strong memory effects in the diffusive dynamics.  
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THE  INTERNAL  CONVERSION  COEFFICIENT  FOR  THE  K-FORBIDDEN 
E1-TRANSITION  WITH  THE  ENERGY  OF  55 keV  IN  177Hf 
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The precise γ-ray intensities of the transitions following the decay of 160-day isomeric state in 177Lu have been 

measured by using two different types of HPGe-detectors. The values of the internal conversion coefficient and 
penetration parameter λ for E1-transition with the energy of 55 keV were determined from intensity balance of  
21/2- 1260 keV level in 177Hf. 

 
1. Introduction 

 
This article continues the series of works on intranuclear conversion in the K-forbidden electric multipole transitions 

excited by 177mLu decay. Three of these transitions accompany the decay of the 160-day isomeric state in 177Lu: γ55, 
γ116, and γ228 keV (Fig. 1). All of them are hindered as compared to single-particle estimates. Some anomalies in γ-
ray internal-conversion coefficients (ICC), caused by penetration effect, are possible for such transitions. 

In internal conversion theory, by a penetration effect or intranuclear conversion is implied a correction to ICC 
arising in passing from transition electromagnetic potentials calculated for point-like nucleus to the potentials calculated 
for finite-size nucleus. Generally, such corrections do not exceed 2 % and have only a slight effect on ICC value. A 
completely different type of situation occurs in the case of strongly hindered γ-transitions. In such case a contribution 
from internal conversion may become a crucial factor governing the ICC value. Of course, selection rules, which are 
responsible for a decrease in probability of γ-radiation, should have essentially smaller effect on the probability of 
internal conversion. 

Appearance of anomalies in ICC of K-forbidden transitions is due to admixtures with respect to quantum number K 
in wave functions of initial and final states. There are admixtures that allow conversion transition according to the 
selection rules with respect to asymptotic quantum numbers, while γ-transition is forbidden. In this case anomalies in 
ICC caused by the penetration effect are observed. If the selection rules for conversion transition and γ-transition are 
identical, there are no anomalies. At present, it is very difficult to quantitatively estimate these admixtures. By this 
reason, it is not feasible to make a prediction of anomalies in ICC for a given K-forbidden transition. 

 

 
 

Fig. 1. The partial decay scheme of 177mLu. 
 
Earlier, in Ref. [1, 2] there was found minor variance between experimental and theoretical values of ICC for γ228 

and γ116 keV transitions, which cannot be explained by admixtures of different multipolarities with the same parity. 
Such deviation can be eliminated by assuming the presence of intranuclear conversion. 
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The total ICC of the γ55 keV E1-transiton can be estimated from the balance of intensities of the 21/2- 1260 keV 
level in 177Hf. Following from the 177mHf decay scheme (see Fig. 1), this level is powered by the γ55 keV transition and 
deexcited by two intraband γ242 and γ466 keV transitions having the М1- and Е2-multipolarity respectively. The 
intensities of the strong γ-rays are known with accuracy of (2 ÷ 5) %, but there is disagreement in evaluation of the 
intensities of some of the weaker lines, such as γ242 keV. Our current research was to clarify all controversial questions 
in this area and to provide a more accurate estimate of the total ICC of the γ55 keV E1-transiton. 

 
2. Experimental technique 

 
The relative intensities of γ-rays following the decay of 177mLu were measured with a gamma-spectrometer that 

comprises two horizontal coaxial HPGe-detectors: GMX-30190 and GEM-40195, having the resolution of 1,89 and 
1,73 keV for the γ1332-line of 60Co and efficiency of 33 % and 43 % respectively. 

The radioactive 177mLu sources were obtained in the (n, γ) reaction as a result of enriched to 27,1 % in 176 mass 
number lutetium target irradiation with neutrons at the research nuclear reactor WWR-М. The measurements of 
gamma-ray spectra started two months after the end of irradiation so that 177Lu (Т1/2 = 6,6 days), having much larger 
activation cross-section, must have decayed en masse. 

The standard 60Co, 133Ba, 137Cs, 152Eu, 228Th, and 241Am γ-sources were used for accurate calibration of detectors for 
the energy range of 26 to 1620 keV. The shape of the efficiency curve is well described by the Campbell function [3]: 
 

2 8

3

2 1 7
1

ε( ) ip E p
i

i

E p e p E− −
−

=

= +∑ .                                                                 (1) 

 
Calibration parameters ip  were found by the least-square method. The uncertainty in the efficiency curve of both 
detectors does not exceed 2 % throughout the energy range. 

To minimize possible systematic errors a series of measurements were performed – using different types of HPGe-
detectors, at different geometries, at different gains and channel widths of an amplitude-to-digital converter (8192 and 
16384 quantization levels of the input signal) – 20 series of measurements in all. 
 

3. Results and discussion 
 

The γ-ray spectra were analysed using WinSpectrum [4], a computer program which allows determining with high 
precision the energy and intensity of components that have an asymmetric line shape and the ones that are overlapping. 
The usage of different types of detectors allowed us to determine the relative intensities of γ-rays for the energy range 
above 100 keV more precisely. Our data agrees to a great extent with the data of other researchers while having higher 
precision. 

The intensity balance at the 21/2- 1260 keV level in 177Hf can be written as 
 

(1 (55)) (55) (1 (242)) (242) (1 (466)) (466)I I Iγ γ γ+ α = + α + + α ,                                 (2) 
 
where α(55), α(242), α(466) and Iγ(55), Iγ(242), Iγ(466) are the total ICCs and transition intensities with the energy of 
55, 242, and 466 keV respectively. 

Using our data on the intensities of the γ242 and γ466 keV transitions, bringing the experimental value Iγ(55) from 
Ref. [5] and theoretical values of ICC for γ242 and γ466 keV transitions from Ref. [6], we have calculated the total ICC 
of the γ55 keV E1-transiton to be α(55)exp = 1,08 ± 0,23. The theoretical value of ICC in the hafnium for the γ55 keV 
E1-transiton is much lower, α(55)th = 0,337. To coordinate them the existence of the admixture of M2-multipolarity or 
the existence of the intranuclear conversion should be assumed. 

The value of the admixture of М2-multipolarity can be calculated using the expression 
 

2

exp 2 2
1 ( 2 / 1)(55) ( 1) ( 2)

1 ( 2 / 1) 1 ( 2 / 1)
M EE M

M E M E
δα = α + α

+ δ + δ
,     (3) 

 
where ( 2 / 1)M Eδ  is M2/E1 multipole mixing ratio for γ55 keV transition in 177Hf, α(E1) and α(M2) are the theoretical 
values of ICC for this transition assuming E1- and M2-multipolarity respectively. 

The obtained value of δ2(M2/E1) = (5,2 ± 1,6)⋅10-3 leads to the Weisskopf hindrance factor for the M2-component 
FW(γ55 M2) = (5 ÷ 9)⋅106, while the factors are much higher for other K-forbidden transitions in 177Lu and 177Hf 
(Table 1). 

Table 1 shows that the M2-component for γ-transition with the energy of 55 keV has a 3,0 to 6,6 times smaller 
hindrance factor per K-forbidenness unit fν than other transitions. It means that the M2-admixture value is likely to be 
exaggerated 103 to 105 times. 
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Table 1. Weisskopf hindrance factors for K-forbidden transitions in 177Lu and 177Hf 
 

Eγ, keV Multipolarity, L ΔK = Ki - Kf ν = ΔK - L Fw fν = (Fw)1/ν 
14 M1 7 6 7,0 ⋅ 1010 64,2 
55 E1 8 7 3,7 ⋅ 1013 86,8 
55 M2 8 6 (5 ÷ 9) ⋅ 106 13,1 ÷ 14,4 
116 E3 8 6 9,1 ⋅ 108 61,9 
228 E2 7 5 1,5 ⋅ 108 43,2 

 
Analyses of the cases of anomalous conversion can be made with the inclusion of penetration corrections developed 

by Church and Weneser [7]. Using the parameterization of Hager and Seltzer [8] the electric ICC’s can be written as 
 

2 2
1 1 2 1 3 2 4 2 5 1 2( )(1 )ICC EL A A A A A= α + λ + λ + λ + λ + λ λ ,    (4) 

 
where α(EL) are the normal (no penetration) ICC’s tabulated in Ref. [6], Ai are coefficients calculated in Ref. [8] from 
electron wave functions for the mulipolarity of interest, and λi are the electric penetration parameters. The penetration 
parameters depend on nuclear structure and are determined from an analysis of the experimental quantities. 

If, as it is in our case, independent experimental data are insufficient for finding both penetration parameters λ1 and 
λ2, the calculations are limited to one nuclear current parameter λ1, which, in general, the anomalies in the 
EL-transitions depend on; the nuclear charge parameter λ2 is considered to be zero. Because of the fact that in Ref. [8] 
the penetration coefficients are tabulated only for K-, L-, and M-subshells the following expression was used for the 
data set analysis 

 
2 2

exp 1 1 2 1 1 1 2 1(55) (1 ) (1 )L L M M
L M N OA A A A +α = α + λ + λ + α + λ + λ + α ,    (5) 

 

where αL, αM, αN+O are the theoretical values of ICC, L
iA , M

iA  are the coefficients for penetration effect analysis in 
ICC for L-, M-, and N+O-subshells of hafnium respectively. 

Theoretical values for the conversion coefficients and penetration coefficients were interpolated from the tables by 
Hager and Seltzer [6, 8]. The results of calculation are listed in Table 2. Known experimental values of nuclear 
penetration parameter λ1 for other K-forbidden E1-transitions from the Ref. [9] are also given in the Table. 

For quantitative estimates of nuclear penetration parameter λ1 depending on the Weisskopf hindrance factor FW on 
the basis of empirical data it is convenient to draw a graph of such relation using the experimental data given in Table 2 
(Fig. 2). 

 
Table 2. Experimental values of the nuclear penetration parameter λ1 for the K-forbidden E1-transitions 

 
Nucleus Eγ, keV ν = ΔK - L Fw λ1 Reference 

169Tm 240,3 2 2,9 ⋅ 109 4,5 ± 0,6 10 
171Tm 295,9 2 9,3 ⋅ 108 2,7 ± 0,6 11 

    2,8 12 
171Tm 308,3 2 5,3 ⋅ 108 1,2 ± 0,4 11 

    1,2 12 
171Yb 19,39 2 1,2 ⋅ 109 -(1,5 ± 0,5) 13 
177Hf 55,15 6 3,7 ⋅ 1013 12 ± 3 present 

    or -(17 ± 3) work 
180Hf 57,6 7 3,6 ⋅ 1016 7,8 ± 1,0 14 

    6,9 15 
    7,0 ± 0,3 16 
    6,0 ± 0,5* 17 
    6,4 ± 0,3* 17 
    7,7 ± 1,0* 17 
    7,6 ± 0,5* 17 
    7,0 ± 0,7 18 
    6,8 ± 0,2**  

 
* Using δ2 from different references. 
** Weighted mean. 
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For Fig. 2 empirical relation (solid line) between the 
nuclear penetration parameter |λ1| and the Weisskopf 
hindrance factor Fw for the K-forbidden Е1-transitions was 
determined without considering the γ55 keV transition in 
177Hf. It is described by the equation 1 log( )wa b Fλ = + . 
The following values were found by the least-square 
method: a = -(3,5 ± 1,5); b = 0,63 ± 0,11. The dashed lines 
show a 68% confidence interval. As Fig. 2 shows, the 
obtained experimental value of λ1 for the γ55 keV 
transition in 177Hf appear to be higher than expected from 
the empirical relationship. 

Despite that, the explanation of anomalies in the 
internal conversion coefficients for the E1-transition with 
the energy of 55 keV with occurrence of intranuclear 
conversion, from our standpoint, is more grounded. As for 
possible aspects of further research, it would be very 
interesting to obtain experimental data on the relative 
intensities of internal-conversion electron lines on 
L-subshells of 177Hf for this transition, or to attempt to 
determine more precisely the intensity of the γ55 keV 
photon in γ-spectrum using high-resolution detectors. 
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Fig. 2. Relation between the nuclear penetration 
parameter |λ1| and the Weisskopf hindrance factor Fw for 
the K-forbidden Е1-transitions. 1 – 171Tm (308,3); 
2 – 171Tm (295,9); 3 – 171Yb (19,39); 4 – 169Tm (240,3); 
5 – 177Hf (55,15); 6 – 180Hf (57,6); the number in 
parentheses is the transition energy in keV. Smaller by 
absolute value, |λ1| = 12 ± 3 is shown for 177Hf. 
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THE  MASS  (CHARGE)  SPECTRUM  OF  SUPERHEAVY  NUCLEI  FISSION  FRAGMENTS: 
THE  NEW  PERSPECTIVES  FOR  THE  THEORY  OF  NUCLEOSYNTHESIS 

 
V. T. Maslyuk 

 
Institute of Electron Physics, National Academy of Sciences of Ukraine, Uzhgorod, Ukraine 

 
A new approach to the problem of nucleosynthesis based on assumption of a nuclear matter or superheavy nuclei 

series fragmentation up to atomic nuclei is proposed. It is shown that studies of the mass (charge) fragments yields 
(MCFY) after nuclear matter disintegration is possible within proposed statistical theory. The data of MCFY calculation 
for exotic superheavy nuclei multifragmentation with A=300, 900 and 1200 and arbitrary Z values are demonstrated.  
 

1. Introduction 
 

It is well known the importance of understanding the chemical elements’ origin in the Universe, based on the 
fundamental processes of interaction and transformation of nuclear matter [1]. At present, the theory of nucleosynthesis 
is based on the so-called r-, s- [2], or p- [3] processes of nuclei elementary interaction with neutrons or protons that are 
created under the act of the supernova star disintegration. This trend in the theory of nucleosynthesis based on the so-
called "snowball" approximation, when the synthesis of atomic nuclei results from the series of elementary processes’ 
interaction of the initial light nucleus (H, He, Li, B, Be et al) or more heavy nuclei in intense beams of electrons, 
protons, neutrons or alpha particles accelerated in cosmic strong electromagnetic fields. 

However, during the creation, for example, the supernova 2 or neutron stars, when the nuclear matter densities 
reached up to r ~ (10-2 - 2) ro, where ro ≈ 0.15 fm-3 and temperature T ≈ 0.5 - 10 MeV, the exotic nuclear matter or huge 
nuclei can be formed [4, 5] and their further disintegration may also cause the formation of nuclei of well-known 
chemical elements. It should be noted that previously this mechanism of origin of the chemical elements was not been 
considering. This may be due to a limitation of our knowledge about stability of the nuclear matter at arbitrary values of 
nucleus mass A and charge Z, and the absence of first principle theories able to explain the nature of its disintegration 
and nuclear fission fragments formation. 

This similar problem exists when one is searching for the islands of stability for superheavy nuclei and their traces 
in the environmental samples. 

It is well-known that new elements with charge only up to Z = 117 (293117 and 294117) were synthesized in the 
laboratory. Recently was reported about experimental identification of superheavy nuclei with charge within the range 
from 105 to 130 [6].  

In this paper, the results of mass or charge fragments yields calculation obtained under disintegration of the nuclear 
matter’s arbitrary fragments are presented at first time. Current investigation had been conducted by using the proposed 
statistical method that based on thermodynamic ordering post-fission fragments for arbitrary values and ratios A and Z. 

 
2. Theory 

 
We consider that the scheme of the two-fragment fission should be realized in all possible distribution of initial 

nucleus’ nucleons by two fragments with their different atomic masses and the protons / neutrons ratio [7, 8]. In this 
case, the i-th cluster contains Zj,i protons and Aj,i – Zj,i neutrons in the j-th fragment, where j = 1,2, as well as ni fission 
neutrons. In general case, the following conservation conditions for all possible schemes of two-fragment fission hold 
true 

 
A1,i + A2,i + ni = A0,      Z1,i + Z2,i = Z0 - Δzi,                                            (1) 

 
where Δzi is the number of β+ (at Δzi <0) or β-- (Δzi >0) decays within a single nuclear cluster. Emission of nuclear 
particles plays an important role in relaxation of heavy-nuclei fission fragments excitation and their approaching the 
islands of stability. 

Each such distribution creates the two-fragment clusters and the set of fragment clusters form a statistical ensemble.  
The thermodynamics parameters of two-fragment clusters ensemble are determined by the state of the initial 

nucleus. The initial nucleus determines the type of created statistical ensemble by considering of the one set fluctuations 
of the thermodynamics parameters and neglecting the other. In case of nuclear fission we assume that the number of all 
types’ nucleons in two fragment clusters is constant, see (1) and only fluctuation of energy and volume is allowed. It 
leads to a canonical constant - pressure (P) ensemble. 

Within the proposed approach, the problem of the fission fragments yields’ study resolves into analysis of the 
equilibrium conditions for a canonical constant-pressure ensemble.  

The fact that emission of fission neutrons decreased the nucleus volume [9] and thus provides the PΔV work should 
be considered as well. The equilibrium parameters of the two-fragment clusters ensemble can be obtained from the 
condition of the Gibbs’ thermodynamic potential minimum [10]: 

 
G = U – TS + PV,                                                                           (2) 
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where T is the nuclei temperature and U is initial or total energy, that determined by binding energy of the two-fragment 
cluster. Its spectrum {εi} is an additive quantity with respect to the binding energy of fission fragments: 
 

p n

j j,i j,i
j 1,2 N N

. . U (A , Z )
i i

i
= 〈 〉 〈 〉

ε = ∑ ∑ ∑ ,                                                                    (3) 

 
where Uj is the binding energy of the i-th fission fragment, j = 1, 2; the symbol <...>i means that summation in (3) is 
taken over the i-th clusters containing two fission fragments with the numbers of protons ( ,

p
j iN ) and neutrons ( ,

n
j iN ) 

satisfying (1). 
The isobaric distribution function, which describe the statistical properties of system in thermodynamic equilibrium 

and represent the probability of finding a two-fragment nuclear cluster in the i-th state of the ensemble with the energy 
εi , can be expressed in the following way: 

 

{ }( ) exp ( ) / /i i i pf V PV T Z= ω − ε + ,                                                                (4) 
 

where the statistical sum Zp is defined as: 
 

{ }
,

exp ( ) /p k k
k V

Z PV T= ω − ε +∑ . 

 
The set of equations (2)–(4) is sufficient to study the observable characteristics of nuclear fission 

 
3. Results and discussion 

 
It should be noticed that proposed statistical method contains no adjustable parameters, but only those that can be 

obtained from experiment. For instance, the temperature T can be defined by analyzing the evaporation spectra of the 
fission neutrons/protons or fission fragments (see [11] for more detail). The binding energies ei, used in Eq. (3) are 
tabulated in [12], their extrapolation (mass formula) is given, for example, in [13]. 

This is the reason of its using to describe the features of the disintegration of nuclear matter. According to (1) we 
considered the two-fragment fission scheme disintegration of nuclear matter, although the theory allows us to evaluate 
more complicated cases of nuclear matter multifragmentations. Choice of the evaluation method for the binding 
energies spectrum εi had been determined by the size of nuclear matter fragments. The tabulated values for binding 
energies obtained [12] only for isotopes with mass numbers up to A = 264  and the proton magic number accounting up 
to 82, and the same for the neutrons up to 126.  

In other words, it can be used in the study of multi fragmentation of the super heavy nuclei with mass numbers up to 
A = 400 - 500. On the other, mass formulas, see for instance [13], able us to take into account magic numbers for 
protons up to 164 and same for neutrons up to 184 and is more adequate for the study of the disintegration of nuclear 
matter with A >> 500. 

In Fig. 1 the mass fission fragments yields of heavy nuclei with A = 300 at different ratios of protons/neutrons and 
nuclear temperature T (excitation energy) are presented as a 3D color fill surface. These figures illustrates us the 
symmetrization (one hump feature) of fission fragments yields with temperature T rising and their transformation from 
two to three hump structures with increasing content of protons in the initial nucleus. 
 

a b 
 

Fig. 1. The fission fragments yields for hypothetical nucleus with A = 300 at different temperatures: 
a - T = 0.5 MeV ; b - T = 0.85 MeV. 
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In Fig. 2 the same mass distributions of fission fragments from the disintegration of nuclear matter with A = 900 (a) 
and A = 1200 (b) at T = 0.95 MeV is showing. In the first case the 2-fragment clusters with the specific binding energy 
not less than 5.455 MeV / A were selected and in the last, respectively, - 4.804 MeV / A. It is seen that for large values 
of A the mass spectra lose the fine structure in a wide range of Z / A ratio and demonstrate symmetrical two-fragment 
fission. 

 

a b 
 

Fig. 2. 3D fission fragments yields of the super heavy nuclei with A = 900 (a) and A = 1200 (b) 
at different ratios of protons / neutrons. The temperature of the initial nucleus T = 0.85 MeV. 

 
Thus, obtained results demonstrate the possibility of a theoretical study of the nuclear matter fragmentation’s 

effects. This study is very important for the problems of nucleosynthesis. Further development of the proposed 
theoretical method may be on the way to account the three- or more fragmentation scheme of fission and take into 
consideration the chains of elementary beta- or neutron emission. 

 
The author is grateful to Prof. E. Skakun for initiation this work and fruitful discussions. 
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CORRELATION  RESEARCHES  OF  THE  OUTGOING  DIRECTIONS  “SHAKE-OFF”  ELECTRON 
AND  POSITRON  AT  β+-DECAY 

 
N. F. Mitrokhovich,  V. T. Kupryashkin,  L. P. Sidorenko 

 
Institute for Nuclear Research, National Academy of Sciences of Ukraine, Kyiv, Ukraine 

 
The correlation properties electron "shake-off" at β+-decay is studied. The measurements were fulfilled in compare 

with such properties "shake-off" electron at β--decay for explanation mechanism, accountable for correlation motion 
"shake-off" electron and main particle (electron at β--decay and positron at β+-decay). 152Eu decay was used for it. The 
measurements were performed   on the installation of coincidences of γ-quanta with electrons and low energy electrons, 
including of ео-electrons of the secondary electron emission (γγeео-coincidences). The registration of electrons "shake-
off" implemented on ео-electrons, created by them. On obtained data, the space correlation of electron “shake-off” with 
positron at β+-decay in direction forward is much less that those correlating “shake-off”-electron at β--decay. “Shake-
off”-electrons at β+-decay are predominantly moving in large solid angles relate positron. The mechanism, accountable 
for it, is proposed. 

 
Introduction 

 
At β-decay nuclear charge sharply changes on 1 that produces strong shakeup of atomic shell and is accompanied by 

her excitation (SU processes), or ionization (SO processes) [1]. The effects on outer shells are not small: PSO ~ 0,06, PSU 
~ 0,1 for N-shell (Z ~ 50) [2]. Electrons “shake-off” are hardly correlated on direction   with primary particle, emitting 
together to the same hemisphere [3 - 9]. 

There are many causes for research of “shake-off”: for analysis of atomic-nuclear processes (ICC, shape β- spectra), 
for learn of multielectrons correlations in atoms and correlation motion of particles. These researches performed for 
study the mechanism, originating the space correlations in motion “shake-off” particle at β-decay [5 - 9]. The 
investigations of space correlations in emitting an electron of "shake-off" and main (basic) particle (positron at β+-decay 
or electron at β-- decay) are complementing one another and in joint researches are specially relevant. In particular, for  
the undestanding mechanism, accountable for observation of these correlations [5 - 9]. On our data [7 - 9] correlating of 
emitting "shake-of" electron along direction motion main particle increases with energy of an electron of "shake-off", 
qualitatively follows to relation ~ E1/2, i.e. is proportional to momentum "shake-off" electron. It point at interaction, 
responsible for correlative motion of particles, as interaction of currents from moving these charge particles. If it so, the 
space correlations of electron "shake-off" and main particle at β-- and β+- decay should be different. 

The study was performed with β-- and β+ - components of decay 152Eu. 
 

The experimental methodic for measuring the momentum correlating properties electron 
“shake-off” - positron at β+-decay and results 

 
The measurements were performed on the installation of coincidences of γ-quanta with electrons and low energy 

electrons, including ео-electrons of secondary electron emission (γγeео-coincidences) (Fig. 2). 
It necessary to note the following. In the given method of measurement, the registration of electrons of "shake-off" 

on eo-electrons of a secondary electron emission is carried out. The electrons eSh of "shake-off", released in some solid 
angle from source S, originates on aluminum foil Em eo-electrons. The design of a source and all surrounding forms 
enough homogeneous electrical field, which one at UEm = 0, US > UL = 190 V, UR = 0 draws out almost all eo-electrons 
from a metal foil Em to the left-hand MCP detector and thus eo-electrons register only by left-hand MCP detector and 
only from Em. Thus, at selection quarter γγ511eeo-coincidences, an electron of “shake-off” (as eo) and main  particle e 
(β+- or β-- particle) are released in the same solid angle, as (see Fig. 2) the main particle always passes through  thin 
metal foil Еm, and the ео-electrons register only from it. One γ-detector select γ-quanta 511 keV with ΔE511 = 120 keV 
for β+-decay selection. For β--decay ΔE511 select Compton part registration of transition 779 keV. At US = 0 V 
eo-electrons from "shake-off" electrons are register by left MCP detector from surface of the source 152Eu. At treble 
γγ511e-coincidences implements only the selection β+- or β--particle by right detector.  

In such way in quarter γγ511eeo-coincidences the probability of emitting of an electron “shake-off” along a direction 
of emitting of the main (basic) particle occur, as contrasted to an arbitrary direction its emitting at selection treble 
γγ511e-coincidences.  

In measurements it is necessary to receive relative (in relation to γ344) intensity of a γ-quantum 511 keV in spectra 
(Fig. 3 and subsequent) of treble and quarter coincidences. γ-spectrum γγ511β+-coincidencies (Figs. 4 and 6) corresponds 
to an arbitrary direction of emitting of an electron of "shake-off" eSh in relation to positron. The quarter 
γγ511β+ео-coincidencies (Figs. 5, 7 and 8) corresponds to emitting of electron of "shake-off" eSh along the direction of 
mooving of positron.  
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Fig. 1. Branches of the 152Eu decay and main radiations 
in measuring of γ-spectrum in γγeesh-coincidences for 
study “shake-off” processes at β-- and β+-decay e signed 
β-- or β+-particle, eSh-“shake-off” electron. Bold arrows 
indicate the most intensity transition in both branches. 
Ε-decay is accompanied by KX-ray and intensive Auger-
electrons. 

Fig. 2. Technique of definition correlating of motion of 
eSh-electron "shake-off" with positron at measurement 
γγ511β+- and γγ511β+eSh-coincidences from a radioactive 
source S 152Eu. The source of 152Eu on thin substrate with 
depth of a radioactive layer 30 mmg/cm2 was used. 
Electrons of "shake-off" eSh are registered on eo-electrons 
of the secondary electron emission. МСР- micro-channel-
plates detectors of electrons (L and R), NaJ(Tl) or Ge(Li) – 
axially arranged γ-detectors for registration γ-quanta 
511 keV from annigillation of positrons, that occurs in 
right MCP. Em (Al 0.078 mm)- emitter of ео-electrons.   
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Fig. 3. Part of gamma spectrum in the 152Eu decay. As the 
intensity β+-compo-nent is low (estimates at 0.05 % from 
decay) and gamma quanta 511 keV is not noticeable, 
arrow indicate only place it in spectrum.  

Fig. 4. γ-spectrum in γγ511β+-coincidences from 152Eu 
(ε+β+, β-)-decays. Measured on scintillation detector 
NaJ(Tl). Direction eSh-electron relate main particle is 
arbitrary. Intensity γ511 keV is appreciable (as contrasted 
those in Fig. 3).

 
In Figs. 4 - 8 the main results are presented. As intensity β+-component in 152Eu decay is law (estimates at 0.05 % 

from decay) it is very much difficult to measure treble and, specially, quarter coincidences with good statistics. 
The γ-spectra in Figs. 4 and 5 were measured on scintillation NaJ(Tl) – detector and data, presented on them, show 

that correlating “shake-off” electron and positron is much less such correlating “shake-off” electron at β--decay. Really, 
(S511/S344)treble = 0.100(12) > (S511/S344)quarter < 0.05. This spectra also contain quantum γ244 keV and γ564 keV, that 
indicate to some registration of KX-ray by the right detector, as conversion electrons IC122 through the emitter Em 
with depth 0.078 mm cannot pass. It originates coincidences KX-ray with intensive law-energy Auger-electrons 
(following ε-capture and internal conversion) and with eo-electrons from it. This circumstance give additional 
possibility, on relation to β-decay, for analysis of correlating properties “shake-off”-electron and positron at β+-decay. 
Additional possibility, as strong correlation KX-ray with Auger-electrons is not expected.  
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Fig. 5. The γ-spectrum in γγ511β+eo-coincidences from 
152Eu (ε+β+, β-)-decay. Was measured on scintillation 
detector. eSh was register on e0 from Em at US = 200 V, 
UEm = 0 V, UL = 190 V. Direction is forward for eSh relate 
main particle. The intensity γ511, as contrasted those in 
Fig. 4, is law. 

Fig. 6. γ-spectrum from the selection γγ511β+- and γγ511β--
coincidences in 152Eu (ε+β+, β-)-decays. Measured on 
Ge(Li) detector. Direction eSh relate main particle is 
arbitrary. Intensity γ511 keV is appreciable: 
S511/S344 = 28(7)/239(18) = 0.117(31). 

 

  

Fig. 7. γ-spectrum of γγ511βeSh-coincidences in 152Eu 
(ε+β+, β-)-decays with registering electron eSh of “shake-
off” on eo from emitter Em at US = 200 V, UEm =0 V, UL = 
= 190 V. Intensity of not correlated coincidences γ244 and 
γ564 keV with KX-ray are large. Intensity γ511 keV is 
law. Forward direction for eSh, relate β-particles. 

Fig. 8. γ-spectrum of γγ511βeSh-coincidences in 152Eu 
(ε+β+, β-)-decays with registering “shake-off” eSh on eo-
electrons from surface of source 152Eu at US = 0 V, UEm = 
= 0 V, UL = 190 V. Relative intensity γ244, γ564 keV is 
law. Intensity γ511 keV relates γ564 keV is more 
noticeable, than those in Fig. 7. Large solid angles for eSh 
are accessible here. It corresponds to motion “shake-off”-
electron in large angles relates β+-particle. 

 
The γ-spectra, presented in Figs. 6 - 8, were measured on Ge(Li)-detector and this information contain. Spectra in 

Figs. 7 and 8, were measured at different potentials at source, therefore eo-electrons, using for detecting  “shake-off”-
electrons and Auger-electrons by left MCP-detector, were registered from different places of their formation: from 
emitter Em (Fig. 7) or from surface of the source of 152Eu (Fig. 8). In the latest case, at the selection electron of  
β--decay, “shake-off”-electrons from it are moving out of source in the same solid angle, as in Fig. 7, owing to strong it 
correlating with β--particle. 

This circumstances determines the intensity transitions γ244, γ654 keV (both from ε-decay)  and transitions γ344, 
γ779 keV (both from β--decay) in spectra in Figs. 7 and 8. Though statistics is low, the data on it, nevertheless, 
demonstrate (table below also), that the intensity γ511 кeV (relative to 564 keV) in spectrum of quarter coincidences at 
US = 200 V (Fig. 7) is much less those at US = 0 V (Fig. 8). Thus the solid angles of departure of electrons of “shake-
off” to out from the surface of source (therefore and ео-electrons from it), amounting approximately 2π in Fig. 8, is 
much greater of solid angles the registration of electrons “shake-off” from outwardly arranged emitter Еm in Fig. 7. It is 
necessary to make a conclusion from it, that electrons of “shake-off” at β+-decay are predominantly moving in relation 
to positron in much more solid angles, than are moving Auger-electrons in relation to KX-ray. Allowing, that 
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correlating of an electron of “shake-off” and main (basic) particle at a β--decay is much above than same correlating of 
radiations at KX-ray, which one obviously is absent (on the data about intensities of quanta 344 and 244 кeV in spectra 
in Figs. 7 and 8 and from the Table), it is necessary to draw a conclusion, that correlating of momentums of an electron 
of “shake-off” and positron at β+-decay is strong differ from the same correlating of electron of “shake-off” and 
electron of β--decay. The predominant motion “shake-off” electron at β+-decay occurs not in forward direction of main 
particle, as in case β--decay, but in 2π or more solid angles relate it. 
 

Number counts under peaks of γ-spectra in treble and quarter coincidences electron “shake-of” 
(or Auger-electrons), β-particle (positron β+-decay, electron β--decay), (or KX-ray) and γ-quanta 511 keV 

 
E γ / measurements 244 344 511 564 γ-detector 
γγ511β 223(37) 1551(55) 151(18) 25(9) NaJ(Tl) 
γγ511βeSh, Em 130(15) 80(11) 1(4) 6(3) 
γγ511β 48(12) 239(18) 28(7) 2(4) 

Ge(Li) γγ511βeSh, Em 13(3) 6(2) 1(1) 6(2) 
γγ511βeSh, S 15(4) 17(4) 5(2) 3(2) 

 
Thus, on data two cycles of measuring with different γ-detectors, the space correlating of electron “shake-off” with 

positron at β+-decay in direction forward is much less that the same correlating   “shake-off”-electron and electron of  
β--decay. 
 

Analyses of results and conclusions 
 

The momentum correlating study electron “shake-off”-positron at β+-decay in relative such properties “shake-off”-
electron and electron of β--decay indicate, that correlating “shake-off”-electron along of direction moving positron at 
β+-decay strong differs from correlating at β--decay and it is much less than those in direction forward. “Shake-off”-
electrons at β+-decay are moving predominantly not in forward direction, as in case β--decay, but in a direction of large 
solid angles. These, so different, properties are conditioned apparently by different interactions electron of “shake-off” 
and main (basic) particle at β-- and β+-decay and are stacked in offered in [7 - 9] mechanism, accountable for it. It is 
apparently the interaction of currents conditioned by motion of charged particles, as charges of main particles (electron 
– positron) are inverse and interactions currents from it are different: attraction for “shake-off”-electron and β--particle 
and pushing away for “shake-off”-electron and β+-particle at moving in forward direction. 
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DISSIPATIVE  STATISTICAL  AND  DYNAMICAL  FISSION  RATES:  
CASE  OF  THE  MICROCANONICAL  ENSEMBLE 

 
E. G. Pavlova,  I. I. Gontchar 

 
Omsk State Transport University, Omsk, Russia 

 
Accuracy of the approximate analytical formulas for the thermal fission rate is investigated within the framework of 

the microcanonical ensemble. We compare the analytical rates with the results of the dynamical modeling. Unlike the 
previous studies we account for the coordinate dependence of both the temperature and the single-particle level density 
parameter. The shell corrections are included in the potential energy, the entropy and the single-particle level density 
parameter. 

1. Introduction 
 

In modeling of the nuclear fission process it is important to calculate exactly the fission rate R . It can be defined by 
several methods. Dynamical modeling (the numerical solution of the differential equations) is accurate but computer-
time-consuming. The approximate analytical formulas are less precise. 

The first analytical formulas for R , which included dynamical (dissipative) effects, were derived by H. A. Kramers 
in his work [1] about 70 years ago. These formulas allow evaluating R  in the case of the Canonical Ensemble (CE). 
The accuracy of two of those recently has been studied: the approximate Overdamping Kramers Formula (OKF) and the 
Integral Kramers Formula (IKF). In [2 - 4] it has been shown that the error of the OKF can reach 20 % whereas the IKF 
provides much better accuracy. In [4] the OKF and the IKF have been derived and investigated for the case of the 
Microcanonical Ensemble (MCE). In that work the coordinate dependence of the temperature has been accounted for. 

Present work continues the study of [2 - 4]. We investigate the accuracy of both the OKF and the IKF in the more 
realistic case considering the MCE and accounting for the coordinate dependence of the temperature as well as of the 
single-particle Level Density Parameter (LDP). In addition the shell corrections are included in the potential energy, the 
entropy and the LDP. 

 
2. The model 

 
Modeling is performed for the case of overdamping. The fission process is described within the framework of both 

the CE and the MCE. One parameter (dimensionless collective coordinate q ) defines the deformation of the nucleus. 
At the quasistationary state ( 1cq = ) the nucleus has the spherical shape; 2.14aq =  corresponds to the scission 
configuration.  

Dynamical modeling is based on the Smoluchowski Equation (SE). Its forms for the CE and the MCE are discussed 
in detail in Refs. [5] and [4] respectively.  

According to the method of Shell Corrections (SC) [6], the potential energy consists of a smooth part ( )LU q  and 

the shell correction ( )ShE qδ , ( ) ( ) ( )L ShU q U q E q= + δ . 
The smooth part of the potential energy reads: 

 

( ) ( ) ( ) ( )
( )

2 4
3 2

3

0.5 2 , ;

, .
P c c c c

L
P c

U q q q V q q q q
U q

U q q q

⎧ ′′ − + − <⎪= ⎨
>⎪⎩

                                        (1) 

 
Eq. (1) corresponds to the F-potential from [4], it is the approximation of the potential energy calculated within the 

framework of the finite range model (see e. g. Fig. 1 of Ref. [4]), ( )
3

3
0

i
P i

i

U q V q
=

=∑ . 

The shell correction ( )ShE qδ  for the potential energy is approximated as: 
 

( ) ( ) ( )1 .Sh Sh c cE q E q ch q q−δ = −δ α −⎡ ⎤⎣ ⎦                                                         (2) 
 

Here ( )Sh cE qδ  is the SC at the quasistationary state, [ ] 1 ln 20.b cq q −α = −  

The deformation dependence of the smooth part of the LDP is defined as follows [7]: ( ) ( )2/3
1 2L sa q a A a A B q= + . 

Here A  is the mass number, 1
1 0.073 MeVa −=  and 1

2 0.095 MeVa −= , ( )sB q  is the dimensionless nuclear surface 

area. To find the dependence ( )sB q  we use the approximation of the results from Ref. [9] (see Fig. 2). 
With the shell correction the LDP reads [7]: 

 

( ) ( ) ( ) ( ){ }1, 1 ,in L in Sh ina q E a q f E E q E −= + δ                                                     (3) 
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here inE  is the intrinsic excitation energy. The function ( )inf E  reaches unity when inE  becomes large enough: 

( ) ( )1 expin inf E kE= − − , 10.054k MeV −= . 

In this work results are presented for 204
80 Hg . The height of fission barrier given by Eq. (1) is 15.86fB MeV=  and 

the barrier point is 1.90bq = . The shell correction ( ) 10.68 MeVSh cE qδ = −  [8]. 

In all results below the total excitation energy E  is used as an argument. The fission rate is calculated for four 
cases: 1) the CE (the temperature does not depend on the coordinate, cT T= , ( )in L cE E U q= − ); 2) the MCE (the 

temperature depends on the coordinate whereas the LDP does not, ( )T T q= , ca a= , ( ) ( )in LE q E U q= − ); 3) the 

MCE (both the temperature and the LDP depend on the deformation, ( )T T q=  and ( )a a q= , ( ) ( )in LE q E U q= − ); 4) 

the MCE (same as the previous case but with the shell corrections, ( )ShE qδ , ( ) ( )inE q E U q= − ). 

The entropy includes the SC, because it is related to the potential energy via the Fermi gas equation of state. In 
Fig. 1 the coordinate dependences of the potential energy and of the entropy normalized to be zero at the quasistationary 
state , ( )n c cS S S T= − ⋅ , are demonstrated. If we compare LU  and U  in the panel a) we see ( )ShE qδ . When the total 
excitation energy E  is large enough the approaches based on the CE and the MCE are equivalent: LU  and nS  coincide. 
As E  decreases the normalized entropy becomes different from LU  in the vicinity of the barrier. This fact is caused by 
the dependence ( )T q  and discussed in Ref. [4]. 

 

Fig. 1. The coordinate dependence of U  and nS  for two values of E : 29  and 257 MeV  (open and closed symbols 
respectively). a – LU  (full squares), U  (open squares), nS  for ca a=  (circles); b – nS  for ca a=  and ( )a a q=  

(triangles); c – nS  for ( )a a q=  and with ( )ShE qδ  (inverse triangles). 

 
In panel b we compare the entropies for two cases: ca a=  and ( )a a q= . This Figure demonstrates how E  affects 

the coordinate dependence of the LDP. When E  is large and ( )a q  is accounted for, the fission barrier decreases and 
the saddle point shifts towards cq . If the total excitation energy is small this effect disappears ( nS  for both cases 
coincide).  

Panel c shows that the SC influence the entropy only at low energies: the values of nS  in the cases of ( )a q  and 

( )ShE qδ  coincide for 257 MeVE = . When 29 MeVE =  the SC result in the increase of the fission barrier height. 

The impact of the change of the barrier height and the shift of the saddle point on the value of the fission rate is 
discussed in the next section. 
 

3. Dynamical and analytical fission rates 
 

Solving the SE allows calculating the fission rate over the saddle point: 
 

( ) ( ) ( ) ( ) ( ) ( )
1

1 2, , ,
b

b b b b bR t D q g q t D q g q t g x t dx
q

−

−∞

⎧ ⎫⎧ ⎫∂ ⎪ ⎪= − + ⋅⎡ ⎤⎨ ⎬ ⎨ ⎬⎣ ⎦∂ ⎪ ⎪⎩ ⎭ ⎩ ⎭
∫ .                                 (4) 

 
Here ( ),g q t  is the probability density; 1D  and 2D  are the drift and diffusion coefficients respectively. Note that 

the form of these coefficients can be found in Refs. [5] and [4].  
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For long enough time ( )bR t  reaches a quasistationary value (Quasistationary Dynamical Rate of fission, QDR, 

DR ). Fig. 2 illustrates the dependence of ( )DR E  for the low values of E . The rates calculated for the CE and the MCE 

are distinct when E  is small due to the deformation dependence of the temperature, ( ) ( ), ,D c D cR E T R E a> . The 
smaller the total excitation energy the larger is the difference between DR  calculated for cT T=  and for ca a= . For low 
E  accounting for ( )a q  does not affect the barrier and rates calculated for ca a=  and for ( )a a q=  reach to each other 
with the decrease of the total excitation energy. Contrary the SC are essential for low E  and decrease DR  in compare 
to the value of the QDR in the case of ( )a a q= . The change of the fission rate by the SC can reach 20 %. 

In Fig. 3 the E -dependence of DR  for the four cases at the high energies is shown. As E  increases the QDR for the 
CE ( cT T= ) and the MCE (with ca a= ) converge. It is caused by the equivalence of the fission barriers for both cases 
seen in Fig. 1, a). 

 

 

Fig. 2. The energy dependence of DR  for four cases: 

cT T= , ca a= , ( )a a q=  and ( )ShE qδ  (squares, circles, 
triangles and inverse triangles respectively). 

 

Fig. 3. Same as in Fig. 2, but for large values of the total 
excitation energy. 

 
The decrease of the barrier results in the growth of the rate when ( )a q  is accounted for. The values of DR  for 

ca a=  and ( )a a q=  differ, and the difference becomes larger as E  increases. For high values of E , the SC do not 

affect the fission barrier and DR  calculated for ( )a a q=  and ( )ShE qδ  are indistinguishable. 
In some cases the dynamical modeling takes much time. For this reason it is used analytical formulas to define the 

value of DR . In [4] two such approximate formulas were investigated. The first of them is the conventional 
Overdamping Kramers Formula (OKF). It was derived by Kramers in [1] for the CE, and in [4] the analogy expression 
was constructed for the MCE: 

( )
2 2

2 2 exp .
2

b
O b c

c b

T d S d SR S S
dq dq

⎛ ⎞ ⎛ ⎞
= ⋅ −⎜ ⎟ ⎜ ⎟πη ⎝ ⎠ ⎝ ⎠

                                                    (5) 

 

The OKF is obtained from more general expression called the Integral Kramers Formula (IKF): 
 

( )
( ) ( )

1
exp

exp .
a b

I
c

S y
R dy S x dx

T y

−

−∞

⎧ ⎫−⎡ ⎤⎪ ⎪⎣ ⎦= η ⎡ ⎤⎨ ⎬⎣ ⎦
⎪ ⎪⎩ ⎭
∫ ∫                                                    (6) 

 
Both the OKF and the IKF were derived for the overdamping. 

In the next section we will discuss an applicability of these formulas for the MCE, in which the SC and the 
deformation dependence of the LDP are taken into account. 

 
4. Results and discussion 

 
In Fig. 4 we present our results. Each panel of this Figure illustrates the ratio of the analytical rate to the dynamical 

one ( /I DR R  and /O DR R ). The values of these ratios depend on a parameter /f cB T . The values of fB  correspond to 
the barrier height in case of the CE.  
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Fig. 4. The ratio of the analytical rates IR  and OR  to the dynamical one DR  (open and full symbols). a – the CE; 
b – the MCE with ca a= ; c – the MCE with ( )a a q= ; d – the MCE with ( )a a q=  and ( )ShE qδ . The horizontal line 
denotes the ratio of rates equaled unity. 

 
The results demonstrated in panel a) are analogous them that were published in Refs. [2, 3]. As in those works, the 

ratios between rates reach unity for large values of /f cB T . It means that both OR  and IR  agree with DR  within 2 % 
when /f cB T  is large enough.  

Panel b demonstrates the case discussed in [4]: /I DR R  and /O DR R  are calculated for the MCE with ca a= . Here 
and in work [4] it is seen that IR  coincides with DR  and the IKF can be used for the calculation of the QDR. The 
accuracy of the OKF is not worse than the one for the IKF. 

The next two panels illustrate new results. Panel c corresponds to cases, when the coordinate dependence of the LDP 
is accounted for. From Fig. 4, c we see that even in this case the IKF allows calculating the fission rate exactly. 
Contrary the discrepancy between OR  and DR  reaches 4 % when / 4f cB T ≈ . Only for / 10f cB T >  the value of 

/O DR R  becomes close to unity. For range of /f cB T  up 4  to 10  OR  does not agree with DR , the OKF overestimates 
the value of the QDR. Note that /I DR R  equals to unity for / 6f cB T > . 

The similar situation we observe in panel d) where the SC are accounted for. And in this case the IKF is accurate 
than the OKF. The behavior of /O DR R  and /I DR R  in panel d) are equivalent to the ones in panel c. The agreement 
between IR  and DR  reaches earlier than for OR  and DR . For medium values of /f cB T  the error of the OKF equals to 
4 % again. 

The Fig. 4 proves that the IKF (6) can be used to calculate the fission rate not only in case of the MCE with the 
coordinate dependence of temperature, but also for the MCE with the deformation dependence LDP ( )a a q=  and in 

presence of the SC ( )ShE qδ . 
 

5. Conclusions 
 

In dynamical modeling of the nuclear fission process an actual problem is how to calculate the fission rate. We 
continue the study of [2 - 4] and investigate the accuracy of two analytical formulas for the fission rate. There are the 
Overdamping Kramers Formula (OKF, Eq. (5)) and the Integral Kramers Formula (IKF, (6)). In previous works these 
expressions were studied for the canonical ensemble (CE) and the microcanonical ensemble (MCE) with the 
deformation dependent temperature. Our work is devoted to more realistic case. We use the MCE, in which the 
deformation dependence of the temperature and the single-particle Level Density Parameter (LDP) are accounted for. 
Also we include the shell corrections in calculation of the potential energy, entropy and the LDP.  
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The results of calculations demonstrate that the IKF is a good alternative to the OKF and can be used for this 
realistic case. The IKF allows calculating the value of the dynamical fission rate correctly and within the accuracy of 
the dynamical modeling (2%). This is so for medium and large values of /f cB T  ( / 6f cB T > ). Contrary the error of the 
OKF reaches 2 - 4 % for medium /f cB T  and decrease to 1 - 2 % only for large values of /f cB T  ( / 11f cB T > ). 
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FIRST  CALCULATION  OF  THE  DEUTERON  BINDING  ENERGY 
 

B. Schaeffer 
 

7, rue de l’Ambroisie, 75012, Paris, France 
 

No universal constant characterizing the nuclear force has yet been found as for gravity and electromagnetism. The 
neutron is globally neutral with a zero net charge. The charges contained in a neutron may be separated by the electric 
field of a nearby proton and therefore being attracted by electrostatic induction in the same way as a rubbed plastic pen 
attracts small pieces of paper. There is also a magnetic force that may repel the nucleons like magnets in the proper 
relative orientation. In the deuteron, the heavy hydrogen nucleus, the induced electrostatic attraction is equilibrated by 
the magnetic repulsion between the opposite and colinear moments of the nucleons. Equilibrium is calculated by 
minimizing the electromagnetic interaction potential, giving a binding energy of 1.6 MeV, not much lower than the 
experimental value, 2.2 MeV. No fitting parameter is used: it is a true ab initio calculation.  

 
1. Introduction 

 
The Greeks already knew the electrical properties of amber (elektron) and the magnetic properties of magnetite and 

iron. Bieler in 1924 wrote "as the angle increases, the ratio of the actual scattering to what would be expected on the 
inverse-square law diminishes rapidly. This suggests the existence of an attractive force at short distances from the 
nucleus" [1]. At that time, the neutron was not yet discovered by his colleague, Chadwick, as well as the magnetic 
moment of the neutron proving that it contains electrical charges. An attractive magnetic force, as imagined by Bieler to 
interprete his experimental results, can, theoretically, be equilibrated by a repulsive electrostatic Coulomb force but the 
binding is unstable, the interaction energy being positive. The electromagnetic hypothesis for the nuclear interaction 
was abandoned when the neutron was discovered.  

In this paper it will be shown that an attractive electrostatic induction may equilibrate the magnetic repulsion 
between the proton and the neutron in the deuteron. The permanent dipole of an isolated neutron is negligible but it may 
be induced by the electrostatic induction of a nearby proton. Combined with the proton, the neutron becomes the 
deuteron and the induced dipole the deuteron quadrupole. The nuclear physics literature seems to have neglected the 
electromagnetic interaction replaced by various hypothetical forces (Wigner, Majorana, Bartlett, Heisenberg, Rosenfeld, 
Yukawa…) and tensor force [2] combined sometimes with a mysterious repulsive strong core. It will be shown that a 
simple analytical formula is able to give a reasonable value of the deuteron binding energy, using only universal 
electromagnetic constants such as the elementary electric charge e, the neutron and proton magnetic moments μn, μp, the 
electric permittivity ε0, the magnetic permeability μ0, and the light speed c or, equivalently, the fine structure constant 
α, the neutron and proton Landé factors gn, gp, the proton mass mp and the light speed c. 

 
2. Principle of the calculation 

 
2.1. Electrostatic attraction 

 
One proton, positively charged, and one neutron containing electric charges globally neutral, without any dipole 

when isolated, are the constituents of the deuteron (Fig. 1). The proton, having electric field acting on the neighbouring 
neutron, may separate the neutron charges by electrostatic induction, creating an electric dipole. The negative charge of 
the dipole is attracted by the proton and the positive charge repelled. The induced electric dipole, combined with the 
proton electric charge, becomes the quadrupole of the deuteron Q = 0.288 fm2 = (0.54 fm)2. This means that the 
distances between the elementary electric charges are of the order of the nucleon size. "Unfortunately, the multipole 
expansion is not applicable when the molecules are separated by distances comparable to the molecular dimensions" 
[3]. This is also true for the atomic nucleus: the far-field approximation is not applicable when the distance between the 
electric charges is comparable to the nucleon size. 

 

 
Fig. 1. Deuteron electromagnetic structure. 
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The positive charge of the neutron, taken away by the positive charge of the proton, may be, in a first 
approximation, neglected in the calculation of the binding energy. This is justified by the fact that the Coulomb 
potential law is decreasing in 1/r with the distance r. On the opposite, the negative charge of the neutron is brought 
closer to the proton. The quark hypothesis needs a multibody calculation, not necessary for a first approach. Nobody 
having ever seen fractional electric charges, we adopt provisionally the usual elementary charge. 

The deuteron is constituted of one proton and one neutron. The neutron contains electric charges with no net charge. 
The proton contains one elementary charge, the same of that of the deuteron. The proton attracts the negative charge 
and repulses farther away the positive charge. Both nucleons have magnetic moments whose algebraic sum is the 
magnetic moment of the deuteron. Their magnetic moments are, in the deuteron, opposite, thus repulsive. There is 
therefore an electrostatic attraction equilibrated by a magnetic repulsion. 

 
2.2. Magnetostatic repulsion 

 
By reason of symmetry, the neutron and the proton magnetic moments in the deuteron have to be colinear (Fig. 1). 

The magnetic moment of the deuteron being close to the algebraic sum of the proton and the neutron magnetic moments 
[2], they repulse themselves like colinear magnets with opposite polarities. Magnetic monopoles having never been 
observed, the distance between the magnetic charges is unknown. We may thus use the far field approximation for the 
magnetic interaction between the neutron and proton magnetic dipoles. 

 
2.3. Binding energy 

 
We shall first compute the interacting force and energy between two particles having electrostatic charges and 

colinear magnetic moments. The spins of the neutron and of the proton being colinear, they have a common axis of 
rotation and therefore the kinetic energy of the deuteron is already included in the rotation of the nucleons. The purpose 
of this calculation is to find the potential at equilibrium between electrostatic attraction and magnetic repulsion to obtain 
the interaction potential between the neutron and the proton and thus the binding energy of the deuteron at the 
equilibrium of the electrostatic and magnetic forces. 

 
3. Interaction energy equation 

 
Let us consider two particles with electrical charges q1 and q2 with magnetic moments μ 1 and μ 2 and their joining 

line r12. The interacting electrostatic potential is [4]: 
 

Ue  = 
q 1q 2

4πε0 r 12                                                                                             
(1) 

 
The general potential of the tensor force between two magnetic moments is [5]: 
 

Um = 
μ 0

4πr 3
12

μ 1• μ 2  − 
3 μ 1• r 12 μ 2• r 12

r 2
12

                                                         (2) 

 
When the moments are colinear, using μ0ε0 = 1/c2, the formula (2) simplifies into: 
 

Um = − 
μ 0μ 1μ 2

2πr3
12

 = − 
μ 1μ 2

2πε0c2r 3
12                                                                       (3) 

 
where μ1 and μ2 are now algebraic instead of being vectorial. The electromagnetic interaction potential at a static 
distance r12 is the sum of Eqs. (1) and (3): 
 

U = U e r 12  + U m r12  = 1
4πε 0

q1q 2

r12
 − 

2μ 1μ 2

c 2r 3
12                                                          (4) 

 
At equilibrium, the resultant force must be zero: 
 

F = −  dU  
dr 12

 = 1
4πε0

q 1q 2

r2
12

 −  
6μ 1μ 2

c2r4
12

 = 0
                                                                    (5) 

We have then 

r2
12  = 

6μ 1μ 2

q 1q 2c2
                                                                                              (6) 
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A zero force is only possible if the condition q1q2μ1μ2 > 0 is satisfied. Replacing r12 into the potential energy Eq. (4) 
gives the basic formula for the binding energy of two particles with electric charges and colinear magnetic moments: 

 

B = 
q 1q2

6πε0

q1q 2

6μ 1μ 2                                                                               (7) 
 

With the condition q1q2μ1μ2 > 0 there is equilibrium, stable or unstable. If q1q2 < 0 there is stable equilibrium, that is, 
binding. We shall write Eq. (7) somewhat differently. The nuclear magneton is 

 

μ N = eh
8πmp                                                                               (8) 

 
where h is Planck’s constant and mp the proton’s mass. The fine structure constant is 

 

α = e2

2ε 0hc
 = 1

137                                                                                 (9) 
 

Using the Landé factors g, we obtain an interesting formula for the binding energy between two nucleons with colinear 
magnetic moments 

B = 
−  8 q 1q2

3 e 3

q 1q 2

6g 1g 2
 αmpc2

                                                                (10) 
 

In this formula a pure number depending only on the geometry multiplies the mass energy mpc2.  The parameters in the 
parentheses depend only on the geometry of the nucleus and on the Landé factors of the neutron and the proton. The 
fine structure constant α is a fundamental pure number equal to 1/137 characterising the electromagnetic interaction. 

 
4. Binding energy of the deuteron 

 
The deuteron is made of one proton and one neutron. The deuteron magnetic moment is close to the algebraic sum 

of the colinear magnetic moments of the neutron and the proton. Being colinear and of opposite signs (parallel spins) 
there is a magnetic repulsion between the proton and the neutron. As stated above, there is, by electrostatic influence of 
the electric field of the proton on the neutron, separation between the positive, en+ = e, and negative, en = e, charges of 
the neutron. The positive charge en+ is pushed away by the proton and the negative charge en is attracted by the proton. 
The usual far field approximation cannot be used because the separation distance between the dipole charges is 
comparable to the nucleon size. The repulsion between the proton positive charge ep+ and the distant positive charge 
en+ of the neutron may thus be neglected in a first approximation.  

When the expression under the radical in the basic formula is positive, interaction energy exists between the electric 
charges and between the magnetic moments. The expression in the parentheses outside the radical should be negative in 
order to have a stable equilibrium. Both products enep+ = e2, and μpμn, being negative, binding is possible. Let us apply 
numerically the basic formula to the neutron-proton interaction. We shall assume that the effective charge in the neutron 
is – e, the same as the proton charge except for the sign. Eq. (10) becomes: 

 
B = 

− 8
3 6gngp

 αmpc2 = 
− 8

3 6 3.83 5,58
 

938
137  = − 1.6 MeV

                                           (11) 
 

This calculated binding energy is 30 % lower than the experimental value, −2.2 MeV. A better value of −2 MeV was 
obtained using a three-body numerical calculation but the purpose of this paper is to find an analytic formula in order to 
understand the nuclear interaction. The binding energy of the deuteron may thus be predicted electromagnetically. The 
electromagnetic potential between a neutron and a proton is shown in Fig. 2. According to the usual phenomenological 
theories the nuclear potential should unrealistically be 10 to 100 times the binding energy due to assumed kinetic 
energy. This calculation is obtained using only classical electrostatics and magnetostatics and their universal constants. 
There is no fitting. 
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Fig. 2. Electromagnetic potential of the deuteron. 
 

This potential is simplified by the neglect of the positive charge of the deuteron. The electrostatic Coulomb potential 
in 1/r is predominant at large separation distances and the magnetic Coulomb potential in 1/r3 is predominant when the 
neutron and the proton are intermingled. 

 
5. Nuclear and chemical energies 

 
The typical energy needed to separate an electron from a proton is given by the Rydberg constant 
 

 
Ry = 1

2
 α2me c2 = 13.6 eV

                                                                      (12) 
 

which is the binding energy of a hydrogen atom given by Bohr’s formula, very precisely equal to the experimental 
value of the energy of the ground state of the hydrogen atom. The electronic energy is proportional to the square of the 
fine structure constant α and the mass me of the electron. Formula (10) shows that the nuclear interaction may be 
characterised by a formula similar to (12) but where α appears to the first power and the proton mass replaces the 
electron mass: 

1 
2

 α mpc2 = 3.4 MeV
                                                                               (13) 

 
The ratio of these two energies is 250,000. The electromagnetic theory is not as precise for the nucleus as for the 

atom, the experimental binding energy of a neutron to a proton being 2.2 MeV instead of 3.4 from (13) or 1.6 from (11). 
The experimental ratio between the formulas (11) and (12) is 160,000 instead of 250,000 between the experimental 
energy ratios of the nuclear and electronic binding energies, not too bad a result for the electromagnetic interaction. 
 

5. Conclusion 
 

Eq. (11) obtained from the electromagnetic hypothesis, electrostatic attraction equilibrated by magnetic repulsion, 
gives reasonable results for the deuteron binding energy. It seems to be the first time that the binding energy of a 
nucleus is calculated using universal constants only (ab initio calculation without any fitting parameter). The nuclear 
interaction is not only an analogue of the electromagnetic interaction: it is electromagnetic and explains why the mean 
nuclear energy is around 1/137 of the mass energy and around 250,000 times the chemical energy. 
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Excited low energy levels of l38Ba have been investigated in this work by means of the (n, n'γ)-reaction using reactor fast 
neutrons. Two independent experiments were carried out. One is to measure the angular distribution and the other to 
measure the linear-polarization of the emitted gammas. Energy levels up to ~ 4 MeV and spins up to 8  were populated. 
About 200 γ-transitions have been observed through this study. Due to this work, it was possible to confirm unambiguously 
the spin of many of the previous assignments. In addition, new spin assignments for some levels have been made.  
 

1. Introduction 
 

This study is part of a systematic study of the barium isotopes with neutron number ranging from 78 to 82. The l38Ba 
nucleus with 82 neutrons is a closed shell nucleus and can be well described within the frame work of the shell model. 
Therefore, the low energy single particle excitations of l38Ba can be well understood as being due mostly to exciting protons 
in the 1g7/2 and 2d5/2 configurations. The other barium isotopes show, in addition to the above mentioned excitations, single 
particle neutron excitations and more of collective excitations. Thus, studying 138Ba is essential to establish the single 
particle proton excitations at low energies for the barium isotopes. 

The low levels of 138Ba have been previously studied by β-decay, thermal neutron capture, Coulomb excitations, 
inelastic scattering of protons and other reactions. However, owing to the experimentally verified fact that the 
(n, n'γ)-reaction do not, to a large extent, depend on the angular momentum of excited levels at low energies, it is possible to 
establish a complete level schemes of nuclei studied by this reaction up to 3 MeV excitation energy.  

Excited low energy levels of 138Ba have been studied in this work by means of the (n, n'γ)-reaction using reactor fast 
neutrons. Two independent experiments were carried out, one to measure the angular distribution and the other to measure 
the linear-polarization of the emitted gammas. Energy levels up to and spins up to 8  were populated. About 200 γ-
transitions have been observed through this study. Due to this work it was possible to confirm unambiguously the spin of 
many previous assignments. In addition, new spin assignments for some levels have been made. A 0+ is established for the 
2189 keV level, a 2+ for the 2931 keV level, a 4+ for the 3257 keV level and 2+ for the 3601 keV level. 

Therefore, from the results of this work, a new decay scheme for 138Ba is presented with level up to ~ 4 MeV excitation 
energy and J = 8 spin value. 

 
2. Experimental procedures and data analysis 

 
The experimental measurements were carried out by using the fast neutron beam of the IR8 reactor at I. V. Kurchatov 

Institute of Atomic Energy, in Moscow. The fast neutron beam was filtered from slow neutrons and γ-rays by using 
absorbers of 1 mm Cd, 10 mm B4C, 50 mm metallic uranium and 10 mm 10B. An enriched target of 28.69 g 138BaCO3 was 
used. The relative abundance of the Ba-isotopes in the target were 99.8, 0.16 and 0.04 % of 138Ba, 137Ba and 136Ba 
respectively. Gamma rays emitted from the target were detected using high purity Ge detectors of 10% relative efficiency 
and ~ 2 keV resolution at 1.3 MeV. Experimental setups of the two experiments are similar to those of the existing setups in 
Tajoura Research Center, details of which and data analysis techniques used can be found in Refs. [16 to 18].  

 
3. Results and discussion 

 
The decay scheme was constructed from the results of this work and other workers whose results are compiled NUDAT 

of the IAEA (20). Table 1, lists the observed γ-rays and the levels which they depopulate including the spin assignments of 
initial and final levels. Included in the Table the state population obtained from 

 

( )( ) ( )sP I out I inγ γ= −∑ . 
 

In this work we did not attempt to introduce new levels, we only tried to resolve spin ambiguities and establish new 
spins for states which had no previous assignments. We have also added new γ-transitions to already existing levels. Table 2 
lists the results of the angular distribution and linear polarization experiments. It includes, also, δ-values for some 
transitions and the expected linear polarization values. 
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Following the procedures of Ref. [19], for spin assignments, and Tables 1 and 2, most of the assignments were 
straightforward except for few, which we need to say more about:  

The level at 2189 keV was previously [20] given the assignments of [1, 2, 3). We have observed only one γ-ray 
(754 keV) de-exciting the level to the 2+ state with relatively good intensity and no contamination. The experimental 
angular distribution and linear polarization results indicate that it is an isotropic transition which is characteristic of a 
0 2+ +→  transition. The absence of any ground state transition from this low energy level makes the 1 or 2+ assignment 
very remote. The analysis of our results with the help of the CINDY program and the χ2 criteria shows that all the previous 
assignments (1, 2, 3) were not possible. On the other hand, a shell model calculation by Larson et a1. [25] predicts a 0+ state 
with an energy close to that of this level. Therefore, we suggest a 0+ assignment for the 2189 keV level. 

The level at 2583 keV was observed through the decay of four γ-transitions, one of which was to the ground state. A 
previous (p, p') experiment [26] claimed that a 4+ state at the energy of 2584 keV exists. It was also claimed that the 365 and 
1147 keV γ-transitions de-excite this level as well as the 2583 keV level. From the measured population of the 2583 keV 
level (see Table 1) we cannot suggest the existence of a second level at the same energy. On the other hand, the angular 
distribution of 2583 is clearly indicative of a dipole transition and from Table 2 it is clear that 1+ is the most probable, 
therefore, excluding any 4+ state at this energy.  

The 2851.6 keV level was not assigned a unique spin by the NUDAT [20]. However, a previous (n, n' γ) experiment by 
Dioszegi et al. [27] assigned a 4+ value. From our investigation of the angular distribution of the 953 and 1415 keV gamma 
transitions (see Table 2) we reconfirm the assignment by Dioszegi et al [27]. 

The 2931 keV level was observed in (p, p') reaction experiment [26] with weak population and suggesting an unnatural 
assignment of (I +) we have observed three gamma rays de-exciting this level. Two of which have already been reported 
and a new 1033 keV we have added. The measured population of the level is as expected for states of (1 - 5) spins at this 
energy. The angular distribution of the 1495.6 keV is compatible with a 2+ to 2+ transition and therefore a spin of 2+ is 
assigned to this level.  

The level at 3050 keV is observed with very high state population (twice as expected). From our investigation of the 
gamma rays de-exciting this level, we have concluded that the extra population dose not come from any background 
contamination of these lines. Furthermore, the observed intensities of 1614 and 1152 keV gamma lines almost identical to 
those observed by another (n, n'γ) experiment [27]. Therefore, the increase in level population must be a real one which 
should have a physical reason. The only possible interpretation we can make for this increase is that it is due to the existence 
of a doublet level at this energy. However, such an assumption requires two different characteristics for the two levels. 
From our study of the angular correlation of the1614 keV transition, we could not confirm such findings 

The 3309 keV level was reported in Ref. [20] with one de-exciting gamma transition (1106 keV) to the 6+ (2203 keV). 
We have observed this transition with weak intensity and we could not obtain any angular distribution for this line. 
However, the very low population of this level indicates that it is more likely to be a high spin state with spin greater than 5. 

A level at 3561 keV was reported to have been observed in a (d, p) experiment [26] with spin assignment of (4)- . The 
compilation of NUDAT did not include this level in their list of adopted levels. In the present work we have observed one 
gamma line (1163.2 keV) which can de-excite this level to the 1898.5 (4+) keV state. However, the level population is very 
low suggesting either unnatural spin assignment, such as 4-, or a high spin value. 

The level at 3601.3 keV was observed previously [20] with only the ground transition. We have, in addition, observed 
two more gamma transitions to the 2931.4 (2+), and 1898.5(4+) keV levels. Thus making only one choice of spin 
assignment for this level, that is a 2+. 

The level at 3855.3 keV have been observed with one ground state transition. It was previously reported in a (d, p) 
experiment [26] that a 3857 keV level exists with possible spin of (5)-. However, from our results it is obvious that this 
assignment is excluded. 

Table 1. Levels and gamma-transitions scheme of 138Ba 
 

Ei, keV π
iJ  Eγ, keV Iγ, r.u. Ps, r.u. π

fJ  
1435.85 2+ 1435.85 100.000 43.268 0+ 
1898.52 4+ 462.67 33.180 12.539 2+ 
2090.50 6+ 191.87 11.225 3.791 4+ 
2189.82 0+ * 753.84 1.975 1.975 2+ 
2203.02 6+ 112.52 5.463 4.171 6+ 
2217.89 2+ 782.04 0.266 7.887 2+ 

  2217.89 9.311  0+ 
2307.46 4+ 408.84 3.586 6.587 4+ 

  871.69 3.959  2+ 
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Continuation of the Table 1 
 

Ei, keV π
iJ  Eγ, keV Iγ, r.u. Ps, r.u. π

fJ  

2415.25 5+ 107.75 0.249 4.465 4+ 
  212.19 1.092  6+ 
  324.70 1.527  6+ 
  516.57 2.222  4+ 

2445.61 3+ 227.59 0.214 4.369 2+ 
  546.84 1.341  4+ 
  1009.70 3.723  2+ 

2582.98 1+ * 138.08 0.486 2.800 3+ 
  364.87 0.263  2+ 
  1147.14 1.799  2+ 
  2583.05 0.343  0+ 

2639.53 2+ 421.29 0.192 2.573 2+ 
  1204.00 0.119  2+ 
  2639.36 2.640  0+ 

2779.26 4+ 333.56 0.199 2.950 3+ 
  363.65 0.469  5+ 
  880.71 0.215  4+ 
  1343.53 2.112  2+ 

2851.55 4+ * 648.91 0.040 2.160 6+ 
  760.96 0.079  6+ 
  952.93 0.260  4+ 
  1415.71 1.881  2+ 

2880.74 3- 1444.89 2.658 2.099 2+ 

2931.41 2+ * 1033.05 0.103 1.596 4+ 

  1495.58 1.378  2+ 

  2931.25 0.142  0+ 

 2991.06 3+ 575.31 0.114 1.397 5+ 

   683.68 0.291  4+ 
   773.22 0.439  2+ 
   1555.27 0.629  2+ 

 3050.02 2+ 831.61 0.123 2.538 2+ 
   1151.53 0.218  4+ 
   1614.08 1.841  2+ 
   3049.61 0.356  0+ 

 3154.75 4+ 375.37 0.045 0.789 4+ 
   709.35 0.111  3+ 
   739.47 0.122  5+ 
   1064.27 0.304  6+ 
   1256.20 0.207  4+ 
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Continuation of the Table 1 
 

Ei, keV π
iJ  Eγ, keV Iγ, r.u. Ps, r.u. π

fJ  
 3163.04 3+ 717.65 0.081 0.762 3+ 
   855.26 0.061  4+ 
   945.95 0.099  2+ 
   1264.67 0.323  4+ 
   1727.05 0.262 <a)  2+ 
 3183.67 8+ 980.88 0.092 0.176 6+ 

   1093.07 0.193  6+ 

  3242.45 3+ * 603.22 0.129 0.638 2+ 
   797.01 0.032  3+ 
   934.83 0.283  4+ 
   1806.83 0.194  2+ 

 3257.20 3+ * 1358.80 0.267 0.659 4+ 
   1821.57 0.437  2+ 

 3309.00  1105.98 0.068 0.068 6+ 

 3338.83 2+ 1440.28 0.314 0.641 4+ 
   1902.65 0.028  2+ 
   3338.85 0.485  0+ 

 3359.58 (7+) 944.33 0.136 0.136 5+ 

 3366.68 2+ 3366.68 0.539 0.539 0+ 

 3442.49 1- * 803.04 0.602 0.415 2+ 

   3442.49 0.166  0+ 
 3504.19 1+ * 165.93 0.176 0.357 2+ 
   3504.19 0.181  0+ 

 3561.00  1663.17 0.057 0.057 4+ 
3601.58 (2+)** 669.20 0.035 0.175 2+ 

  1702.54 0.064  4+
  3601.32 0.076  0+ 

3622.09 10+ 438.42 0.044 0.044 8+ 
3633.00 (9- ) 449.29 0.033 0.033 8+ 
3643.08 2+ 3643.30 0.243 0.243 0+ 

3646.59 3+ * 766.07 0.161 0.237 
 
 

  1747.77 0.076  4+ 
3693.93 (2+,3,4+) 702.61 0.076 0.219 3+ 

  812.68 0.068  3- 
  841.93 -0.010  4+ 
  1386.29 0.075  4+ 

3735.00 (1+,2+ ) 571.49 0.064 0.179 3+ 
  3735.27 0.115  0+

3910.00 (10+) 726.81 0.032 0.032 8+ 

3922.50 (3)- 1041.22 - 0.010 0.156 
 
 

  2023.81 0.156  4+ 
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Continuation of the Table 1 
 

Ei, keV π
iJ  Eγ, keV Iγ, r.u. Ps, r.u. π

fJ  
3935.19 (2+ ) 595.98 - 0.010 0.150 2+ 

  1054.34 0.109  3-
  2499.63 0.041  2+ 

4012.30 (4+,3,2+) 754.95 0.045 0.143 4+ 
  2112.66 0.054  4+
  577.19 0.044  2+ 

 
* New spin assignment due to this work. 
** Spin assignment by decay mode. 

 
Table 2. Experimental and calculated linear-polarization and delta values (δ) 

for some gamma-transitions from the 138Ba(n, n'γ)-reaction 
 

Eγ, keV E1ev, keV π
iJ   π

fJ  Pexp  δ Pcal 

324.70 2415.5 5+  6+ 1.15(46) -3.82(18)   

363.65 2779.5 4+  5+ 0.85(39)   
364.87 2583.1 1  2+ 0.62(35)   
408.84 2307.6 4+  4+ 2.93(88) -0.13(2)  3.7  
462.67 1898.7 4+  2+ 1.80(38)   
546.84 2445.7 3+  4+ 1.26(33) -.049(15)  0.76  
597.77 ?    3.82(134)   
753.96 2189.8 0+  2+ 0.99(30)   
766.07 3646.6 3+  3- 2.34(177) 0.14( 10,-29)  0.90  

773.22 2991.2 3+  2+ 0.33( 19) -2.0 17( 130) 1.5 

871.69 2307.6 4+  2+ 3.11 (127)   

1009.70 2445.7 3+  2+ 0.62(22) -.052(5) 0.62 

1068.3 ?    1.30(113)   

1097.1 ?    -9.39(1090)   
1147.14 2583.2 (1,2+)  2+ 1.06(43) 0.09(11) 0.98 

1343.53 2779.50 4+  2+ -8.64(956)   

1415.71 2851.6 (2+)  2+ 5.01(515)   

1435.85 1435.8 2+  0+ 4.97(461)   

1444.89 2881.0 3-  2+ 1.60(85) -3.64(8) 1.5 

1555.27 2991.2 3+ 
 

2+ -8.14(1569) 0.249(+19,-45) -8.1 

2217.89 2217.9 2+  0+ 0.54(45)   
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Aim of the LUNA (Laboratory for Underground Nuclear Astrophysics) experiment is to measure the cross section 

of fusion reactions that take place inside the stars and that, in the past, dominated the Big Bang Nucleosynthesis (BBN). 
These reactions occur rarely in the laboratory conditions with typical cross sections ranging from pb to fb or even 

smaller and thus the signal often disappears under the natural background. This circumstance explains why the nuclear 
astrophysical cross sections are usually extrapolated from higher energy experimental data. Thanks to the low 
background of the LNGS (Laboratori Nazionali del Gran Sasso) underground laboratory in Italy, in the last 20 years, 
LUNA has been studying fusion reactions in the solar and BBN energy windows with important consequences from the 
astrophysical point of view. 

Recently, the LUNA collaboration has been engaged in the study of the 2H(α, γ)6Li reaction. In this paper the 
experimental setup and the preliminary data analysis will be outlined.  

 
1. Introduction: Basics on Nuclear Astrophysics 

 
All the stars that we can see during starry nights are (or better were, given the so large distances) nuclear furnaces in 

the Cosmos able to synthetize, during their lives, all the chemical elements heavier than Beryllium. The lighter elements 
were instead produced in the past, during the Big Bang Nucleosynthesis era. 

Thermonuclear fusion reactions take place at energies lower than the height of the barrier arising from the Coulomb 
repulsion between nuclei. This is possible thanks to the quantum mechanical tunnel effect that provides a not vanishing 
probability to overpass the barrier otherwise prohibited from the classical point of view. 

The associated cross section σ, i.e. the probability to fuse two nuclei, is given by three factors. The first one, E-1, 
where E is the energy in the center-of-mass system, represents the quantum nature of the interaction. The second one, 
P(E), takes into account the probability to have quantum tunneling. The third one, S(E), contains all the information 
about the nuclear interaction between the involved nuclei. This is named astrophysical S-factor. The energy dependence 
of P(E) is theoretically known and it is given by: 

 

1 2( ) exp 31.29P E Z Z
E

⎛ ⎞μ= −⎜ ⎟
⎝ ⎠

,                                                                     (1) 

 
where Z1 and Z2 are the electrical charges of nuclei, μ is the reduced mass in atomic mass units and E is the energy in 
the center-of-mass system in keV [1, 2]. The cross section is thus given by: 

 

1 2
1( ) ( )exp 31.29E S E Z Z
E E

⎛ ⎞μσ = −⎜ ⎟
⎝ ⎠

.                                                            (2) 

 
In order to attribute physical sense to the thermonuclear fusion cross section, this must be weighted by the energy 

distribution of the nuclei in the particular astrophysical environment considered given by a Maxwell-Boltzmann. For 
non-resonant reactions, the resulting function is peaked in a given energy window known as Gamow peak. This occurs 
at lower energies the cross section is too small whereas at higher energies the nuclei in the tail of the Maxwell-
Boltzmann are too few. A typical Gamow peak energy in astrophysical contexts like stars in the Hydrogen burning 
phase (main sequence), Novae or BBN reactions, is less than a few hundreds of keV.  

At these low energies, the reaction cross section drops to values from picobarn (pb) to femtobarn (fb) and even 
smaller, preventing a direct measurement on the Earth’s surface [3, 4]. Extrapolation from high energy data is thus 
needed. This could lead to uncertainties, like the possible presence of a resonance in the unmeasured energy region, not 
accounted for by the extrapolation. 

 
2. The 6Li problem 

 
The astronomical observation of 6Li in metal poor stars provide a quantity of this isotope that is two to three orders 

of magnitude higher than what was expected from the BBN [5]. 
In order to solve this puzzle, two different experimental approaches are needed. The first is a new measurement of 

the 6Li abundance in stars in order to reduce the astronomical uncertainty on the available data (especially systematics). 
The second is a direct measurement of the 2H(α,γ)6Li nuclear cross section that, without involving non-standard 
processes, is the only reaction able to produce the 6Li now present in the Cosmos during the BBN era. 

In the BBN energy range, the 2H(α, γ)6Li cross section, extrapolated from higher energy data (NACRE compilation 
[6]), is around 20 pb. As previously reported, this low cross section value prevents any kind of direct measurements on 
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the Earth’s surface laboratories and thus the only experimental data available had been obtained by using Coulomb 
dissociation of 26 MeV 6Li projectiles at Karlsruhe [7] and recently at GSI [8]. This measurements show too low values 
of the 2H(α, γ)6Li cross section in order to solve the 6Li puzzle.  
 

3. The 2H(α, γ)6Li reaction at LUNA 
 

A direct measurement of the 2H(α, γ)6Li reaction cross section consists in the detection of the gamma rays coming 
out from it. However, the main problem is the presence of a natural gamma background due to the natural radioactivity 
and cosmic rays induced reactions that make the signal practically undetectable also by using active shieldings [4].  

The LUNA (Laboratory for Underground Nuclear Astrophysics) experiment consists in a 400 keV accelerator [9] 
located in the underground Gran Sasso laboratory, Italy (Laboratori Nazionali del Gran Sasso, LNGS). Thanks to the 
low background of the LNGS (covered by 3800 meters of water equivalent that provide a reduction of a factor of six in 
the muon flux and three in the neutron one [4]) in the last 20 years LUNA has been studying fusion reactions in the 
solar and BBN energy windows with important consequences from the astrophysical point of view. LUNA is moreover 
the only underground facility in the world completely dedicated to direct cross section measurements relevant for 
nuclear astrophysics. 

The LUNA setup consists in a 400 kV electrostatic accelerator that provide H, 3He and 4He ions with a very small 
beam energy spread (70 eV), a very high beam current even at low energy (maximum value: 500 μA for protons, 
250 μA for Helium ions) and a long time stability (5 eV/h). The ions are produced by a radio-frequency source mounted 
on its high voltage terminal. The terminal voltage is generated by an inline-Cockcroft-Walton power supply. The 
accelerator is embedded in a tank which is filled with nitrogen, carbon dioxide and SF6 insulation gas at 20 bar. The 
accelerated particles are then magnetically switched in two beam lines: one for solid targets and a second one for gas 
targets. 

In the case of the 2H(α, γ)6Li measurement, an alpha beam pass through three different pumping stages and finally 
goes in the windowless gas target chamber filled with deuterium at a pressure of 0.3 mbar. A steel collimator system is 
also present in order to reduce the beam spot. A lead castle and an anti-radon box (flushed with nitrogen) is provided for 
decreasing the gamma background coming from the environmental radioactivity. The gamma rays produced by the 
reaction are collected by the High Purity Germanium Detector (HPGe). 

Another source of background present during the 2H(α, γ)6Li measurement is the beam induced background (BIB). 
As a matter of fact, the alpha ions coming from the accelerator can make Rutherford scattering onto the deuterons 
present in the gas target. These become energetic enough to collide with other deuterons producing the parasitic 
reactions d(d, p)t and d(d, n)3He. Neutrons emitted by the d(d, n)3He  reaction could give rise to (n, n’γ) reactions with 
the surrounding materials (mainly lead, copper, iron and nickel) producing a “beam induced” gamma background. The 
gamma spectrum for the 2H(α, γ)6Li measurement as seen by the Germanium detector is shown in Fig. 1. 

 
Fig. 1. Spectra taken with the HPGe detector. Black line: in-beam spectrum at beam energy Eα = 400 keV, deuterium 
pressure 0.3 mbar, laboratory background (grey line) subtracted. The most important lines due to (n, n’γ) and (n, γ) 
processes on surrounding materials are marked with arrows [11]. 
 

A Silicon Detector (SD) mounted close to the interaction area collects the protons coming from the d(d,p)t reaction. 
This provides important information about the neutron production given that the ratio between the two parasitic reaction 
rates is theoretically well known. The proton spectrum measured at LUNA is shown in Fig. 2. A broad peak at about 
2.0 MeV is present, in good agreement with the Montecarlo GEANT simulations. 
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Fig. 2: Experimental (solid line) and GEANT simulated (dashed line) proton spectrum in the silicon detector. 

Top (bottom) panel, runs at 400 (280) keV. The simulated spectrum is given in arbitrary units. 
 

In order not to increase the low neutron background of the LNGS, a borated High Density Polyethylene HDPE 
castle is mounted between the lead castle and the anti-radon box. 

The alpha beam is finally stopped on the beam calorimeter (made of copper) for measuring the beam current by 
using a constant temperature gradient [10]. The final setup used for the 2H(α,γ)6Li reaction at LUNA is summarized in 
Fig. 3 and described in [11]. 

 
 
Fig. 3. The experimental setup used for the 2H(α, γ)6Li reaction at LUNA. The gas target is seen near the center of the 
plot. The alpha beam enters the target from the left side through the collimator and is stopped at the right side on the 
beam calorimeter. The HPGe and SD are also shown. The setup is surrounding by a lead castle and walls of borated 
HDPE. The inner lead castle is surrounded by an anti-radon box made of acrylic glass.  
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4. Data analysis and first preliminary results 
 

The region of interest (ROI) of the 2H(α, γ)6Li reaction can be theoretically calculated as: 
 

6

2

2 cos
2

d

d Li

Em vROI Q E E
m m cm c

γ
α γ

α
= + − − θ

+
,                                                            (3) 

 
where Q is the reaction Q-value, mα, md and m6Li are respectively the alpha, deuteron and 6Li masses, Eγ is the emitted 
gamma energy and θ the angle of view measured respect to the alpha direction. In particular the third term represents 
the 6Li nucleus recoiling energy and the fourth one the Doppler shift. 

Since the BIB is expected to be much higher than the 2H(α, γ)6Li signal, it is not possible to see directly the peak 
coming from the reaction but a more complex analysis is necessary. Up to now four different analyses are in progress in 
order to obtain the measured cross section. The common principle is the acquisition of gamma spectra at two different 
beam energies (with corresponding not overlapping ROIs) and, after a correct normalization, the subtraction of one 
from the other. The result should be a bipolar signal with peaks in the two respective ROIs.  

The LUNA collaboration selected four beam energy values: 240, 280, 360 and 400 keV and performed three 
different measurement campaigns (namely RUN1 at 280 - 400 keV, RUN2 at 280 - 400 keV and RUN3 at  
240 - 360 keV). The respective ROIs are: [1542.0, 1566.0] keV, [1554.5, 1580.0] keV, [1579.5, 1609.0] keV and 
[1592.0, 1623.0] keV. The first preliminary analysis of RUN1 data is very promising while the analysis of the other two 
measurement campaigns is still in progress. 

Up to now, no resonance in the BBN energy range was measured in order to solve the 6Li abundance puzzle. 
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